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ê z
)

d
S
=

rd
rd
θ

cy
li
n
d
ri
ca
l
(s
id
e,

n̂
=
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θê

x
+
si
n
θê
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A.2-11
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Heat-Transfer Properties of Liquid Water, SI Units 

µ. X JO3 (gf3p'Iµ.') 
T p er (Pa•s, or k /3 X JO' X J0-8 

(K) (kglm3) (kl/kg· K) kglm · s) (Wlm •K) N,, (1/K) (I/[(. m') 

273.2 999.6 4.229 1.786 0.5694 13.3 -0.630

288.8 998.0 4.187 1.131 0.5884 8.07 1.44 10.93 

299.9 996.4 4.183 0.860 0.6109 5.89 2.34 30.70 

311.0 994.7 4.183 0.682 0.6283 4.51 3.24 68.0 

338.8 981.9 4.187 0.432 0.6629 2.72 5.04 256.2 

366.5 962.7 4.229 0.3066 0.6802 1.91 6.66 642 

394.3 943.5 4.271 0.2381 0.6836 1.49 8.46 1300 

422.l 917.9 4.312 0.1935 0.6836 1.22 10.08 2231 

477.6 858.6 4.522 0.1384 0.6611 0.950 14.04 5308 

533.2 784.9 4.982 0.1042 0.6040 0.859 19.8 11030 

588.8 679.2 6.322 0.0862 0.5071 1.07 31.5 19 260 

Heat-Transfer Properties of Liquid Water, English Units 

p Cp µ. X JO3 k (gf3p'Iµ.') 

(lb"') ( btu ) 
(�) 

( btu ) /3 X JO' X 10-6 

ft' lb111 •
°

F ft·S h•ft•'F N,, (ll'R) (1/'R. Ji') 

62.4 1.01 1.20 0.329 13.3 -0.350

62.3 1.00 0.760 0.340 8.07 0.800 17.2 

62.2 0.999 0.578 0.353 5.89 1.30 48.3 

62.1 0.999 0.458 0.363 4.51 1.80 107 

61.3 1.00 0.290 0.383 2.72 2.80 403 

60.1 1.01 0.206 0.393 1.91 3.70 1010 

58.9 1.02 0.160 0.395 1.49 4.70 2045 

57.3 1.03 0.130 0.395 1.22 5.60 3510 

53.6 1.08 0.0930 0.382 0.950 7.80 8350 

49.0 1.19 0.0700 0.349 0.859 11.0 17 350 

42.4 1.51 0.0579 0.293 1.07 17.5 30 300 



A.3-3 Physical Properties ol' Air at 101.325 kPa (1 Atm Abs), SI Units

µ. X JO5 
T p c,, (Pa·s.or k /3 X JO' gf3p"Iµ."

("C) (/() (kglnr1 ) (/cJ!kg · K) kg/111 · s) (W/m·K) Nr, (//K) (//K · 1113) 

-17.8 255.4 1.379 1.0048 1.62 0.02250 0.720 3.92 2.79 X 108

0 273.2 1.293 1.0048 1.72 0.02423 0.715 3.65 2.04 X 108

10.0 283.2 1.246 1.0048 1.78 0.02492 0.713 3.53 1.72 X 108

37.8 311.0 1.137 1.0048 1.90 0.02700 0.705 3.22 1.12 X 108

65.6 338.8 1.043 1.0090 2.03 0.02925 0.702 2.95 0.775 X 108

93.3 366.5 0.964 1.0090 2.15 0.03115 0.694 2.74 0.534 X 108

121.1 394.3 0.895 1.0132 2.27 0.03323 0.692 2.54 0.386 X 108

148.9 422.l 0.838 1.0174 2.37 0.03531 0.689 2.38 0.289 X 108

176.7 449.9 0.785 1.0216 2.50 0.0372 l 0.687 2.21 0.214 X 108

204.4 477.6 0.740 1.0258 2.60 0.03894 0.686 2.09 0.168 X 108

232.2 505.4 0.700 l.0300 2.71 0.04084 0.684 1.98 0.130 X 108

260.0 533.2 0.662 1.0341 2.80 0.04258 0.680 1.87 0.104 X 108

A.3-3 Physical Properties of Air at 101.325 kPa (1 Atm Abs), English Units

p c,, k 

T 
C

b

''.') ( 
bw ) µ. ( 

btu 
) /3 X JO' g{3p'Iµ.'

("F) ft·' lb111 • °F ( centipoise) h·ft·"F N,, (ll"R) (I!"R ·fr') 

0 0.0861 0.240 0.0162 0.0130 0.720 2.18 4.39 X 106

32 0.0807 0.240 0.0172 0.0140 0.715 2.03 3.21 X 106

50 0.0778 0.240 0.0178_ 0.0144 0.713 1.96 2.70 X 106

100 0.0710 0.240 0.0190 0.0156 0.705 1.79 1.76 X 106

150 0.0651 0.241 0.0203 0.0169 0.702 1.64 1.22 X 106

200 0.0602 0.241 0.0215 0.0180 0.694 1.52 0.840 X 106

250 0.0559 0.242 0.0227 0.0192 0.692 1.41 0.607 X 106

300 0.0523 0.243 0.0237 0.0204 0.689 1.32 0.454 X 106

350 0.0490 0.244 0.0250 0.0215 0.687 1.23 0.336 X 106

400 0.0462 0.245 0.0260 0.0225 0.686 1.16 0.264 X 106

450 0.0437 0.246 0.0271 0.0236 0.674 1.10 0.204 X 106

500 0.0413 0.247 0.0280 0.0246 0.680 1.04 0.163 X 106

Source: National Bureau of Stand,1rds, Circufnr 461C, 1947; 564, 1955: NBS-NACA. Ta hies of Thermnl Properries of Gnses, 1949; 
F. G. Keyes. Tmns. A.S.I\I. £., 73,590.597 { !95 l ): 74, !J03 { !952); D. D. Wngmnn, Selected Values of Chemical Thermody11amic Properties. 
Washington, D.C.: National Bureau of Stnndards, ! 953. 
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Table 1:  Emissivity 𝜺 of solids (300K)

Material  𝜺 
Aluminum foil  0.04 
Asbestos board  0.96 
Polished brass  0.03 

Cast iron, turned and heated  0.60‐0.70 
Concrete  0.85 

Ice, smooth  0.966 
Ice, rough  0.985 
Plaster  0.98 

Roofing paper  0.91 
Sand  0.76 

Steel, Oxidized  0.79 
Wrought Iron  0.94 

Reference:  Engineering Toolbox, www.engineeringtoolbox.com/emissivity‐coefficients‐d_447.html  

𝜎 0.1712 10
𝐵𝑇𝑈

ℎ 𝑓𝑡 𝑅

𝜎 5.676 10
𝑊

𝑚 𝐾

Stephan-Boltzman Constant:

Mechanism ,   ,   

Condensing steam 1000 5000 5700 28,000
Condensing organics 200 500 1100 2800
Boiling liquids 300 5000 1700 28,000
Moving water 50 3000 280 17,000
Moving hydrocarbons 10 300 55 1700
Still air 0.5 4 2.8 23
Moving air 2 10 11.3 55
Reference: C. J. Geankoplis, Magnitude of Some Heat Transfer  
Coefficients, page 241

 
 

 



Unsteady Macroscopic Energy Balance

𝑑
𝑑𝑡

𝑈 𝐸 , 𝐸 , Δ𝐻 Δ𝐸 Δ𝐸 𝑄 𝑊 ,

𝑄 ∑ 𝑞 , comes from a variety of sources:

• Thermal conduction:  𝑞 𝑘𝐴

• Convection heat xfer:  𝑞 ℎ𝐴 𝑇 𝑇

• Radiation:  𝑞 𝜀𝜎𝐴 𝑇 𝑇

• Electric current:  𝑞 𝐼 𝑅 𝐿

• Chemical Reaction:  𝑞 𝑆 𝑉

𝑆
energy

time volume

𝑄  Heat into the chosen macroscopic control volume

accumulation 
input  output 

Unsteady Macroscopic Energy Balance

• Thermal conduction:  𝒒𝒊𝒏 𝒌𝑨 𝒅𝑻

𝒅𝒙

• Convection heat xfer:  𝒒𝒊𝒏 𝒉𝑨 𝑻𝒃 𝑻

• Radiation:  𝒒𝒊𝒏 𝜺𝝈𝑨 𝑻𝒔𝒖𝒓𝒓𝒐𝒖𝒏𝒅𝒊𝒏𝒈𝒔
𝟒 𝑻𝒔𝒖𝒓𝒇𝒂𝒄𝒆

𝟒

• Electric current:  𝒒𝒊𝒏 𝑰𝟐𝑹𝒆𝒍𝒆𝒄𝑳

• Chemical Reaction:  𝒒𝒊𝒏 𝑺𝒓𝒙𝒏𝑽𝒔𝒚𝒔

e.g. device held by bracket; a solid phase that extends through 
boundaries of control volume

e.g. device dropped in stirred liquid; forced air stream flows past, 
natural convection occurs outside system; phase change at boundary

e.g. device at high temp. exposed to a gas/vacuum; hot enough to 
produce nat. conv. possibly hot enough for radiation

e.g. if electric current is flowing within the device/control volume/
system

e.g. if a homogeneous reaction is taking place throughout the
device/ control volume/system

𝑸𝒊𝒏 ∑ 𝒒𝒊𝒏,𝒊𝒊 comes from a variety of sources:

𝒅
𝒅𝒕

𝑼𝒔𝒚𝒔 𝑬𝒌,𝒔𝒚𝒔 𝑬𝒑,𝒔𝒚𝒔

𝚫𝑯 𝚫𝑬𝒌 𝚫𝑬𝒑 𝑸𝒊𝒏 𝑾𝒔,𝒐𝒏

S‐B constant:  
𝜎 5.676
10
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A.2-9 Properties of Saturated Steam and Water (Steam Table), SI Units

Specific Volume Enthalpy Entropy 
Temper- Vapor (m3/kg) (Id/kg) (kJ/kg·K) 
ature Pressure 

("C) (kPa) Liquid Sat'd Vapor Liquid Sat'd Vapor Liquid Sat'd Vapor 

0.01 0.6113 0.0010002 206.136 0.00 2501.4 0.0000 9.1562 

3 0.7577 0.0010001 168.132 12.57 2506.9 0.0457 9.0773 

6 0.9349 0.0010001 137.734 25.20 2512.4 0.0912 9.0003 

9 1.1477 0.0010003 113.386 37.80 2517.9 0.1362 8.9253 

12 1.4022 0.0010005 93.784 50.41 2523.4 0.1806 8.8524 

15 1.7051 0.0010009 77.926 62.99 2528.9 0.2245 8.7814 

18 2.0640 0.0010014 65.038 75.58 2534.4 0.2679 8.7123 

21 2.487 0.0010020 54.514 88.14 2539.9 0.3109 8.6450 

24 2.985 0.0010027 45.883 100.70 2545.4 0.3534 8.5794 

25 3.169 0.0010029 43.360 104.89 2547.2 0.3674 8.5580 

27 3.567 0.0010035 38.774 113.25 2550.8 0.3954 8.5156 

30 4.246 0.0010043 32.894 125.79 2556.3 0.4369 8.4533 

33 5.034 0.0010053 28.011 138.33 2561.7 0.4781 8.3927 

36 5.947 0.0010063 23.940 150.86 2567.1 0.5188 8.3336 

40 7.384 0.0010078 19.523 167.57 2574.3 0.5725 8.2570 

45 9.593 0.0010099 15.258 188.45 2583.2 0.6387 8.1648 

50 12.349 0.0010121 12.032 209.33 2592.1 0.7038 8.0763 

55 15.758 0.0010146 9.568 230.23 2600.9 0.7679 7.9913 

60 19.940 0.0010172 7.671 251.13 2609.6 0.8312 7.9096 

65 25.03 0.0010199 6.197 272.06 2618.3 0.8935 7.8310 

70 31.19 0.0010228 5.042 292.98 2626.8 0.9549 7.7553 

75 38.58 0.0010259 4.131 313.93 2635.3 1.0155 7.6824 

80 47.39 0.0010291 3.407 334.91 2643.7 1.0753 7.6122 

85 57.83 0.0010325 2.828 355.90 2651.9 1.1343 7.5445 

90 70.14 0.0010360 2.361 376.92 2660.1 1.1925 7.4791 

95 84.55 0.0010397 1.9819 397.96 2668.1 1.2500 7.4159 

100 101.35 0.0010435 1.6729 419.04 2676.1 1.3069 7.3549 

105 120.82 0.0010475 1.4194 440.15 2683.8 1.3630 7.2958 

110 143.27 0.0010516 1.2102 461.30 2691.5 1.4185 7.2387 

115 169.06 0.0010559 1.0366 482.48 2699.0 1.4734 7.1833 

120 198.53 0.0010603 0.8919 503.71 2706.3 1.5276 7.1296 

125 232.1 0.0010649 0.7706 524.99 2713.5 1.5813 7.0775 

130 270.1 0.0010697 0.6685 546.31 2720.5 1.6344 7.0269 

135 313.0 0.0010746 0.5822 567.69 2727.3 1.6870 6.9777 

. 140 316.3 0.0010797 0.5089 589.13 2733.9 1.7391 6.9299 

145 415.4 0.0010850 0.4463 610.63 2740.3 1.7907 6.8833 

150 475.8 0.0010905 0.3928 632.20 2746.5 1.8418 6.8379 

155 543.1 0.0010961 0.3468 653.84 2752.4 1.8925 6.7935 

160 617.8 0.0011020 0.3071 675.55 2758.1 1.9427 6.7502 

165 700.5 0.0011080 0.2727 697.34 2763.5 1.9925 6.7078 
' 

170 791.7 0.0011143 0.2428 719.21 2768.7 2.0419 6.6663 

175 892.0 0.0011207 0.2168 741.17 2773.6 2.0909 6.6256 

180 1002.1 0.0011274 0.19405 763.22 2778.2 2.1396 6.5857 

190 1254.4 0.0011414 0.15654 807.62 2786.4 2.2359 6.5079 

200 1553.8 0.0011565 0.12736 852.45 2793.2 2.3309 6.4323 

225 2548 0.0011992 0.07849 966.78 2803.3 2.5639 6.2503 

250 3973 0.0012512 0.05013 1085.36 2801.5 2.7927 6.0730 

275 5942 0.0013168 0.03279 1210.07 2785.0 3.0208 5.8938 

300 8581 0.0010436 0.02167 1344.0 2749.0 3.2534 5.7045 

Source: Abridged from J. H. Keenan, E G. Keyes, P. G. Hi!!, and J. G. Moore, Steam Tables-Merrie Unit.r. New York:John Wiley & Sons, 
Inc., 1969. Reprinted by permission of John Wiley & Sons, Inc. 

Ref:  Geankoplis, 4th Ed, 2003
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TABLE 6.2-1. Diffusion Coefficients of Gases at 
101.32 kPa Pressure 

Temperature Diffusivity 

System oc K 
[(m2/s)Ia4 
or cm2/s] Ref 

Air-NH3 0 273 0.198 (Wl) 

Air-H2O 0 273 0.220 (N2) 

25 298 0.260 (Ll) 

42 315 0.288 (Ml) 

Air-CO2 3 276 0.142 (Hl) 

44 317 0.177 

Air-H2 0 273 0.611 (N2) 

Air-C2H5OH 25 298 0.135 (Ml) 

42 315 0.145 

Air-CH3COOH 0 273 0.106 (N2) 

Air-n-hexane 21 294 0.080 (Cl) 

Air-benzene 25 298 0.0962 (Ll) 

Air-toluene 25.9 298.9 0.086 (Gl) 

Air-n-butanol 0 273 0.0703 (N2) 

25.9 298.9 0.087 

Hi-CH4 25 298 0.726 (C2) 

H2-N2 25 298 0.784 (Bl) 

85 358 1.052 

H2-benzene 38.1 311.1 0.404 (H2) 

H2-Ar 22.4 295.4 0.83 (W2) 

H2-NH3 25 298 0.783 (Bl) 

H2-SO2 50 323 0.61 (S1) 

H2-C2H5OH 67 340 0.586 (Tl) 

He-Ar 25 298 0.729 (S2) 

He-n-butanol 150 423 0.587 (S2) 

He-air 44 317 0.765 (Hl) 

He-CH4 25 298 0.675 (C2) 

He-N2 25 298 0.687 (S2) 

He-O2 25 298 0.729 (S2) 

Ar-CH4 25 298 0.202 (C2) 

CO2-N2 25 298 0.167 (W3) 

CO2-O2 20 293 0.153 (W4) 

N2-n-butane 25 298 0.0960 (B2) 

H2O-CO2 34.3 307.3 0.202 (S3) 

CO-N2 100 373 0.318 (Al) 

CH3Cl-SO2 30 303 0.0693 (C3) 

(CzHs)2O-NH3 26.5 299.5 0.1078 (S4) 

From Geankoplis, 4th Edition, Prentice Hall, 2003



TABLE 6.3-1. Diffusion Coefficients for Dilute Liquid Solutions 

Temperature Dijfusiviry 
[(m2/s)109

Solute Solvent oc K or (cm2/s)Jl?] Ref 

NH3 Waler 12 285 1.64 (N2) 

15 288 1.77 

02 Water 18 291 1.98 (N2) 

25 298 2.41 (Vl) 

CO2 
Water 25 298 2.00 (Vl) 

H2 Water 25 298 4.8 (Vl) 

Methyl alcohol Water 15 288 1.26 (Jl) 

Ethyl alcohol Water 10 283 0.84 (Jl) 

25 298 1.24 (Jl) 

n-Propyl alcohol Water 15 288 0.87 (Jl) 

Formic acid Water 25 298 1:52 (B4) 

Acetic acid Water 9.7 282.7 0.769 (B4) 

25 298 1.26 (B4) 

Propionic acid Water 25 298 1.01 (B4) 

HCI (9 g mol/liter) Water 10 283 3.3 (N2) 

(2.5 g mol/liter) 10 283 2.5 (N2) 

Benzoic acid Water 25 298 1.21 (C4) 

Acetone Water 25 298 1.28 (A2) 

Acetic acid Benzene 25 298 2.09 (CS) 

Urea Ethanol 12 285 0.54 (N2) 

Water Ethanol 25 298 1.13 (H4) 

KC! Water 25 298 1.870 (P2) 

KC! Ethylene 
glycol 25 298 0.119 (P2) 

p431 

TABLE 6.4-1. Diffusion Coefficients for Dilute Biological Solutes in Aqueous Solution 

Tempera/lire 
Diffusiviry Molecular 

Solute oc K (m1/s) Weight Ref 

Urea 20 293 1.20 X 10-9 60.1 (N2) 
25 298 1.378 X 10-9 (GS) 

Glycerol 20 293 0.825 X 10-9 92.1 (G3) 

Glycine 25 298 1.055 X 10-9 75.1 (L3) 

Sodium caprylate 25 298 8.78 X 10-io 166.2 (G6) 

Bovine serum albumin 25 298 6.81 X 10-11 67 500 (C6) 

Urease 25 298 4.01 X 10-11 482 700 (Cl) 
20 293 3.46 X 10-11 (S6) 

Soybean protein 20 293 2.91 X 10-ll 361 800 (S6) 

Lipoxidase 20 293 5.59 X 10-11 97 440 (S6) 

Fibrinogen, human 20 293 1.98 X 10-11 339 700 (S6) 

Human serum albumin 20 293 5.93 X 10-11 72 300 (S6) 

r-Globulin, human 20 293 4.00 X 10-11 153 100 (S6) 

Creatinine 37 310 1.08 X 10-9 113.1 (CS) 

Sucrose 37 310 0.697 X 10-9 342.3 (C8) 
20 293 0.460 X 10-9 (P3) 

p437 



ATOMIC WEIGHTS AND NUMBERS 

' Atomic weights apply to naturally occurring isotopic compositions and are based on an atomic mass .-, 
of 12C = 12

Atomic Atomic Atomic Atomic 
Element Symbol Number Weight Element Symbol Number Weight 

Actinium Ac 89 Iridium Ir 77 192.2 
'- Aluminum Al 13 26.9815 Iron Fe 26 55.847 

Americium Am 95 Krypton Kr 36 83.80 

Antimony Sb 51 121.75 Lanthanum La 57 138.91 

Argon Ar 18 39.948 Lawrencium Lr 103 

Arsenic As 33 74.9216 Lead Pb 82 207.19 

Astatine At 85 Lithium Li 3 6.939 

Barium Ba 56 137.34 Lutetium Lu 71 174.97 

Berkelium Bk 97 Magnesium Mg 12 24.312 

Beryllium Be 4 9.0122 Manganese Mn 25 54.9380 

Bismuth Bi 83 208.980 Mendelevium Md 101 

Boron B 5 10.811 Mercury Hg 80 200.59 

Bromine Br 35 79.904 Molybdenum Mo 42 95.94 

Cadmium Cd 48 112.40 Neodymium Nd 60 144.24 

Calcium Ca 20 40.08 Neon Ne 10 20.183 

Californium Cf 98 Neptunium Np 93 

Carbon C 6 12.01115 Nickel Ni 28 58.71 

Cerium Ce 58 140.12 Niobium Nb 41 92.906 

Cesium Cs 55 132.905 Nitrogen N 7 14.0067 

Chlorine Cl 17 35.453 Nobelium No 102 

Chromium Cr 24 51.996 Osmium Os 75 190.2 

Cobalt Co 27 58.9332 Oxygen 0 8 15.9994 

Copper Cu 29 63.546 Palladium Pd 46 106.4 

Curium Cm 96 Phosphorus p 15 30.9738 

Dysprosium Dy 66 162.50 Platinum Pt 78 195.09 

Einsteinium Es 99 Plutonium Pu 94 

Erbium Er 68 167.26 Polonium Po 84 

Europium Eu 63 151.96 Potassium K 19 39.102 

Fermium Fm 100 Praseodymium Pr 59 140.907 

Fluorine F 9 18.9984 Promethium Pm 61 

Francium Fr 87 Protactinium Pa 91 

Gadolinium Gd 64 157.25 Radium Ra 88 

Gallium Ga 31 69.72 Radon Rn 86 

Germanium Ge 32 72.59 Rhenium Re 75 186.2 

Gold Au 79 196.967 Rhodium Rh 45 102.905 

Hafnium Hf 72 178.49 Rubidium Rb 37 84.57 

Helium He 2 4.0026 Ruthenium Ru 44 101.07 

Holmium Ho 67 164.930 Samarium Sm 62 150.35 

Hydrogen H 1 1.00797 Scandium Sc 21 44.956 

Indium In 49 114.82 Selenium Se 34 78.96 

Iodine I 53 126.9044 Silicon Si 14 28.086 

From Felder and Rousseau, 3rd Edition, Wiley, 2000
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The Equation of Species Mass Balance in Cartesian, cylindrical, and spherical
coordinates for binary mixtures of A and B.  Two cases are presented:  the general case, where the mass flux with 

respect to mass‐average velocity  �̲�  appears (p. 1), and the more usual case (p. 2), where the diffusion 

coefficient is constant and Fick’s law has been incorporated.   

Spring 2019 Faith A. Morrison, Michigan Technological University 

Microscopic species mass balance, in terms of mass flux; Gibbs notation 

𝜌
𝜕𝜔
𝜕𝑡

𝑣 ⋅ ∇𝜔 ∇ ⋅ �̲� 𝑟  

Microscopic species mass balance, in terms of mass flux; Cartesian coordinates 

𝜌
𝜕𝜔
𝜕𝑡

𝑣
𝜕𝜔
𝜕𝑥

 𝑣
𝜕𝜔
𝜕𝑦

 𝑣
𝜕𝜔
𝜕𝑧
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𝜕𝑥
𝜕𝑗 ,

𝜕𝑦
𝜕𝑗 ,

𝜕𝑧
𝑟  

Microscopic species mass balance, in terms of mass flux; cylindrical coordinates 

𝜌
𝜕𝜔
𝜕𝑡

𝑣
𝜕𝜔
𝜕𝑟

 
𝑣
𝑟

𝜕𝜔
𝜕𝜃

 𝑣
𝜕𝜔
𝜕𝑧
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𝑟

𝜕 𝑟𝑗 ,

𝜕𝑟
1
𝑟
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𝜕𝜃
𝜕𝑗 ,

𝜕𝑧
𝑟  

Microscopic species mass balance, in terms of mass flux; spherical coordinates 

𝜌
𝜕𝜔
𝜕𝑡

𝑣
𝜕𝜔
𝜕𝑟

 
𝑣
𝑟

𝜕𝜔
𝜕𝜃

 
𝑣

𝑟 sin 𝜃
𝜕𝜔
𝜕𝜙

 
1
𝑟

𝜕 𝑟 𝑗 ,

𝜕𝑟
1

𝑟 sin 𝜃 
𝜕 𝑗 , sin 𝜃

𝜕𝜃
1

𝑟 sin 𝜃

𝜕𝑗 ,

𝜕𝜙
𝑟  

Fick’s law of diffusion, Gibbs notation:   �̲� 𝜌𝐷 ∇𝜔  

𝜌𝜔 𝑣 𝑣   

Fick’s law of diffusion, Cartesian coordinates:  

𝑗 ,

𝑗 ,

𝑗 ,

⎝

⎜
⎛

𝜌𝐷

𝜌𝐷

𝜌𝐷 ⎠

⎟
⎞

Fick’s law of diffusion, cylindrical coordinates:  

𝑗 ,

𝑗 ,

𝑗 ,

⎝

⎜
⎛

𝜌𝐷

𝜌𝐷 ⎠

⎟
⎞

 Fick’s law of diffusion, spherical coordinates:  

𝑗 ,

𝑗 ,

𝑗 ,

⎝

⎜
⎛

𝜌𝐷

⎠

⎟
⎞
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2 

The Equation of Species Mass Balance, constant 𝝆𝑫𝑨𝑩. For binary
systems, and Fick’s law has been incorporated.  Good for dilute liquid solutions at constant temperature and 

pressure. 

Microscopic species mass balance, constant thermal conductivity; Gibbs notation 

𝜌
𝜕𝜔
𝜕𝑡

𝑣 ⋅ ∇𝜔 𝜌𝐷 ∇ 𝜔 𝑟  

Microscopic species mass balance, constant thermal conductivity; Cartesian coordinates 

𝜌
𝜕𝜔
𝜕𝑡

𝑣
𝜕𝜔
𝜕𝑥

 𝑣
𝜕𝜔
𝜕𝑦

 𝑣
𝜕𝜔
𝜕𝑧

 𝜌𝐷
𝜕 𝜔
𝜕𝑥

𝜕 𝜔
𝜕𝑦

𝜕 𝜔
𝜕𝑧

𝑟  

Microscopic species mass balance, constant thermal conductivity; cylindrical coordinates 

𝜌
𝜕𝜔
𝜕𝑡

𝑣
𝜕𝜔
𝜕𝑟

 
𝑣
𝑟

𝜕𝜔
𝜕𝜃

 𝑣
𝜕𝜔
𝜕𝑧

 𝜌𝐷
1
𝑟

𝜕
𝜕𝑟

𝑟
𝜕𝜔
𝜕𝑟

1
𝑟

𝜕 𝜔
𝜕𝜃

 
𝜕 𝜔
𝜕𝑧

𝑟  

Microscopic species mass balance, constant thermal conductivity; spherical coordinates 

𝜌
𝜕𝜔
𝜕𝑡

𝑣
𝜕𝜔
𝜕𝑟

 
𝑣
𝑟

𝜕𝜔
𝜕𝜃

 
𝑣

𝑟 sin 𝜃
𝜕𝜔
𝜕𝜙

 

𝜌𝐷
1
𝑟

𝜕
𝜕𝑟

𝑟
𝜕𝜔
𝜕𝑟

 
1

𝑟 sin 𝜃
𝜕

𝜕𝜃
sin 𝜃

𝜕𝜔
𝜕𝜃

 
1

𝑟 sin 𝜃
𝜕 𝜔
𝜕𝜙

𝑟  

𝑐𝑥 𝑐 𝜌 𝜌𝜔    units: 𝑐
 

 
; 𝜌

 

 
; 𝑐

 

 
; 𝜌

 

 
 

�̲� ≡ mass flux of species 𝐴 relative to a mixture’s mass average velocity, 𝑣  units:  𝚥̲
 

⋅
 

𝜌 𝑣 𝑣   

�̲� �̲� 0 , i.e. these fluxes are measured relative to the mixture’s center of mass 

𝑛 ≡ 𝜌 𝑣 �̲� 𝜌 𝑣   combined mass flux relative to stationary coordinates 

𝑛 𝑛 𝜌𝑣  

𝑣 ≡  velocity of species 𝐴 in a mixture, i.e. average velocity of all molecules of species 𝐴 within a small volume 

𝑣 𝜔 𝑣 𝜔 𝑣 ≡  mass average velocity; same velocity as in the microscopic momentum and energy balances 

Reference:  R. B. Bird, W. E. Stewart, and E. N. Lightfoot, Transport Phenomena, 2nd edition, Wiley, 2002.               

(p. 515, 584) 
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The Equation of Species Mass Balance in Terms of Combined 

Molar quantities in Cartesian, cylindrical, and spherical coordinates for binary mixtures of A and B.

The general case, where the combined molar flux with respect to molar velocity  𝑁 , is given on page 1. 

Spring 2019 Faith A. Morrison, Michigan Technological University 

Microscopic species mass balance, in terms of molar flux; Gibbs notation 

𝜕𝑐
𝜕𝑡

∇ ⋅ 𝑁 𝑅  

Microscopic species mass balance, in terms of combined molar flux; Cartesian coordinates 

𝜕𝑐
𝜕𝑡

𝜕𝑁 ,

𝜕𝑥
𝜕𝑁 ,

𝜕𝑦
𝜕𝑁 ,

𝜕𝑧
𝑅  

Microscopic species mass balance, in terms of combined molar flux; cylindrical coordinates 

𝜕𝑐
𝜕𝑡

1
𝑟

𝜕 𝑟𝑁 ,

𝜕𝑟
1
𝑟

𝜕𝑁 ,

𝜕𝜃
𝜕𝑁 ,

𝜕𝑧
𝑅  

Microscopic species mass balance, in terms of combined molar flux; spherical coordinates 

𝜕𝑐
𝜕𝑡

1
𝑟

𝜕 𝑟 𝑁 ,

𝜕𝑟
1

𝑟 sin 𝜃 
𝜕 𝑁 , sin 𝜃

𝜕𝜃
1

𝑟 sin 𝜃
𝜕𝑁 ,

𝜕𝜙
𝑅  

Fick’s law of diffusion, Gibbs notation:   𝑁 𝑥 𝑁 𝑁 𝑐𝐷 ∇𝑥  

𝑐 𝑣∗ 𝑐𝐷 ∇𝑥   

Fick’s law of diffusion, Cartesian coordinates:  

𝑁 ,

𝑁 ,

𝑁 ,

⎝

⎜
⎛

𝑥 𝑁 , 𝑁 , 𝑐𝐷

𝑥 𝑁 , 𝑁 , 𝑐𝐷

𝑥 𝑁 , 𝑁 , 𝑐𝐷 ⎠

⎟
⎞

Fick’s law of diffusion, cylindrical coordinates:  

𝑁 ,

𝑁 ,

𝑁 ,

⎝

⎜
⎛

𝑥 𝑁 , 𝑁 , 𝑐𝐷

𝑥 𝑁 , 𝑁 ,

𝑥 𝑁 , 𝑁 , 𝑐𝐷 ⎠

⎟
⎞

 Fick’s law of diffusion, spherical coordinates:  

𝑁 ,

𝑁 ,

𝑁 ,

⎝

⎜
⎛

𝑥 𝑁 , 𝑁 , 𝑐𝐷

𝑥 𝑁 , 𝑁 ,

𝑥 𝑁 , 𝑁 , ⎠

⎟
⎞
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NOTES: 

 If component 𝐴 has no sink, 𝑁 0.
 If 𝐴 diffuses through stagnant 𝐵, 𝑁 0.
 If a binary mixture of 𝐴 and 𝐵 are undergoing steady equimolar counterdiffusion, 𝑁 𝑁 .
 If, for example, two moles of 𝐴 diffuse to a surface at which a rapid, irreversible reaction coverts it to one

mole of 𝐵, then at steady state  0.5𝑁 𝑁 .

𝑐𝑥 𝑐 𝜌 𝜌𝜔        units: 𝑐
 

 
; 𝜌

 

 
; 𝑐

 

 
; 𝜌

 

 
 

�̲�∗ ≡ molar flux relative to a mixture’s molar average velocity, 𝑣∗        units:  �̲�∗  

⋅
 

𝑐 𝑣 𝑣∗   

�̲�∗ �̲�∗ 0  

𝑁 ≡ 𝑐 𝑣 �̲�∗ 𝑐 𝑣∗   combined molar flux relative to stationary coordinates 

𝑁 𝑁 𝑐𝑣∗  

𝑣 ≡  velocity of species 𝐴 in a mixture, i.e. average velocity of all molecules of species 𝐴 within a small volume 

𝑣∗ 𝑥 𝑣 𝑥 𝑣 ≡  molar average velocity 

Reference:  R. B. Bird, W. E. Stewart, and E. N. Lightfoot, Transport Phenomena, 2nd edition, Wiley, 2002.            

(p. 515, 584) 
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The Equation of Species Mass Balance in Terms of Molar 
quantities in Cartesian, cylindrical, and spherical coordinates for binary mixtures of A and B.  Two cases are

presented:  the general case, where the molar flux with respect to molar velocity  �̲�∗  appears (p. 1), and the more 
usual case (p. 2), where the diffusion coefficient is constant and Fick’s law has been incorporated.  

Spring 2019 Faith A. Morrison, Michigan Technological University 

Microscopic species mass balance, in terms of molar flux; Gibbs notation 

𝑐
𝜕𝑥
𝜕𝑡

𝑣∗ ⋅ ∇𝑥 ∇ ⋅ �̲�∗ 𝑥 𝑅 𝑥 𝑅  

Microscopic species mass balance, in terms of molar flux; Cartesian coordinates 

𝑐
𝜕𝑥
𝜕𝑡

𝑣∗
𝜕𝑥
𝜕𝑥

 𝑣∗
𝜕𝑥
𝜕𝑦

 𝑣∗
𝜕𝑥
𝜕𝑧

 
𝜕𝐽 ,

∗

𝜕𝑥

𝜕𝐽 ,
∗

𝜕𝑦
𝜕𝐽 ,

∗

𝜕𝑧
𝑥 𝑅 𝑥 𝑅  

Microscopic species mass balance, in terms of molar flux; cylindrical coordinates 

𝑐
𝜕𝑥
𝜕𝑡

𝑣∗
𝜕𝑥
𝜕𝑟

 
𝑣∗

𝑟
𝜕𝑥
𝜕𝜃

 𝑣∗
𝜕𝑥
𝜕𝑧

 
1
𝑟
𝜕 𝑟𝐽 ,

∗

𝜕𝑟
1
𝑟

𝜕𝐽 ,
∗

𝜕𝜃
𝜕𝐽 ,

∗

𝜕𝑧
𝑥 𝑅 𝑥 𝑅  

Microscopic species mass balance, in terms of molar flux; spherical coordinates 

𝑐
𝜕𝑥
𝜕𝑡

𝑣∗
𝜕𝑥
𝜕𝑟

 
𝑣∗

𝑟
𝜕𝑥
𝜕𝜃

 
𝑣∗

𝑟 sin𝜃
𝜕𝑥
𝜕𝜙

 
1
𝑟
𝜕 𝑟 𝐽 ,

∗

𝜕𝑟
1

𝑟 sin𝜃 

𝜕 𝐽 ,
∗ sin 𝜃

𝜕𝜃
1

𝑟 sin𝜃

𝜕𝐽 ,
∗

𝜕𝜙
𝑥 𝑅 𝑥 𝑅  

Fick’s law of diffusion, Gibbs notation:   �̲�∗ 𝑐𝐷 ∇𝑥  

𝑐𝑥 𝑣 𝑣∗   

Fick’s law of diffusion, Cartesian coordinates:  
𝐽 ,
∗

𝐽 ,
∗

𝐽 ,
∗

⎝

⎜
⎛

𝑐𝐷

𝑐𝐷

𝑐𝐷 ⎠

⎟
⎞

Fick’s law of diffusion, cylindrical coordinates:  
𝐽 ,
∗

𝐽 ,
∗

𝐽 ,
∗

⎝

⎜
⎛

𝑐𝐷

𝑐𝐷 ⎠

⎟
⎞

 Fick’s law of diffusion, spherical coordinates:  
𝐽 ,
∗

𝐽 ,
∗

𝐽 ,
∗

⎝

⎜
⎛

𝑐𝐷

⎠

⎟
⎞
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The Equation of Species Mass Balance in Terms of Molar 
Quantities, constant 𝒄𝑫𝑨𝑩. For binary systems, and Fick’s law has been incorporated.  Good

for low density gases at constant temperature and pressure. 

Microscopic species mass balance, constant thermal conductivity; Gibbs notation 

𝑐
𝜕𝑥
𝜕𝑡

𝑣∗ ⋅ ∇𝑥 𝑐𝐷 ∇ 𝑥 𝑥 𝑅 𝑥 𝑅  

Microscopic species mass balance, constant thermal conductivity; Cartesian coordinates 

𝑐
𝜕𝑥
𝜕𝑡

𝑣∗
𝜕𝑥
𝜕𝑥

 𝑣∗
𝜕𝑥
𝜕𝑦

 𝑣∗
𝜕𝑥
𝜕𝑧

 𝑐𝐷
𝜕 𝑥
𝜕𝑥

𝜕 𝑥
𝜕𝑦

𝜕 𝑥
𝜕𝑧

𝑥 𝑅 𝑥 𝑅  

Microscopic species mass balance, constant thermal conductivity; cylindrical coordinates 

𝑐
𝜕𝑥
𝜕𝑡

𝑣∗
𝜕𝑥
𝜕𝑟

 
𝑣∗

𝑟
𝜕𝑥
𝜕𝜃

 𝑣∗
𝜕𝑥
𝜕𝑧

 𝑐𝐷
1
𝑟
𝜕
𝜕𝑟

𝑟
𝜕𝑥
𝜕𝑟

1
𝑟
𝜕 𝑥
𝜕𝜃

 
𝜕 𝑥
𝜕𝑧

𝑥 𝑅 𝑥 𝑅  

Microscopic species mass balance, constant thermal conductivity; spherical coordinates 

𝑐
𝜕𝑥
𝜕𝑡

𝑣∗
𝜕𝑥
𝜕𝑟

 
𝑣∗

𝑟
𝜕𝑥
𝜕𝜃

 
𝑣∗

𝑟 sin𝜃
𝜕𝑥
𝜕𝜙

 

𝑐𝐷
1
𝑟

𝜕
𝜕𝑟

𝑟
𝜕𝑥
𝜕𝑟

 
1

𝑟 sin𝜃
𝜕
𝜕𝜃

sin 𝜃
𝜕𝑥
𝜕𝜃

 
1

𝑟 sin 𝜃
𝜕 𝑥
𝜕𝜙

𝑥 𝑅 𝑥 𝑅  

𝑐𝑥 𝑐 𝜌 𝜌𝜔        units: 𝑐
 

 
;𝜌

 

 
; 𝑐

 

 
;𝜌

 

 
 

�̲�∗ ≡ molar flux relative to a mixture’s molar average velocity, 𝑣∗        units:  �̲�∗
⋅

 

𝑐 𝑣 𝑣∗   

�̲�∗ �̲�∗ 0  

𝑁 ≡ 𝑐 𝑣 �̲�∗ 𝑐 𝑣∗   combined molar flux relative to stationary coordinates 

𝑁 𝑁 𝑐𝑣∗  

𝑣 ≡  velocity of species 𝐴 in a mixture, i.e. average velocity of all molecules of species 𝐴 within a small volume 

𝑣∗ 𝑥 𝑣 𝑥 𝑣 ≡  molar average velocity 

Reference:  R. B. Bird, W. E. Stewart, and E. N. Lightfoot, Transport Phenomena, 2nd edition, Wiley, 2002.     (p. 515, 
584)
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Introduction to Diffusion and Mass Transfer in Mixtures

Recurring Modeling Assumptions in Diffusion (“Classics”)
• Near a liquid-gas interface, the region in the gas near the liquid is a film 

where slow diffusion takes place
• The vapor near the liquid-gas interface is often saturated (Raoult’s law, 

𝑥 𝑝∗/𝑝)
• If component 𝐴 has no sink, flux 𝑁 0

• If 𝐴 diffuses through stagnant 𝐵, 𝑁 0

• If A is dilute in B, we can neglect the convection term, yielding 𝑁 𝐽∗ ; 
also liquid concentration 𝑐 will be constant in the dilute case

• Because diffusion is slow, we can make a quasi-steady-state assumption
• If, for example, two moles of 𝐴 diffuse to a surface at which a rapid, 

irreversible reaction coverts it to one mole of 𝐵, then at steady state 
0.5𝑁 𝑁 .

• Homogeneous reactions appear in the mass balance; heterogeneous 
reactions appear in the boundary conditions and relate fluxes

• If a binary mixture of 𝐴 and 𝐵 are undergoing steady equimolar counter 
diffusion, 𝑁 𝑁

• Penetration model is a viable perspective for some homogeneous reaction 
systems (e.g. gas absorption)  
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moles of  that flows into
the control volume 

between t and 

moles of  that flows out of the 
control volume between t and 

introduction of moles of 
into the C.V. by mass transfer 

across the  bounding 
control surface  (C.S.)

net rate of production 
of moles of  in the C.V. by 
reaction, per unit volume

C.V.

© Faith A. Morrison, Michigan Tech U.
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𝑑
𝑑𝑡

ℳ , Δℳ 𝑅 𝑉 𝑁 𝑆

accumulation  net flow in + production + introduction

Δ is “out”‐ “in”
C.S. = control surface
C.V. = control volume

ℳ , 𝑐 𝑉 total moles of 𝐴 in the C.V.

Δℳ ∑ ℳ ,  ∑ ℳ ,  ,, bulk out 

𝑅  net rate of production of moles of 𝐴 in the 
C.V. by reaction, per unit volume

𝑉  system volume

𝑁 𝐾Δ𝑐 molar flux of 𝐴 out through the 
𝑗 C.S.

MOLES

𝑆 ∑ 𝑆

Unsteady Macroscopic Species 𝐴Mass Balance
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© Faith A. Morrison, Michigan Tech U.

Let’s take these 
tools out for a spin!

Overall Mass-Transfer Coefficient

Liquid-phase-units
Film Linear driving 
force model:

Gas-phase-units:  
Film Linear driving force 
model:

Liquid-phase-units
Overall Linear driving 
force model:

Gas-phase-units:  
Overall Linear driving 
force model:

𝐾
1

1
𝑘

𝑚
𝑘

𝐾
1

1
𝑘

1
𝑚 𝑘 , etc., 

concentrated and dilute regimes
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Dimensional 
Analysis

Dimensionless numbers from the 
Equations of Change

m
om

en
tu

m
en

er
gy

Re Reynolds
Fr Froude

Pe Péclet RePr
Pr Prandtl

These numbers tell us about 
the relative importance of the 

terms they precede in the 
governing equations.

(microscopic balances)

Non-dimensional Navier-Stokes Equation

ref: BSL1, p581, 644

m
as

s Pe Péclet ReSc
Sc Schmidt

Non-dimensional Continuity Equation (species A)

Non-dimensional Energy Equation

Oops! This is dimensionless 𝑣, NOT 
molar average velocity; sorry!



These numbers compare the 
magnitudes of the diffusive 

transport coefficients 
𝜈,𝛼,𝐷 (material properties).

Dimensionless Numbers
Dimensionless numbers from the 
Equations of Change

Re Reynolds

Fr Froude

Pe Péclet RePr

Pe Péclet ReSc
𝒟

Pr Prandtl  
Sc Schmidt LePr

𝒟 𝒟

Le Lewis
𝒟

These numbers tell us about 
the relative importance of 

the terms they precede in the 
microscopic balances 
(scenario properties).

55
© Faith A. Morrison, Michigan Tech U.

𝜈,𝛼,𝒟

Transport coefficients



m
om

en
tu

m

𝑓  Friction Factor
Aspect Ratio

Dimensionless Force on the Wall (Drag)

𝑓
ℱ

1
2 𝜌𝑉  𝐴

(Fanning)

Sh Sherwood
Aspect Ratio

Dimensionless Mass Transfer Coefficient

m
as

s 
xf

er

Sh
𝑘 𝐷
𝒟

en
er

gy Nu Nusselt
Aspect Ratio

Newton’s Law of Cooling






ddz
r
T

DL
Nu

DL

r
 






2

0 0

*

21
*

*

*/2
1

Nu
ℎ𝐷
𝑘
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Dimensional 
Analysis

Dimensionless numbers from the 
Engineering Quantities of Interest

These numbers are defined to 
help us build transport data 
correlations based on the 
fewest number of grouped 
(dimensionless) variables 

(scenario property).

St
ℎ

𝜌𝑉𝐶

Nu
RePr

St
𝑘
𝑉

Sh
ReSc

St Stanton



Dimensionless Numbers
Re Reynolds

Fr Froude

Pe Péclet RePr

Pe Péclet ReSc
𝒟

Pr Prandtl  
Sc Schmidt LePr

𝒟

Le Lewis
𝒟

𝑓 Friction Factor
ℱ

Nu Nusselt

Sh Sherwood
𝒟

These numbers from the governing 
equations tell us about the relative 

importance of the terms they precede 
in the microscopic balances 

(scenario properties).

These numbers compare the 
magnitudes of the diffusive 

transport coefficients 𝜈,𝛼,𝐷
(material properties).

© Faith A. Morrison, Michigan Tech U.

These numbers are defined to help 
us build transport data correlations 

based on the fewest number of 
grouped (dimensionless) variables 

(scenario properties).
57

momentum
energy
mass

St Nu/Pe , St Sh/Pe Stanton
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