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Chapter 3: Newtonian Fluids
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Michigan Tech
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Navier-Stokes Equation

p(%w-vz) =—Vp+uViv+pg
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Chapter 3: Newtonian Fluid Mechanics

TWO GOALS

*Derive governing equations (mass and momentum balances
*Solve governing equations for velocity and stress fields

QUICK START -
/ W: \=> 7
—
First, before we get deep into % ” M -
derivation, let's do a Navier-Stokes I i
problem to get you started in the x "

mechanics of this type of problem

2
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EXAMPLE: Drag flow
between infinite
parallel plates

*Newtonian
«steady state

sincompressible fluid
very wide, long /
euniform pressure w

%1
2 = v2>
V3/ 123
—)
- |/
—)
X, I
1 V4(X) I_ll

X

X3

EXAMPLE: Poiseuille
flow between infinite
parallel plates

Newtonian

«steady state
*Incompressible fluid
sinfinitely wide, long
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Engineering

Quantities of In more complex flows, we can use
Interest general expressions that work in all cases.
(any flow)

ds

surface

volumetric — A~
flow rate Q - jj (Tl 1—])
S

_ ffg (- y)lsurfaceds

average ( ) —
Z

velocity ffs ds

Here, i is the outwardly pointing unit normal
of dS; it points in the direction “through” S

Using the general formulas will
help prevent errors.

© Faith A. Morrison, Michigan Tech U.

The stress tensor was Total stress tensor, II:
invented to make the f—
calculation of fluid stress H
easier.

=pl+t1

(any flow, small surface)

Force on the .
surfaceds — V" (_g) ds

(using the stress convention of Understanding Rheology)

Here, 71 is the outwardly pointing unit normal of
dS; it points in the direction “through” S

6
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Mechanics

To get the total force on the macroscopic surface S,
we integrate over the entire surface of interest.

Fluid force on
the surface S

xyz

F,
z), I
-

E=|[la(eL-0), 08

P — Txx Txy Txz
ﬁy fy) - Tyx D~ Tyy Tyz as
zz

Tzx Tzy -p—T xyz

J

(using the stress convention of Understanding Rheology)

fl, T and p evaluated at the surface dS

© Faith A. Morrison, Michigan Tech U.

Engineering
Quantities of
Interest

(any flow)

Using the general formulas will
help prevent errors (like
forgetting the pressure).

force on the
surface, S

= [l =0l ot

S

z-component
of force on
the surface, S

7 =& jj[ﬁ ' (_pi —Z )]surfaceds
S

(using the stress convention of Understanding Rheology)

8
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Engineering
Quantities of
Interest

(any flow)

Total Fluid
Torque on a T = fj[ RXx (- (—Q) )]surfaceds

surface, S
S

R is the vector from the
axis of rotation to dS

63

9
(using the stress convention of Understanding Rheology) © Faith A. Morrison, Michigan Tech U.

Common surface shapes:

rectangular : dS = dxdy

circular top : dS =rdrdf

surface of cylinder : dS =Rdfdz

sphere : dS = (Rd0)(rsin0dg) = R*sinddod ¢

Note: spherical coordinate system in
use by fluid mechanics community
uses 0 < 8 < m as the angle from the

z=axis to the point.

For more areas, see
Exam 1 formula
handout:

pages.mtu.edu/~fmorriso/cm4650/formu
y la_sheet_for_exam1_2018.pdf

© Faith A. Morrison, Michigan Tech U.
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Mechanics

Review:

Chapter 3: Newtonian Fluid Mechanics

TWO GOALS

“Derve governing equatons (mass and momentum balances J

We got a Quick Start with
Newtonian problem

QUICK START @ solving...
First, before we get deep into @ =
derivation, let's do a Navier-Stok L e

problem to get you started in the
mechanics of this type of problem

2
©Faith A. Morrison, Michigan Tech U.

*Solve governing equations for velocity and stress fields

Chapter 3: Newtonian Fluids

Now... potymer Fistngy
. Michigan Tech
Back to exploring the
Origln Of the equatlons Navier-Stokes Equation
(so we can adapt to ——
P:‘—"E'VE/;:*VP-IN:E-PE‘

non-Newtonian)

© Faith A. Morrison, Michigan Tech U.

Chapter 3: Newtonian Fluid Mechanics

TWO GOALS

*Derive governing equations (mass and momentum balances

*Solve governing equations for velocity and stress fields

Mass Balance

Consider an arbitrary control
volume V enclosed by a surface S

rate of increase net flux of

of mass in CV mass into CV

12
© Faith A. Morrison, Michigan Tech U.
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Mathematics Review

Polymer Rheology

© Faith A. Morrison, Michigan Tech U.

Chapter 3: Newtonian Fluid Mechanics

Mass Balance (continued)

Polymer Rheology

Consider an

net flux of

mass into V

-l

through surface S

(rate of increasej _d [ ”J- dVJ
of mass in V dt V,O

outwardly
pointing unit
normal

-vdS

SH>

arbitrary

volume V
enclosed by a

surface S

14
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Mechanics

Chapter 3: Newtonian Fluid Mechanics Polymer Rheology

Mass Balance (continued)

Lotz th(m PdVJ Z—Isjpﬁ-yds

0
f1f pdV——II (pv dS7 Cavss

_ _”J. v-(ov)dv Theorem

m( jdV 0

15

© Faith A. Morrison, Michigan Tech U.

Chapter 3: Newtonian Fluid Mechanics Polymer Rheology
Mass Balance (continued)

Since V is Jy (%*V'(Pz)j ar=0

arbitrary, ~_

Continuity equation:
microscopic mass balance

op 5
— +V-(py)=0

16
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Chapter 3: Newtonian Fluid Mechanics

Mass Balance (continued)

Polymer Rheology

Continuity equation (general fluids)
op
ot
op
ot
Dp
Dt

—+V-(pv)=0
L+ p(V-v)+v-Vp=0

=+ p(V-y)=0

For p=constant (incompressible fluids):

V.v=0

17

© Faith A. Morrison, Michigan Tech U.

Chapter 3: Newtonian Fluid Mechanics

Momentum Balance

Polymer Rheology

Consider an

Momentum is conserved.

net flux of

rate of increase

of momentum in CV

o o

resembles the
rate term in the
mass balance

resembles the
flux term in the
mass balance

momentum into CV

arbitrary
control volume
V enclosed by
a surface S

sum of
forces on CV

o

Forces:
body (gravity)
molecular forces

18
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Momentum Balance

Polymer Rheology

19
© Faith A. Morrison, Michigan Tech U.

Momentum Balance (continued)

Polymer Rheology

(mte of increase

of momentum in

Vj ) %Uﬂ P VdVJB Leibnitz

= J[ < pv)av

(net Sflux of j

momentum into V.

= —-U n- (p\_ﬂ_/) ds Gauss

Divergence
Theorem

[V tpw)ar

20
© Faith A. Morrison, Michigan Tech U.
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Momentum Balance (continued) Polymer Rheology

Forces on V

Body Forces (non-contact)

forceon V
dueto g :J’,g pg dv

21
© Faith A. Morrison, Michigan Tech U.

Chapter 3: Newtonian Fluid Mechanics Polymer Rheology

Molecular Forces (contact) — this is the tough one

choose a surface
through P

/
the
force on
that
surface \

We need an expression for the
state of stress at an arbitrary
point P in a flow.

22

© Faith A. Morrison, Michigan Tech U.
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Mechanics

Molecular Forces (continued)

Think back to the molecular
picture from chemistry:

I
I
I

J

he specifics of these forces,
connections, and interactions
must be captured by the
molecular forces term that we
seek.

23
© Faith A. Morrison, Michigan Tech U.

Molecular Forces (continued)

*We will concentrate on expressing the molecular
forces mathematically;

*We leave to later the task of relating the resulting
mathematical expression to experimental observations.

First, choose a
surface:

S>

«arbitrary shape

esmall
)\

stress

at P |dS = f What is f?
ondS

24
© Faith A. Morrison, Michigan Tech U.
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Consider the forces on three
mutually perpendicular
surfaces through point P:

25
© Faith A. Morrison, Michigan Tech U.

Molecular Forces (continued)

[oy

9]

a isstressona“1”

H_J

is stress on a “2” surface at P

is stress on a “3” surface at P

surface at P

a surface with
unit normal é

We can write these vectors in
a Cartesian coordinate system:

stress on a “1”
surface in the 1-
direction

a= a8 + a6+ a

=11;,6 + 11,8, + 1138

26
© Faith A. Morrison, Michigan Tech U.
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Molecular Forces (continued)

a=aé+ae+ag

So far, this is
nomenclature; next we
relate these
expressions to force

on an arbitrary
surface.

_ A A A a isstress ona “1” surface at P
=11, + 11,58, + 11,365 : o
. . . b  is stress on a “2” surface at P
b = blel + b26l + b363 c s stress on a “3” surface at P
=11,/ + 11,6, + 11,58
=115,4 + 11558, + 11558

Stress on a “p”
surface in the
k-direction

Pk

27

© Faith A. Morrison, Michigan Tech U.

Molecular Forces (continued)

How can we write f (the force on f
an arbitrary surface dS) in terms
of the P,,? /

S =hé+ L6+ 8

f, is force on dS in
1-direction f,is force on dS in
2-direction

There are three P, that relate to
forces in the 1-direction:
1_[l & 1_[21’ 1_131

I~

fyis force on dS in
3-direction

28

© Faith A. Morrison, Michigan Tech U.
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Mechanics

n
Molecular Forces (continued) f
AL

How can we write f (the force on an A A A
arbitrary surface dS) in terms of the 1 - ﬁel + JFZeZ + f_;>63

quantities P,?

f, , the force on dS in 1-direction, can be broken into
three parts associated with the three stress components:

s 1_Il I H219 H31
K_H
projection of
first part: < (HH dA onto the = ILn-¢dS
1—-surface
( forcej . (ared)
area
\

29
© Faith A. Morrison, Michigan Tech U.

Molecular Forces (continued)

f; , the force on dS in 1-direction, is composed of THREE parts:

-~
projection of
first part: < (H“ dA onto the = II,A-4dS
L 1—surface
~

projection of
second part: < ([1,,] dA onto the = ILn-&dS

/_\Z) 2 —surface

projection of

stress on a
2 -surface third part: < (H31 dA onto the = Il;n-é ds
in the 1-
direction 3- Sl’”face

the sum of these three = f;

30
© Faith A. Morrison, Michigan Tech U.

1/23/2020

15



CM4650 Chapter 3 Newtonian Fluid

Mechanics

AA, = (R - &)AA

X3 AA, = (7 - 8,)AA

© Faith A. Morrison, Michigan Tech U.

Molecular Forces (continued)

f, , the force in the 1-direction on an arbitrary surface dS is composed
of THREE parts.

fi=T1,,A-& dS +T1yA-&, dS +T1,- &, dS
;Y_J

stress appropriate
area

Using the distributive law:

Si=n- (H11é1 +11,6,+ H31é3) ds

Force in the 1-direction on an
arbitrary surface dS

32
© Faith A. Morrison, Michigan Tech U.
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Molecular Forces (continued)

The same logic applies in the 2-direction and the 3-direction

fi=n- (Hl 18 +11,8 + 115 1é3) ds
fH=n (H12é1 +118 + Hszés) as
fi=n (H13é1 +11,:8, + H33%) ds

Assembling the force vector:

[ =1+ e+ 18
=dS h- (Hl g +11,8, + H31é3) é
+dS h- (leél +11,8 + H32é3,) &
+dS h- (H13é1 +1138, + H33é3) &

33
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Molecular Forces (continued)

Assembling the force vector:

L= he+ 18+ 1

=dS n- (Hllél + Hzléz + H31%) él
+dS n- (leél + széz + H32é3) &
+dS n- (H13é1 + H23é2 + H33é3) é3

+ 111,88, +11,,88, + 115,48,
+ 111588 + 11388 + H33é3é3]
— _/

linear combination of dyadic
products = tensor 34
© Faith A. Morrison, Michigan Tech U.
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Assembling

J_f:

Molecular Forces (continued)

the force vector:

ds n- [Hl 168 + 11,88 + 115,68
+ 11,88, + 11,88, + 115,88
+ 111366 + 11,388+ H33%é3]

f

3. 3
=dSn-) Y I1,28,
p=1m=1
=dSn- 11,,2,8,,

=dSn-11

=

Total stress tensor
(molecular stresses)

35

© Faith A. Morrison, Michigan Tech U.

Momentum Balance

15t

(continued) Polymer Rheology

(rate of increase ] B (net flux of j (Sum of ]
v) ! v

of momentum in

momentum into V. forces on

lecul
= —IJJ.V(pLV) dV+J‘f/” PE dV+m0f0iCZ?Sar

molecular We use a stress sign
molecular convention that
= J.J. forces on requires a negative
forces s sign here.
ds

Ry e

Theorem

36

© Faith A. Morrison, Michigan Tech U.
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(rate of increase

15t =

Momentum Balance (continued)

Polymer Rheology

] (net flux of j (Sum of ]
= +
of momentum in V. momentum into V. forces on V.

lecul
{J5-m)ar+ ] pe av "

molecular

UR/Bird choice:
positive
compression
(pressure is
positive)

molecular

forces on

Divergence
Theorem

A= 1;) dS\> Gauss

37
© Faith A. Morrison, Michigan Tech U.

surface

Momentum Balance (continued)

Polymer Rheology

S R

UR/Bird choice: (IEM/Mechanics

fluid at lesser y
exerts force on
fluid at greater y

choice: (opposite)

38
© Faith A. Morrison, Michigan Tech U.
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Final Assembly:

(mte of increase

I 22w

Momentum Balance (continued)

Polymer Rheology

_(net flux of L[ sum of
of momentum in V) \momentum into V) | forces on V

w %WWV:—flfv'(pzz)dﬁw pg dV—j_[I V-I1dV

pvv) pg +V-£} dV =0

Because Vis arbitrary, we may conclude:

ot

Microscopic

@4_ V.(pyz)_pg +V.£: 0| momentum

balance

39

© Faith A. Morrison, Michigan Tech U.

Microscopic
momentum
balance

Momentum Balance (continued)

Polymer Rheology

opy

~+V-low)-pg +V-I1=0

After some rearrangement:

a .

A ZLvv)=veitepg T
Dy
— ==V I+

th ="PE

Now, what to do with [T ?

40

© Faith A. Morrison, Michigan Tech U.
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Momentum Balance (continued)

Now, what to do with [T ?

Pressure

Polymer Rheology

Pressure is part of it.

definition: An isotropic force/area of molecular origin. Pressure is
the same on any surface drawn through a point and acts normally to
the chosen surface.

p 0 0
pressure=pl=pég+péee,+pé&e=|0 p 0
00 Py

Test: what is the force on a
surface with unit normal 7?

41
© Faith A. Morrison, Michigan Tech U.

Momentum Balance (continued)

back to our question,

Extra Molecular Stresses

Polymer Rheology

Pressure is part of it.
There are other, nonisotropic stresses

Now, what to do with [T ?

definition: The extra stresses are the
molecular stresses that are not isotropic

(other sign convention:

Extra stress
tensor, i.e. everything complicated in molecular
deformation

Now, what to do with 7 ? This becomes the central

= question of rheological study
42

© Faith A. Morrison, Michigan Tech U.
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Momentum Balance (continued) Polymer Rheology
Stress sign UR/Bird choice:
convention affects fluid at lesser y
any expressions with ﬂe’fg"ti forcei on

uid at greater y
or ~ - =
0 7.7 U=z+pl
ﬁ =7 _ pl (IFM/Mechanics
—_ = = choice: (opposite)
43
© Faith A. Morrison, Michigan Tech U.
Momentum Balance (continued) Polymer Rheology

Constitutive equations for Stress

are tensor equations z = f(v‘_’a

erelate the velocity field to the stresses material properties)
generated by molecular forces

«are based on observations (empirical) or are
based on molecular models (theoretical)

«are typically found by trial-and-error

«are justified by how well they work for a
system of interest

«are observed to be symmetric

Observation: the stress
tensor is symmetric

44
© Faith A. Morrison, Michigan Tech U.
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Momentum Balance  (continued) Polymer Rheology
Microscopic
momentEm 6‘_’ \V V-1 Equation of
balance |P E‘FE' v|=- '=+,0§ Motion

In terms of the extra stress tensor:

Motion

0 .
p(a_‘;}—l_XVZj =—VP—V'£+,0§ Equation of

Cauchy
Momentum
Equation

Components in three coordinate systems (our sign convention):
http://www.chem.mtu.edu/~fmorriso/cm310/Navier2007.pdf

45
© Faith A. Morrison, Michigan Tech U.

Momentum Balance (continued) Polymer Rheology

Newtonian Constitutive equation

o =—ulVv+(vy))

for incompressible fluids (see text for
compressible fluids)

*is empirical

*may be justified for some systems with
molecular modeling calculations

(IEM choice:

Note: £ = +u(Vv + (Vv)7) (opposite)

46
© Faith A. Morrison, Michigan Tech U.
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Momentum Balance (continued) Polymer Rheology
How is the Newtonian Constitutive
equation related to Newton’s Law of
Viscosity?
ov,
_ T Ty =—H
= —ulvv+ (V) ox,
sincompressible fluids sincompressible fluids

© Faith A. Morrison, Michigan Tech U.

erectilinear flow (straight lines)
*no variation in x5-direction

47

Momentum Balance (continued)

Back to the momentum balance . . .

We can incorporate the Newtonian constitutive
equation into the momentum balance to obtain
a momentum-balance equation that is specific
to incompressible, Newtonian fluids

0
p(a—ery-Vyj ==Vp-V-7+pg wMotion

Polymer Rheology

Equation of

= —ulvv+ (V)

© Faith A. Morrison, Michigan Tech U.
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Momentum Balance

(continued) Polymer Rheology

Navier-Stokes Equation

p(%+ z-Vy) =—Vp+uV’v+pg

sincompressible fluids
*Newtonian fluids

Note: The Navier-Stokes is
unaffected by the stress sign
convention because neither =
nor £ appear.

49
© Faith A. Morrison, Michigan Tech U.

Momentum Balance

Next?

Navier-S

(continued) Polymer Rheology

tokes Equation

p(az

9, z-Vy) =—Vp+uV’v+pg

Newtonian
Problem
Solving

50
© Faith A. Morrison, Michigan Tech U.
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Mechanics

EXAMPLE: Drag flow
between infinite
parallel plates

*Newtonian
«steady state

from QUICK START

sincompressible fluid
svery wide, long /
euniform pressure w

U1
(%)
U3/ 123
-_—
- |/
.
X2 I nd
1 V4(X3) I_ll

X

X3

51

EXAMPLE: Poiseuille
flow between infinite
parallel plates

Newtonian

from QUICK START

«steady state
*Incompressible fluid
sinfinitely wide, long

1/23/2020
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Mechanics

EXAMPLE: Poiseuille
flow in a tube |

*Newtonian

*Steady state
sincompressible fluid
*long tube

cross-section A:

fluid

53

EXAMPLE: Torsional
flow between parallel

plates cross-sectional
view:
-Newtonian C:D Q
*Steady state !
sincompressible fluid
vy = zf(r)
> Q
H | r

54
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Mechanics

Done with
Newtonian Fluids.

Chapter 3: Newtonian Fluid Let,S move on tO
r3: wtonian Fluids
Sta“dald I |OWS

CM4650
Polymer Rheology
Michigan Tech

Navier-Stokes Equation

|p(%+[~vl) =—Vp+ﬂvzt+p§

@Faith A Monison, Michigan Tech U.

55
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Chapter 4. Standard Flows
CM4650
- VS. -

Polymer Rheology
How can we investigate non-Newtonian behavior?

Michigan Tech

56
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