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Chapter 5. Material Functions

Steady Shear Flow Material Functions
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CM4650 Chapter 5 Material Functions

What are material functions and why do we need them?

NEWTONIAN

Constitutive =
equation t=-f=-uy+ )"

+

ov
Momentum plo+v-Vu|=-Vp-V-z+pg

When we know
z(v), the flow
modeling effort

oy
Momentum pl=—=+v - Vv|=-Vp—-V-z2+pg
balance at - -

+

Flow scenarios

Velocity and / \
pressure fields/ v, p(x,y,

balance at :
Is expended on
+ developing the
Flow scenarios flow SC?ﬂ ario
and solving the
= math.
predictions of:
Y
Velocity and
pressure fields v.pxy,2)
2
What are material functions and why do we need them?
NON-NEWTONIAN
Constitutive -
equation t=-I=1z() | ?
+ When we
don’t know
z(v), this

approach is a

nonstarter.
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What are material functions and why do we need them?

Hypothetical —
Constitutive 1=-I=1(v)
equation +

New
approach

predictions of:

g
Material Functions =
.y _Ta1 Ty
(stress responses) n(yo) = — = —
Yo Yo
i

measurements of

) = %111"_3%22 _ —(®11-725)

q}z (VO) = Tzz;T33 — —(T22—733)

iz

78 V8

material

¢(t)xz
* yE( 0 ) P = Po
0 /123

+| Ability to measure
stresses

3
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What are material functions and why do we need them?

Modeling

Constitutive
equation

Material Functions e
(stress responses) nyo) = ﬂ =—
Yo Yo

oy = fu=Tez _ —(T11-722)
Y1 (Vo) = 7 7z

T22=Ts3 _ —(T22—733)
2z 7z
Yo

i
measurements of

Meet here:
Material
Functions

¢(t)x:
+ v= C(g 2 _ +|  Ability to measure
- P ="Po
123

0 stresses

Measuring

6
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What are material functions and why do we need them?

. The velocity
Modeling feld s fxed by
esign
(standard flows)

ypothetical
Constitutive
equation

Standard Velocity
and pressure fields

predictions of:

Meet here:
Material
Functions

Material Functions

1=%22 _ —(T11-T22)
. _Ta1 Ty
(stress responses)  5(y,) = — = ——

4 I3

W1 (7o)

Yo Yo

T22—%33 _ —(T22-T33)
i 7%

i
measurements of

¢(t)x:
+ v= c(g 2 _ +|  Ability to measure
- P ="Po
123

0 stresses

Standard Velocity
and pressure fields

Measuring

7
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What are material functions and why do we need them?

Modeling

ypothetical
Constitutive
equation

Standard Velocity
and pressure fields

® Approach
stress/deformation
T e investigations from two
. . . —T117722 _ ~\T117T22 . . .
Material Functions 5 Wilr) == directions (modeling,
(stress responses) nyy) =—=—— X
Yo Tt _ —(tp=tsa) measuring) to reveal the

— 2 2 .

i physics;

o Material functions

Ability to measure organize comparisons
stresses

[ |+

Measuring

8
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What are material functions and why do we need them?
* We do not know the stress/deformation relationship (;(1_7))
For non-
Newtonian * We approach stress/deformation investigations from two
fluids: directions (modeling, measuring) to reveal the physics;
» Material functions organize comparisons
Hypothetical
Constitutive
equation
predi;tions of:
v F11~Taz _ —(T11~T22)
Material Functions i —r W, (o) = 222 = Lz
(stress responses)  p(y,) = — = — = ke e
Yoo Yo W (7p) = Z2ss - Z(22=Tso)
N P == 8
measurements of
+ v= ¢(t3xz _ +| Ability to measure
- ® Doy U0 stresses
3
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Investigating
. What are material functions and why do we need them?
Stress/Deformation o
; . Bl e * We do not know the stress/deformation relationship (;(1_1))
RelatlonShlpS Newtonian « We approach stress/deformation investigations from two
fluids: directions (modeling, measuring) to reveal the physics;

(R h eo | (0] g y) + Material functions organize comparisons
M@ @ ==

measurements of

Material Functions b o, WODE
(5) (1) (stress responses) () = 24 = —2L
Yo Yo
V(7o) =27
1 : "

© ()

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do

Hypothesize a z(v)

Predict the material function |I
Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

Let's get started:

3

NogopwhE
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Investigating Stress/Deformation Relationships (Rheology)

1) Choose a material function

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

EE—)

NooghkwbdE

sanewsau

A

(1. Choice of flow (shear or elongation)

y

$(t)xy 2 (05

‘—’=< 2 ) ]
123 2

0
£()x3 /1y,

\_2- Choice of time dependence of ¢(t) or £(t)

3. Material functions definitions: will be based on 7,4, Ny, N, in
shear or 7, — 711, T2 — T11 iN elongational flows.
11
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Steady Shear Flow Material Functions

Md:ﬂuan'l'.'hd:

(I call these my “recipe cards”)

Imposed K|nemat|cs. 0 Y (0,6)
$(®)x;
v=( o | .
0 /123 }lo Yo
7
¢(t) =y, = constant 0 ¢ 0 ‘
Material Stress Response: i,,) Ny (D)
: :
0 1,0
| |
0 t 0 t
Material Functions: First normal-stress W ( ) — T1a—T22 _ —(T11-T22)
coefficient 1Yo) = w2 72
Vi oy _ta1 T
iscosity  1(¥o) = Yo 7 Second normal- (o) = Ta2—T33 _ —(T22—733)
¢ g stress coefficient 2(Vo) = Vo V2

12
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Investigating Stress/Deformation Relationships (Rheology)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

EEE—)

NooghkwbdE

2) Predict what Newtonian fluids would do

How do we predict
material functions?

13
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What are material functions and why do we need them?
New

=-1=z(v) Approach

Constitutive equation

5]

Standard Velocity = ¢(t)xz
and pressure fields = P = Do
123

predictions of:

G s
Material Functions s —r W (o) = Tu}.,zr22 = (11;2 22
(stress responses)  p(y,) = =+ = —2L 0 °

Yo

o\ — T22=T33 _ —(T22—T33)
l'IJZ (VO) = 2 - 2
Y Yo

How do we predict material functions?

We must know the Constitutive Equation.

3
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Investigating Stress/Deformation Relationships (Rheology)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

EEE—)

NooghkwbdE

2) Predict what Newtonian fluids would do

What does the Newtonian Fluid model predict in steady
shearing?

15
© Faith A. Morrison, Michigan Tech U.

Investigating Stress/Deformation Relationships (Rheology)

What does the Newtonian Fluid model predict
in steady shearing?

You try.

16
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Investigating Stress/Deformation Relationships (Rheology)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

—)

NooghkwbdE

3) See what non-Newtonian fluids do

What do we measure for these
material functions?

(for polymer solutions, for example)

17
© Faith A. Morrison, Michigan Tech U.

3) See what non-Newtonian fluids do
Steady shear viscosity and first normal
stress coefficient
1.E+05
¥y
[ A wR;"
o A
-E- BE-m-m -- A
n, W,
Poise 1.E+04 - mA
R
Y, m
(dyn/cm?)s? m
_ (8
1.E+03 - A W
]
Yi(8 »
1.E+02 . ‘ ‘
0.01 0.1 1 10 100
Figure 6.1, p. 170 Menzes and & S_l
Graessley conc. PB solution 18
© Faith A. Morrison, Michigan Tech U.




CM4650 Chapter 5 Material Functions

3) See what non-Newtonian fluids do
Steady shear viscosity and first normal
stress coefficient
1.E+06 1.E+09
° o g
%, ' n
1.E+05 Aaa,® 1.E+08
A7)
HE Em
T = iDA LE+07
S % ~
° My e £
@ 813 kg/mol _% 1.E+03 5 g LE+06 %
A 517 kg/mol e Q
=
m 350 kg/mol & 1E+02 1E+05 ©
¢ 200 kg/mol 0o0m B:'
O
1
1.E+01 = 1.E+04
O (S )
1.E+00 o 1.E+03
O
<><><>
Figure 6.2, p. 171 Menzes and 1EO01 ' 1.E+02
Graessley conc. PB solution; 0.01 01 1 1 10 100
¢=0.0676 g/cm? ;& S
19
© Faith A. Morrison, Michigan Tech U.

3) See what non-Newtonian fluids do

Steady shear viscosity for linear and
branched PDMS

lO5 1.
3 L X X . . .
104 tooood s o
+ linear 131 kg/mole 3 " “u%%
A branched 156 kg/mole & s Vs
linear 418 kg/mol & 1074 o
* branched 428 kg/mol ®
107 4 *"‘MAW{‘;+~“ %ﬁ
A:xgﬁ
L)
10 11: ﬁ‘ll-“
»
(a) +
10° e T o o e ——
1073 10?0 10% 10 10 0% et 108 10
Y™

Figure 6.3, p. 172 Piau et al.,
linear and branched PDMS

20
© Faith A. Morrison, Michigan Tech U.
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3) See what non-Newtonian fluids do

Steady shear viscosity and first and second
normal stress coefficient

1000 e —
PS/TCP squares
PS/DOP circles [

12
§ 100
S e ==
s n (Pa) |
§ n B mE m -
910, 2, @|®|® oled @ o @
g ¥, (Pas?) | )
. J
2
2 U88geEn
> 2
ke) -V, (Pas”)
S 14
[
®

0.1

0.01 0.1 1 10 100
& st .
(Boger fluid)
Figure 6.6, p. 174 Magda et 21

al.; Polystyrene solns
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Investigating Stress/Deformation Relationships (Rheology)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

NOoO O~ WNRE

4) Hypothesize a z(v)

(how do we
do that,
exactly?)

22
© Faith A. Morrison, Michigan Tech U.
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4) Hypothesize a z(v)

What have the investigations of the
steady shear material functions
taught us so far?

*Newtonian constitutive equation is inadequate

1. Predicts constant shear viscosity (does not
predict rate dependence)

2. Predicts no shear normal stresses (a
nonlinear effect; these stresses are generated
for many fluids)

*Behavior depends on the material (chemical structure,
molecular weight, concentration)

23
© Faith A. Morrison, Michigan Tech U.

4) Hypothesize a z(v)

Can we fix the Newtonian Constitutive Equation?

£=—u|vu+(vy) |

Let's replace u with a
function of shear rate
because we want to
predict a rate
dependence

New hypothesis for z(v)

24
© Faith A. Morrison, Michigan Tech U.
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4) Hypothesize a z(v)
Menzes and Graessley, conc. PB solution; 350 kg/mol
100000
@ viscosity poise
X Predicted by Fake-O model
B B8 B8 & x
10000 %%
3
2 R
Z ®
"
R
> 2
1000 -+ @
2
100 1
0.01 0.1 1 10 100
25
shear rate, 1/s . . .
© Faith A. Morrison, Michigan Tech U.

What are material functions and why do we need them?
=—f= We are
=-1=1(v) |{— .
guessing
* this

Standard Velocity _ ¢(t)x,

v = _

B P = Do

123

Constitutive equation

5]

and pressure fields

predictions of:

G s
Material Functions s —r W (o) = Tu}.,zr22 = (Tl;,z 22
(stress responses)  p(y,) = =+ = —2L 0 °

Yo

o\ — T22=T33 _ —(T22—T33)
l'IJZ (VO) = 2 - 2
Y Yo

3

© Faith A. Morrison, Michigan Tech U.
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Investigating Stress/Deformation Relationships (Rheology)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

NooghkwbdE

5) Predict the material function (with new z(v))

What does this model predict for steady shear viscosity?

T=-M@)[Vv+ (V)]

27
© Faith A. Morrison, Michigan Tech U.

5) Predict the material function

What does this model predict for steady shear viscosity?

T=—-M©y)[Vv+ (Vv)']

You try.

28
© Faith A. Morrison, Michigan Tech U.
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5) Predict the material function

What does this model predict for steady shear viscosity?

T=—-M©y)[Vv+ (Vv)']

Answer:
n = M(®,)
29
© Faith A. Morrison, Michigan Tech U.
5) Predict the material function
If we choose: M@7y) = My Vo >7Ve
o) — .n—1 . .
myg— Yo =Vc
(we are forcing
the observed rate Fake-O Model®
dependence)
logn
| slope = (n-1)
1
1
1
1
1
1
logye logyo

Problem solved!
The model and the experiments for n(y) match.

30
© Faith A. Morrison, Michigan Tech U.
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5) Predict the material function

But what about the normal stresses?

T=—-M©yy)[Vv+ (Vv)']

. MO )./0 > ]./c
MGy =] >, 077
(o) {myc’)‘ Y yo=ve

0 0 0 0 ¥, O
rv=(y 0 0 ;_'/=<y0 0 0)
0 0 0 123 B 0 0 0 123
0 —M©o)vo O
=\ -M®¥o)vo 0 0
0 0 07123
= qjl = lPZ =0 a1

© Faith A. Morrison, Michigan Tech U.

Investigating Stress/Deformation Relationships (Rheology)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

NooghkrwbE

6) Compare with what non-Newtonian fluids do

32
© Faith A. Morrison, Michigan Tech U.
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6) Compare with what non-Newtonian fluids do

Menzes and Graessley, conc. PB solution; 350 kg/mol

100000
@ viscosity poise
X Predicted by Fake-O model
B B8 B¥E x
10000 %%
3
2 R
Z ®
"
R
> 2
1000 + @
100 1
0.01 0.1 1 10 100

33

shear rate, 1/s . . o
© Faith A. Morrison, Michigan Tech U.

6) Compare with what non-Newtonian fluids do

Fake-O Model Predictions: Steady shear:
n = { MO Yo = Ye
. -n—1 . .
myo Yo > Ve
qjl =0
lPZ = )
Polymer Behavior:
Second normal stress effects: inclined open-
LE+05 ) ] channel flow Ty — T >0
¥ directi
demeh =5 Y, #0 e whies vy e 5 Lo
o
-=--BE- g o
p;li'se LE+04 = lma Lpz #0
.
¥, »
2 2
(dyn/cm®)s’ - ;7(}8)
1.E+03 m
o]
¥,
1(78) & Mewtonian - giycerin Vismoelastic - 1% soln of
polyethylene xide in water
1ev02 ;
0.01 01 1 10 100 R. 1. Tanner, Engirceritg Rheaiay, |
& 571 Osfard 1985, Figura 3.8 page 104 a4

© Faith A. Morrison, Michigan Tech U.
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6) Compare with what non-Newtonian fluids do

Fake-O Model Predictions: Steady shear:
Al
my, Yo > Yc
Xy =0
XY -0

Polymer Behavior:

Second normal stress effects: inclined open-
LE+05 ] channel flow Ty — T >0
po A
1 A Extra tension in the 2-direction pulls down the free
"""" AN lIJ 2urace where o/t is oreatest (see DPL pES).
A ]
o A 1 ¢ 0
-E-BE-g-gag-- A 0
y = W, #
Poise 1.E+04
.
¥, ).
22
(dyn/cm®)s’ m
o 18
1.E+03 f =]
o]
(8 s —
Mewtonian - giycerin Vismoelastic - 1% soln of
polyethylene oide in water
LE+02 } | Np = -NosT0
0.01 01 1 10 100 R. 1. Tanner, Engircering Aheaioay,
1 Osdard 1985, Figure 3.6 page 104
& s 35

© Faith A. Morrison, Michigan Tech U.

6) Compare with what non-Newtonian fluids do
Why did we get O for the normal stresses?

= _M(Vo)[m_’ + (VQ)T] M, Vo > Ve
M(Vo) = {

m)-/cr)z—l Yo = Ve

o

. . should not be
0 0 0 proportional to 14

0 v 0) It appears that ¢
123
= l‘pl = l‘pz = 0

Need to try something else . . .

1=—uy+1f(w)
=fWVv- (Vu)"
-(P»)T] + BVv + C(Vu)T

I
IS NI

= A[V
36
© Faith A. Morrison, Michigan Tech U.
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Investigating Stress/Deformation Relationships (Rheology)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

NooghkwbdE

——)

7) Reflect, learn, revise model, repeat

What are material functions and why do we need them?

+ We do not know the stress/deformation relationship (z(v’
For non- " (:U)

Newtonian « We approach stress/deformation investigations from two
fuds, S e
v' Reflect
7)| 4 2
v Learn N @ @
v' Revise model l\ l I
v" Propose new z(v) (5) \ /(1) ===
v' Repeat cycle.... |
peatey 6) 3
37
© Faith A. Morrison, Michigan Tech U.
7) Reflect, learn, revise model, repeat v Reflect
v’ Learn
v' Revise model
What shall we guess next? Y, A
epeat cycle....
To sort out how to fix the it are e anctans sty o s e
Newtonlan equatlorh we need Fornon. e donot know the sressideformation reatonship (1(2))
. . Newtonian + We approach stress/deformation investigations from two
more observations (to give us B
ideas). DN @ (@
5)\ /@)~
l A
(6) (3)
Let’s try another material function that’s not a
steady flow (but stick to shear).
1) Choose a material function 38
© Faith A. Morrison, Michigan Tech U.
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Investigating Stress/Deformation Relationships (Rheology)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

EE—)

NooghkwbdE

sanewsau

1) Choose a material function

A

(1. Choice of flow (shear or elongation)

y

$(t)xy 2 (05

‘—’=< 2 ) ]
123 2

0
£()x3 /1y,

\_2- Choice of time dependence of ¢(t) or £(t)

3. Material functions definitions: will be based on 7,4, Ny, N, in
shear or 7, — 711, T2 — T11 iN elongational flows.
39

© Faith A. Morrison, Michigan Tech U.

Material Functions:

Start-up of Steady Shear Flow Material Functions MichiganTech
Imposed Kinematics: 0 Van(0,8)
$(t)x,
v=| 0 1 .
0 /123 }io Yo

oy _J0 <0 0 t 0 t

¢ = {yo t>0
Material Stress Response: i,,() Ny(b)

f_- Yoz
/ };0,1

0 t 0 t

Yo3
Yoz

Yo

First normal-stress + L T11-To2
Y (tvo) = —5—

N growth coefficient 72
Shearstress = T1(t) —T21(?) °
growth n (tr VO) = D - D F F
A Yo Yo Second normal-stress ‘P+(t . ) — T227133
unction growth coefficient *2 (LYo) = 72

40
© Faith A. Morrison, Michigan Tech U.

3/5/2018
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Investigating Stress/Deformation Relationships (Rheology)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

EE—)

NooghkwbdE

2) Predict what Newtonian fluids would do

What does the Newtonian Fluid model predict in start-
up of steady shearing?

Again, since we know v, we can just
substitute it into the constitutive equation

and calculate the stresses. 41
© Faith A. Morrison, Michigan Tech U.

2) Predict what Newtonian fluids would do (round 2)

What does the Newtonian Fluid constitutive equation
predict in start-up of steady shearing?

z=—ulvu+ (Vo) |

You try.

42
© Faith A. Morrison, Michigan Tech U.
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2) Predict what Newtonian fluids would do (round 2)

Material functions predicted for start-up of steady
shearing of a Newtonian fluid

7'(t)
... [0 t<0 |
n ()= u
u t>0 ‘
g = —(T11 — 733) ~0 t
Vs
—(T -7 ) Do these predictions match
v = 22)./2 22 =0 observations?
0

43
© Faith A. Morrison, Michigan Tech U.

Investigating Stress/Deformation Relationships (Rheology)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

)

NooghkrwbE

3) See what non-Newtonian fluids do

What do we measure for these
material functions?

(for polymer solutions, for example)

44
© Faith A. Morrison, Michigan Tech U.
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3) See what non-Newtonian fluids do (round 2)
Startup of Steady Shearing c(®)xy 0 t<0
v=| 0 | ¢@®=1,
- 0 Yo t=>0
123
10° T T T T 105 T T T T
~1
3 7 B
g *E 104
o .
= - -s: 103 =
1 ) L i Ty
1° 1072 10! 100 10! 102 1
s
0 t<O 10! " . A A
n(t)= T 10! 102
u t=0 ns
Figures 6.49, 6.50, p. 208 Menezes ‘ 45
and Graessley, Polybutadiene soln ) . L
© Faith A. Morrison, Michigan Tech U.

Investigating Stress/Deformation Relationships (Rheology)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

I

NooghkrwbE

3) See what non-Newtonian fluids do

What about other non-steady flows?

46
© Faith A. Morrison, Michigan Tech U.

23



CM4650 Chapter 5 Material Functions 3/5/2018

Cessation of Steady Shear Flow Material Functions (=2 MichiganTech
Imposed K|nemat|cs: 0 Yar (0,0
$(t)x,
v= 0 !
0 /123 }lo
) — JYo t<0 0 t 0 t
Material Stress Response: i,,) Ny (D)
Material Functions: First normal-stress . -1
decay coefficient F1 (tv0) = 111,2 =
Shear stress 670 T (t) _ —721(8) °
decay 7 (t,Yo) =— = Y Second normal-stress Tyo—T
function Yo Yo decay coefficient W5 (¢, 7o) = 22]-,3 =
47
© Faith A. Morrison, Michigan Tech U.

3) See what non-Newtonian fluids do (round 3)

Cessation of Steady Shearing

100 100
3x 107! 4
S
N 5
R —1 B 2 ~1
e 10 = 10
= 1
. EY
)
o/
) 3% 1072 E
=
1072 . 102 : :
0 2 4 6
s
1 1 1
0 2 4 6
s
Figures 6.51, 6.52, p. 209 48

Menezes and Graessley, PB soln

© Faith A. Morrison, Michigan Tech U.
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CM4650 Chapter 5 Material Functions

Investigating Stress/Deformation Relationships (Rheology)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

IEEEEE—)
)

NooghkwbdE

5) Predict the material function

What does the
Fake-O model® . T
predict for start-up T=-M®uyolVy + (Vv)"]
and cessation of
shear? : My  yo>Ve
M) =1 a1 . o
(7o) {mw’} Y Yoz

49
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5) Predict the material functions (rounds 2 & 3)

What does the Fake-O model® predict for
start-up and cessation of shear?

T=—-M©y))[Vv+ (Vv)]

. M, Yo > Ve
M@y ={ .0, "°°7
(o) {myé‘ Ly =7,

You try.

2018: Homework 3

50
© Faith A. Morrison, Michigan Tech U.
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CM4650 Chapter 5 Material Functions

Investigating Stress/Deformation Relationships (Rheology)

NooghkwbdE

Choose a material function

See what non-Newtonian fluids do
Hypothesize a (v)
Predict the material function

Predict what Newtonian fluids would do

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

6) Compare with what non-Newtonian fluids do

© Faith A. Morrison, Michigan Tech U.

51

100000

10000

viscosity, Poise

1000

100

6) Compare with what non-Newtonian fluids do (rounds 2&3)

Menzes and Graessley, conc. PB solution; 350 kg/mol

@ viscosity poise
X Predicted by Fake-O model
B BB B¥& x
®%
®
®
2
0.01 0.1 1 10 100

shear rate, 1/s

© Faith A. Morrison, Michigan Tech U.
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CM4650 Chapter 5 Material Functions

6) Compare with what non-Newtonian fluids do (rounds 2&3)

Fake-O Model Shear Material Function Predictions:

Start-up of steady shear:

Cessation of steady shear:

0 t<o0 _ M(yy) t<O
+ o - 0
7"©O={ugy 130 I e e
My W=V . My Yo=YV
where M (y ={ . . where M( ):{ 1 ;
Vo) =gt jo > 1. s
Y@ =0 =4
Tide 0 4@ -0
Polymer Behavior: %“‘1 i | [ et
1oL 0 el ™
* captures rate dependence, T
but,
Yt #0 “
¥ +0

Also, response is not
instantaneous

© Faith A. Morrison, Michigan Tech U.

6)

Compare with what non-Newtonian fluids do (rounds 2&3)

T1=-M@y)[Vy + (V)]

Observations M(y,) = {m%tl)_l ));Z i)):c
=7rc

*The Fake-O model® predicts an instantaneous
stress response, and this is not what is observed
for polymers

*The predicted unsteady material functions
depend on the shear rate, which is observed for
polymers

77+ = 7]+(t. Vo) = 0 ress here

*No shear normal stresses are predicted

54
© Faith A. Morrison, Michigan Tech U.
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6) Compare with what non-Newtonian fluids do (rounds 2&3)

T=—-M©yo)[Vv+ (Vv)]

Observations M(y,) = {mj\'/?_l ));Z i)):c
= rc

*The Fake-O model® predicts an instantaneous
stress response, and this is not what is observed

for polymers <mmm | acks memory

*The predicted unsteady material functions
depend on the shear rate, which is observed for
polymers

77+ = 7]+(t. Yo0) = 0 ress here

*No shear normal stresses are predicted <= Related to
nonlinearities
55
© Faith A. Morrison, Michigan Tech U.

Investigating Stress/Deformation Relationships (Rheology)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

NooghkrwbE

——)

7) Reflect, learn, revise model, repeat

What are material functions and why do we need them?
+ We do not know the stress/deformation relationship (z(»))
For non- =

Newtonian ~ * We approach stress/deformation investigations from two
fluids: directions (modeling, measuring) to reveal the physics;

+ Material functions organize comparisons

v Reflect

v Learn N @ @
v' Revise model l I
v' Propose new z(v) ®)\ /@
v Repeat cycle....

OXC)

56
© Faith A. Morrison, Michigan Tech U.
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7) Reflect, learn, revise model, repeat

What are material functions and why do we need them?
For non-

fluids:

+ Material functions organize comparisons

+ We do ot know the stress/deformation relationship (())

Newtonian « We approach stress/deformation investigations from two
directions (modeling, measuring) to reveal the physics;

To proceed to better-designed h @ @
constitutive equations, we need to l\ l I
know more about material behavior, .
: : . ®)\/@) -
i.e. we need more material functions

to predict, and we need (6) (3)
measurements of these material

functions.

*More non-steady material functions
(material functions that tell us about

memory)
*Material functions that tell us about
nonlinearity (strain) Back to step 1
*Material functions for a different flow |I
57

© Faith A. Morrison, Michigan Tech U.

Investigating Stress/Deformation Relationships (Rheology)

) Choose a material function

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

NooghkrwbE

Predict what Newtonian fluids would do

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

1) Choose a material function

(1. Choice of flow (shear or elongation)

y

$(t)xy 2 (05

‘—’=< 2 ) ]
123 2

0
£()x3 /1y,

sanewsau
A

\_2- Choice of time dependence of ¢(t) or £(t)

3. Material functions definitions: will be based on 7,4, Ny, N, in

shear or 7, — 711, T2 — T11 iN elongational flows.

© Faith A. Morrison, Michigan Tech U.
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CM4650 Chapter 5 Material Functions

Steady Elongational Flow Material Functions || Micirigan Tach
Imposed Kinematics: . 0,0)
O T .
= _l . &o &
v > E(t)x, | )
é(t)X3 123 0 t 0 t
£(t) = €, = constant
Material Stress Response: Fa3(6) — 11 ()
0 t
Material Functions:
Elongational (&) = T33 —T11 —(T33 — 711)
Viscosity Nel&0) = £ - £
Alternatively, 7(&g)

59
© Faith A. Morrison, Michigan Tech U.

2) Predict what Newtonian fluids would do.

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

EE——)

NooghkrwbE

2) Predict what Newtonian fluids would do.

Stearly Elongational Flow Material Functions A sichiganTucn
Imposed Kinematies P .
2 —3 0 o e
" r=| _liox, T © .
LOE P 0 ; ] ¢

£(t) = & = constant

Material Stress Response Tal(t) = 1,,00)

Material Functions:

Elongational e T )
Voety | Aele) = =

Alernaibed, (2,

60
© Faith A. Morrison, Michigan Tech U.
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3) See what non-Newtonian fluids do

EE—)

You try.

NooghkwbdE

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

3) See what non-Newtonian fluids do

61

© Faith A. Morrison, Michigan Tech U.

Investigating Stress/Deformation Relationships (Rheology)

NooghkrwbE

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

6) Compare with what non-Newtonian fluids do

62

© Faith A. Morrison, Michigan Tech U.
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3) See what non-Newtonian fluids do

108
Steady state @ o o 6;= constant
Elongation £s x & = constant
Viscosity 2S£ 107 PSI
& 3w - - . DatT=130°C
g8 e m aon PSTI
Both tension 22 [=-3no-- = = t T=160°C
o > F--3ng----0- 0= 7 >a -
[h!nmng and —g 5 106 __3’70_-M_H\°"PSI\V
thickening are §%
observed. g3 I ~~_
o9 ~
% _g 105 | N PSIVat T=160°C
o N\
ga N
§ \\/’7(7)
2
w
104 : : \ : .
102 103 10* 105 106 107

Trouton ratio: Tr=--
Figure 6.60, p. 215 77
Munstedt.; PS melt 0

63
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Investigating Stress/Deformation Relationships (Rheology)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

NooghkrwbE

5) Predict the material function (with new z(v))

What does the Fake-O®-model predict for steady elongational
viscosity?

T=—-M©yo)[Vv+ (Vv)T]

. M Yo > Ve
M) = \myet 3, 27,

64
© Faith A. Morrison, Michigan Tech U.
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5) Predict the material function

Steady Blongational Flow M aterial Functions & Michigantech

T=—-M@y)[Vv+ (Vv)T]
wpo= e, w2 L
T e oz v

Material Functions;

Ammihel, (e)

65
© Faith A. Morrison, Michigan Tech U.

5) Predict the material function

Steady Blongational Flow M aterial Functions & Michigantech

T=-M©G[Vy + (V)]
My  yo> 7. () e V/

M / = £() = £ = constant.
(VO) m,)'/(T)'L -1 )'/0 2 )-/C Material Stress Repansel e -

v g
\< Matarial Functions,
Elongational a1 =T33 =)
‘ Veotty  Meld) =t =—S
E Jre—

(What is y, doing
in an elongational
calculation?

66
© Faith A. Morrison, Michigan Tech U.

3/5/2018

33



CM4650 Chapter 5 Material Functions 3/5/2018

Investigating Stress/Deformation Relationships (Rheology)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

IEEEEE—)
)

NooghkwbdE

What if we make the following replacement?

dv,
dx,

H_I

This at least can be written for
any flow and it is equal to the
shear rate in shear flow.

Yo

67
© Faith A. Morrison, Michigan Tech U.

4) Hypothesize a constitutive equation
T=-MyVy + (Vv)]
Yo > Ye

M,
i M(y,) = . .
Observations o) { 1 5 o=

. n_
myg

*The model contains parameters that are specific to
shear flow — makes it impossible to adapt for
elongational or mixed flows

*Also, the model should only contain quantities that are
independent of coordinate system (i.e. invariant)

We will try to salvage the model by replacing
the flow-specific kinetic parameter with
something that is frame-invariant and not

flow-specific.

68
© Faith A. Morrison, Michigan Tech U.
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4) Hypothesize a constitutive equation

We will take out the shear rate y, and replace with
the magnitude of the rate-of-deformation tensor |)_/|

(which is related to the second invariant of that
tensor).

r=—M([y|) vy + (7)™

Mo o] >

T =

(Hold that thought; finish the chapter) 69
© Faith A. Morrison, Michigan Tech U.

1) Choose a material function — elongational flow

)

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

NooghkrwbE

The other elongational experiments are
analogous to shear experiments (see text)

= Elongational stress growth

= Elongational stress cessation (nearly )
= Elongational creep

= Step elongational strain

= Small-amplitude Oscillatory Elongation (SAOE)
(Redundant with SAOS)

70
© Faith A. Morrison, Michigan Tech U.
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Imposed Knematics:

Material Stress Response:

Imposed Kinematics: - o

haterial Functions

~(mn=mi) Byttt (1)
fri-mrE NS LN P

P

Part II-A. Continuum versus molecular modeling -
X3 (L Michigan Tech
Elongation 1. m
Material —2¢Ox AN “Recipe cards”
q = 1. J/
Functions VE| —-é)x, 227N
_2 J> Wi Ik 5,
E(O)x3 /153 Bl
a) Steady b) Start-up c) Cessation
Steady Elongational Flow Material Functions [vichiganiec) Steady Elongstionsl FlowMaterial Functions Fr—

(currently
unobservable)

d) Step strain e) SAOE f) Creep
(exists,. but less (exists, but easily converted (exists)
often discussed) to SAOS so is redundant)
3/5/2018 71
© Faith A. Morrison, Michigan Tech U.

Steady Elongational Flow Material Functions (8] schioan Tech
Imposed Kinematics: oo c0,0)
~36Ox T .
= _l . &o &
v > £(t)x, | )
é(t)x3 123 0 t 0 t
£(t) = €, = constant
Material Stress Response: Fa3(6) — F11 ()
0 t
Material Functions:
Elongational (&) = T33 —T11 —(T33 — 711)
Viscosity Nel&o) = & - £
Alternatively, 7(&g)

72
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3) See what non-Newtonian fluids do

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

EE—)

NooghkwbdE

3) See what non-Newtonian fluids do

Steacdy Elongational Flow Material Functions H MichiganToch
Imposed Kinematics: - o
~ 20y
v=| e b -
£ /gy o ' (] «

£(t) = £ = constant

? Material Stress Responss: 110 - )

Material Functions:

Eongational e T )
ey Mol 3

&

Aemathely, 5 (¢,

73
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3) See what non-Newtonian fluids do -
Figure 6.64, p. 218

Kurzbeck et al.; PP

Start-up of = "
Steady N
Elongation $

Strain-
hardening\-i/_

tensile stress grosth coe

£=0.1s LELBLALALLL B B B R L B SR L)

Lui

Fit to an advanced
constitutive equation (12 i
5
mode pom-pom model) 1° Figure 6.63, p. 217
Inkson et al.; LDPE
[EEEETIT EE R | [ R TTT| S S I B RRTT ! Hmj
1030.1 1 10 100 1000 10000

74
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7) Reflect, learn, revise model, repeat

What are material functions and why do we need them?

+ We do ot know the stress/deformation relationship (())

7 For non-
What now? MEAHRA ., coproacn sressidetormaton Inveslgatons fom wo

fluids: directions (modeling, measuring) to reveal the physics;

+ Material functions organize comparisons

To proceed to better-designed M@ @
constitutive equations, we need to l l I
know more about material behavior,

: : . ®)\/@)
i.e. we need more material functions
to predict, and we need (6) (3)
measurements of these material
functions.

/

*More non-steady material functions
(material functions that tell us about
memory)

*Material functions that tell us about
nonlinearity (strain) Back to step 1

*Material functions for a different flow |I

75
© Faith A. Morrison, Michigan Tech U.

1) Choose a material function — Rate based
Summary of shear rate kinematics (part 1)
¢(®) Y21(0,8) 721 (t)
T N
a. Steady Yo Yo
l
0 t 0 t 0 t
b. Stress :;0 Yo el
Growth l /
0 t 0 t 0 t
c. Stress -+_
Relaxation ~ "° 5
t
0 t 0 t
76
© Faith A. Morrison, Michigan Tech U.

38



CM4650 Chapter 5 Material Functions

1) Choose a material function — Rate based

Summary of shear rate kinematics (part 1, rate-based)

a)

721(01t)

a. Steady Yo

721&)

o -

0

0 t

Strain-rate bas

b. Stress 7~
Growth /
0 t 0 t 0 t
&t) 721(0,t) 721(t)
c. Stress .
Relaxation |"° 7
t
lI] t 0 t
77

© Faith A. Morrison, Michigan Tech U.

1) Choose a material function

7) Reflect, learn, revise model, repeat

To proceed to better-designed
constitutive equations, we need to
know more about material behavior,
i.e. we need more material functions
to predict, and we need
measurements of these material

*More non-steady material functions
(material functions that tell us about
memory)

*Material functions that tell us about
nonlinearity (strain)

©)
) (3)

()

Back to step 1l

The next three families of material functions
incorporate the concept of strain.

78
© Faith A. Morrison, Michigan Tech U.
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o

),
a. Steady C\ i Vo
), 720.)
The first three recipe e o ¢ > “e
cards were strain- J C v A
rate based. %) 7 0.0),
c. Stress l
Relaxation 'Y“ 7‘—0 -
0 t

Vz1(f)2 ¥21(0,8)

I

=

r

2

721 ()

d. Creep —]—
J !
0 t 0 t o t
HOJ ¥21(0,8) T21(0),
e. Step o f Joe "
Strain n
0& t 0¢ t 0¢€ ) t
® 72(0,) N
[ sA0S Jocosat Ypsmwz/ M ~
ANEAN T A (
— 4
79
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&)

a. Steady C\ Vo

The first three recipe
cards were strain-
rate based.

c. Stress
Relaxation

0 t

Vzl(f)z 21(0,8) 72, (1)
d. Creep J —]_
The second three © o g
recipe cards are (0,
strain based. e Step ‘\‘\
t & t 0¢ t
e 751 (t)
. 7o sin(wt + &
f. SAOS Yf'""‘“‘/- M ¢ /)-\
I VA I Ve
5

80

© Faith A. Morrison, Michigan Tech U.

3/5/2018

40



CM4650 Chapter 5 Material Functions 3/5/2018

1) Choose a material function — Strain based

Summary of shear rate kinematics (part 2; strain-based)

Yzl(t) ¥21(0,1) To1(2)
A
0 t
¢() ¥21(0,¢t) T21(8)
A
" Stan i " M
Strain
0¢ t 0 & t 0¢ t
¢(t) ¥21(0,t) 721(6)

f. SAOS A\<"°°°S“’t/\ T/\< osmwt/_\ Rsm(wtw)
N\ \A U

81
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Investigating Stress/Deformation Relationships (Rheology)
1) Choose a material function — Strain based
What is strain?
Initial or
o ) reference
Strain is a measure of deformation state
(change in shape)
Final state
(shape change relative to some other state)
82
© Faith A. Morrison, Michigan Tech U.
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What is strain? Answer: change in shape

Deformation We need a way to quantify
(:strain) change in shape” due to flow.
There must be an initial
(reference) shape and a final
tref shape (at time of interest)

fluid particle
shape at t,.f

The problem of change in shape is a A
difficult, 3-dimensional problem; we S
can start simple with unidirectional

flow (shear). o

© Faith A. Morrison, Michigan Tech U.

What is strain? Answer: change in shape

What s strain? Answer: change in shape

Deformation We need a way to quantify

(=Strain) “change in shape” due to flow. NOTE_

There must be an initial
(reference) shape and a final

tref shape (at time of interest) Stra' n Can be
- conceptually
) t 5
fluid particle Compllcated
shape at t,es
shape
ate
Gl - dmensionsl pronen; we- "l Let's begin
can start simple with unidirectional )
flow (shear). Wlth the
answer

84
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What is shear strain? Summary
Strain is our measure of deformation (change of shape)
For shear flow (steady or unsteady, y,,(t) = ¢):
ty . Strain
Strain is the
— 2 accumulates as
Y21(ty, t2) = j ¢(t')dt’ integral of strain liheuflow
t rate
2 progresses
The time The strain rate is
dyz1 _ Va1 () derivative of the rate of
dt 21 strain is the strain instantaneous
Deformation rate rate shape change
Shear strain
tensor: d]=/ _ d(Z)
dt  dt
(see next page)
85
© Faith A. Morrison, Michigan Tech U.

More on this later.
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What is elongational strain? Summary

Strain is our measure of deformation (change of shape)

For uniaxial elongational flow (steady or unsteady, £(t)):

t Strain is the Strain
_ P, ’ . . accumulates as
E(tref, t) = E(thdt integral of strain the flow
tref el progresses
The time The strain rate is
de _ £(D) derivative of the rate of
dt strain is the strain instantaneous
Deformation rate rate shape change

(finite-strain
tensor is

: dy d?
complicated) = =_—= Now we can continue
t dt with material functions I
(see Ch9) based on strain.

87
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Practice with strain

U What is the strain in start-up of steady shear?
(let tref = —0)

U What is the strain in cessation of steady shear?
(Iet tref = 0)

88
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Start-up of Steady Shear Flow Material Functions Michigan'Tech
Imposed Kinematics: 0 Van(0,8)
$(t)x,
v=| 0 1 .
0 /123 }lo Yo
N _J0 t=<0 0 t 0 t
$(t) = {1/0 £ <0
Material Stress Response: i,,) . Ny(b)
Yo3
yO,Z VO,S
/‘ You | 2?
0 t 0 t
Material Functions: First normal-stress .. _ T11-T
5 growth coefficient Lpf- (t, Vo) = 11}-,2 =
Shear stress +(t,7) = T1(t)  —T121(0) ®
growth M Ye) = ——=—7—— o
. Y Y Second normal-stress L Tap—T
function ‘ ‘ growth coefficient lPZJr (t' VO) = 22}-,5 =
89
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Cessation of Steady Shear Flow Material Functions =2 MichiganTech

Imposed Kinematics:

(g"(t)x2>
V= 0
0 /123

|y t<oO
c(t)_{o t>0

Material Stress Response:

Material Functions:

Shear stress T51(t)
decay 1 (7o) = 7 =
function g

¢(t) ¥21(0,t)
T
Yo
0 t /o t
Yo
T21(8)

}.,D,S
Yo
Yo1

First normal-stress _ LN T11-T22
decay coefficient lp1 (t' YO) = 2
0 Yo
21
Yo Second normal-stress Tyo—T33

decay coefficient \I-’z_(t, YO) = }"3
90
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What shall we do next?

To sort out how to model non-
Newtonian behavior, we need
more observations (to give us
ideas).

1) Choose a material function

Investigating Stress/Deformation Relationships (Rheology)

Reflect

Learn

Revise model
Propose new z(v)
Repeat cycle....

AN N N NN

()

I\

What are material functions and why do we need them?

For non-
Newtonian ~ * We approach stress/deformation investigations from two

fluids:

“)

(51)
OXC)

+ We do not know the stress/deformation relationship (z(v))

directions (modeling, measuring) to reveal the physics;

« Material functions organize comparisons

&)

|

(1)‘ srss responst

We want to try another material function.

91
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1) Choose a material function

(é(t)x2>
v=| o0 v=
0 /123

SoIeWa U
A

EE—)

Investigating Stress/Deformation Relationships (Rheology)

NooghkrwbE

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

(1. Choice of flow (shear or elongation)
1
- Eé(t)ﬁ

1,
—Ee(t)xz

E(t)x3

123

\2. Choice of time dependence of ¢(t) or £(t)

3. Material functions definitions: will be based on 7,4, Ny, N, in
shear or 7, — 711, T2 — T11 iN elongational flows.

92
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1) Choose a material function — Strain based

Summary of shear rate kinematics (part 2; strain-based)

}/21(t) VZl(O t) T21(t)
A
0 t
$©) ¥21(0,1) 71(t)
A
s ) " M
Strain
0 ¢ i B & : A .
¢() ¥21(0,t) 721 (1)

f. SAOS A\<y°°°s“’t/\ T/\< osmwt/_\ Rsm(wtw)

93
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Step Strain Shear Flow Material Functions MichiganTech
Imposed K|nemat|cs: 0 /o (0.0)
¢®x2\ A —
g= 0 T _Yo )
0 /123 )10 T e 710
L t<0 0¢e t 0¢ ;
¢(t) = ling Yo/ 0<t<e
e 0 t=>¢
Material Stress Response:  z,,) Ny (!
Material Functions: First normal-stress G _ %1722
relaxation modulus Y%, (t,70) = Ve
Relaxation G(tyo) = T21(6¥0)  —T21(t 7o)
modulus )= - Second normal-stress _ Fyp—F
Yo Yo relaxation modulus G"Pz (t' VO) = zzyg £
94
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1) Choose a material function — Strain based

What is the strain in the step-strain flow?

You try.

95
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1) Choose a material function — Strain based

What is the strain in the step-strain flow?

Ya1(—o0,t) = [*_¢(t")at’

t 0 t'<o0

= f lim| {yo/e 0<t'<eg|dt
£-0

© 0 t=¢

Y EY0 g1
_lsl—r>r(l)f0 e 4t
=Yo

The strain imposed is a constant

96
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2) Predict what Newtonian fluids would do.

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

EE——)

NooghkwbdE

2) Predict what Newtonian fluids would do.

Step Strain Shear Flow Material Functions Wichizaniec
2 Imposed Kinematis: @ (@)
(10 S S t
: v=| 0 T T
0 /a2 PE i Yo
0 t<0
§O=limiyfe 0<t<e 0¢ ‘ oe ¢
o tze
Material Stress Response: r,,) & "oy
135 T 0: T
Material Functions: Firstnomal-stress tuta
relasation modulus Gy (6 Y0) =~z
Rematon g Taltr) o)
o o) = = Second romal-siress ety
modulus: Yo 0 relasation modulus G (6 Y0) = =7
97
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2) Predict what Newtonian fluids would do.

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

EE——)

NooghkrwbE

2) Predict what Newtonian fluids would do.

Step Strain Shear Flow Material Functions [ecrisaniez)
Imposed Kinematics: - Fa®)
(300 S t
v=("0 r '
0 /i T Lr
t<0 oF 5 0e ¢

0
() =lim {yu/i 0<t<e
o
o t

Material Stress Response: () 4 AGH
O r o: g 1 g
l J " .

Material Functions: Firstnormal-stress tutn
relasation modulus Gy (6 Y0) =~z

Relaxation

_Taltye) _ —ta(tyo)
roculug 0(t:¥0) == SE=—E0

Second nomal-stress it
relasation modulus Gz (6 Y0) = =z

98
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2) Predict what Newtonian fluids would do.

EE——)

Answer:
mostly
ZEero

NooghkwbdE

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

2) Predict what Newtonian fluids would do.

Step Strain Shear Flow Material Functions

Relaxation
modulus.

Imposed Kinematics: @ D)

sOx\
v=| o T T
0 /i PE i

0 t<0
(O =limiye/e 0<t<e
o tze

Material Stress Response: 1., &

Material Functions: Firstnormal-stress
relaxation modulus G (£ Yo)

Tnltye) _ —tut
Gty = unyu _ —ta(tyo)

Second nomatress
& Telaaton moduus G (670) =

99
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3) See what non-Newtonian fluids do

EE—)

NooghkrwbE

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

3) See what non-Newtonian fluids do

100
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3) See what non-Newtonian fluids do
Step shear strain -
strain dependence
10,000
G(t), Pa
© ] “"0'0
AT Hyg L 4 Yo =
A, Bg “. 0
1,000 4 A Bag Ve,
® X An Bm _T%e *<187
X Apy, Bg @
° X YL m3.34
ot ©% xy Lo, ml%, 4522
o + %@ JKxy N » 6.68
100 o1 e Xy 2 %o X10 [
ST N 0134
°<>ot>+++°.>:x AA':. +187
< + X 254
Con + @ A
o o X $
101 ®s ++ X A
<>o+ ® X
ot oK A
ot®
1 )
< +)t(.
<o
4
0 T T T
1 10 100 1000 10000
Figure 6.57, p. 212 Einaga time, s 101
etal.; PS soln ) . o
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3) See what non-Newtonian fluids do

Linear viscoelastic limit

. At small strains the
lim G(¢t,yy) = G(t) relaxation modulus is
Yo—0 independent of strain.

The polystyrene solutions on the previous slide show time-strain
independence, i.e. the curves have the same shape at different strains.

Damping function, h(y,):

The damping function
h(y,) = G(t, Yo) summarizes the non-linear
Yo) = G(t) effects as a function of

strain amplitude.

102
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strain

Figure 6.58, p. 213
Einaga et al.; PS soln

3) See what non-Newtonian fluids do 10
Step shear strain - Damping Function =
é 0.1
100000 ©
Something else is oot
happening here? o1
10000 LI
Xe,
8 A
R
3 . !.¢:% r N\
0 1000 4 \ J
= e
1] o “o,
3 One thing is *‘b
£ 100 happening ¥,
S 1 here. LTS
L)
@
10 4 o®
®,
//A special time?
1 ‘ ‘ ‘
1 10 100 1000 1000
time, t

103
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3) See what non-Newtonian fluids do

strain imposed? Answer: elastic solids

What types of materials generate stress in proportion to the

Hooke’s Law for elastic solids:
(shear flow)

T21(t) = —Gy21(0,t)

initial state,
no flow, ! F _ i initial state,
no forces 3 Ax : no force
u(x,) N ;
Uy i
P i deformed state,
f deformed Astate, f; = KkAX
u <:|
AXy 79 =G A—Xl f —
2 _
l %/—/ spring restoring force Hooke's law for
Hooke's law for linear springs
elastic solids

Similar to the linear spring law

104
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2) Predict what Newtonian fluids would do.

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

EE——)

NooghkwbdE

Hookean solids
2) Predict what Newtentar-fiatds would do.

Hookean Solid
Constituive T = —GYy(0,t)
Equation =

?
105
© Faith A. Morrison, Michigan Tech U.
2) Predict what Newtonian fluids would do.
Choose a material function
) Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

NooghkrwbE

Hookean solids
2) Predict what Newtentar-fiaies would do.

Hookean Solid
Constituive T = —GYy(0,t)
Equation =

Answer: much
more interesting. Soluton

Recipe card gives kinematics
Calculate z(t)
Calculate material functions

106
© Faith A. Morrison, Michigan Tech U.

3/5/2018

53



CM4650 Chapter 5 Material

Functions

Investigating Stress/Deformation Relationships (Rheology)

1) Choose a material function

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

EE—)

NooghkwbdE

sanewsau
A

(1. Choice of flow (shear or elongation)

y

$(t)xy 2 (05

‘—’=< 2 ) ]
123 2

0
£()x3 /1y,

\2. Choice of time dependence of ¢(t) or £(t)

3. Material functions definitions: will be based on 7,4, Ny, N, in
shear or 7, — 711, T2 — T11 iN elongational flows.
107
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d. Creep

e. Step
Strain

f. SAOS

1) Choose a material function — Strain based

Summary of shear rate kinematics (part 2; strain-based)

V21(8) 721(0, t% 721 (1)
A’E
t 0 t

0 : .
4O ¥21(0,8) 71 (t)
A
’ " L
0 € t 0 ¢ \ 0 - .
¢() y ¥21(0,t) 721 ()

SR VARA VIR vany I e

—is

108
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Small-Amplitude Oscillatory Shear Material Functions Michigan Tech
Imposed K|nemat|cs: 0 Vo (0,8)
$(t)x,
v={( 0 o cos(wt) Yosin(@t)
0 /123

g(t) = }./0 C;S(wt) 4 I0 \/ t /0 \/ t
=20
Yo = .

Material Stress Response: i,,)

Ty si s
‘.S Ty sin(wt + 8) Ny () = Ny(6) = 0
5 " gife bet : / (linear viscoelastic regime)
= phase difference between t
stress and strain waves \}/ \_/ ¢
Material Functions:

Z21(t¥0) _ —721(t¥o)

SAOS stress = 7y sin(wt + §) = G' sin(wt) + G" cos(wt)

Yo Yo
Storage 4 = E Loss " — E q
modulus) G (@) = Yo c0s(6) | oqune G (@)= ” sin(6)

109
© Faith A. Morrison, Michigan Tech U.

1) Choose a material function — Strain based

What is the strain in small-amplitude oscillatory shear?
(let tref =0)

© Faith A. Morrison, Michigan Tech U.
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1) Choose a material function — Strain based

In SAOS the strain amplitude is small, and a
sinusoidal imposed strain induces a sinusoidal
measured stress.

—T21(t) =Tp Sin((,l)t + 5)

—T21(t) =1 Sin(a)t + 5)
= 75SIN Wt COS S + 75 COSwESIN O
= [2'0 cos 5]sin ot + [ro sin 5]003 ot

~ Y ~ ~ Y ~
portion in-phase portion in-phase
with strain with strain-rate

111
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1) Choose a material function — Strain based
3 ¢ is the phase difference between the
stress wave and the strain wave

2 -

1 -

0 T T 1

2 8 \o
¥21(0,t) =y, sin wt
-1
721 (1)
-2
_3 B
112
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1) Choose a material function — Strain based

SAOS Material Functions

— 7pq(t 7COSO | . 70SIN O
20 _| % sin wt + | =2 cosot
70 70 70
— —
portion in-phase with portion in-phase with
strain strain-rate
G! G”
For Newtonian fluids, stress is proportional to strain rate: T21 = —MWY21

G” is thus known as the viscous loss modulus. It characterizes the
viscous contribution to the stress response.

113
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1) Choose a material function — Strain based

SAOS Material Functions

— 7)) _| 7C08S sin gt + | 0 no

coswt
70 70 70
—— —
portion in-phase with portion in-phase
strain with strain-rate
T1 = —GY21 G’ G

For Hookean solids, stress is proportional to strain :

G’ is thus known as the elastic storage modulus. It characterizes the
elastic contribution to the stress response.

(note: SAOS material functions may also be expressed in
complex notation. See pp. 156-159 of Morrison, 2001)
114
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2) Predict what Newtonian fluids would do.

EE——)

Choose a material function

Predict what Newtonian fluids would do
See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

NooghkwbdE

Reflect, learn, revise model, repeat.

Compare with what non-Newtonian fluids do

2) Predict what Newtonian fluids would do.

Small-Amplitude Oscillatory Shear Material Functions [Michiganiect]

Imposed Kinematics @ )

$()x
v=(0 o) o masinton)
0 /im

£(0) = o cos(wt) .
ol
T

¢ o ¢

Material Stress Response: .,

N O=N®=0
linear viscoelastic regime)
6=

e AN
stress and strain waves A2 ‘

Material Functions:

SAOS stress w ==l _ & sin(wt + 8) = 6’ sin(wt) + G cos(wt)
mosee 0'(@) =72c0s(8) 08 6"(w) = Esin(8)

115
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2) Predict what Newtonian fluids would do.

Hookean solids

Hookean Solid
Constitutive
Equation

EE——)

Choose a material function

Predict what Newtonian fluids would do
See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

NooghkrwbE

Reflect, learn, revise model, repeat.

Compare with what non-Newtonian fluids do

2) Predict what Newtentar-fiaies would do.

Small-Amplitude Oscillatory Shear Material Functions /IR

Imposed Kinematics @ )

Oz
v=( o0 oo )
123 X

0

$(t) = ¥, cos(wt) o
=0
T

Material Stress Response: .,

=0

»
linear viscoelastic regime)

. e AN
stress and strain waves A2 ‘

Material Functions:

SAOS stress w = "%ﬁ‘“’ = #ysin(wt + 8) = G’ sin(wt) + G cos(wt)
oo 0'(@) =72c0s(8) 08 6(w) = Esin(8)

116
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3) See what non-Newtonian fluids do

EE—)

NooghkwbdE

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

3) See what non-Newtonian fluids do
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3) See what non-Newtonian fluids do
SAOS Moduli of a Polymer Melt
1E+07 AR ——
T I
— *G'(Pa)
1.6+06 =4 ® G" (Pa) *
AN
11 Loss Modulus, 4
1.E+05 4 G"(w); viscous
T character
| - |- 'VI
’»
| 1
1.E+04 The SAOS moduli as a
R y function of frequency may
) be correlated with material
1E+03 = composition and used like
i a mechanical
lo) Storage Modulus, spectroscopy.
1.E+02 o, G’'(w), elastic
£ character
R qg
LesoL 7 IR 11 |
1E+00  1.E+01  1.E+02  1.E+03  1.E+04  1E+05 1E+06  1.E+07
a;o, rad/s
Figure 8.8, p. 284 data from
Vinogradov, PS melt
© Faith A. Morrison, Michigan Tech U.
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3) See what non-Newtonian fluids do

, .
SAOS Moduli of a Polymer Melt We'll talk more about this
Lewor frequency dependence in
. NN
A
=i+ (Pa) CHEIED 6
1.6+06 =4 ® G" (Pa) ‘ £
T T 11
T T 11
1+ Loss Modulus, —
1.E+05 4 G"(w); viscous
1 character %
- I W
I
1.E+04 1 - The SAOS moduli as a
R y function of frequency may
be correlated with material
LE+03 = composition and used like
o a mechanical
lo) Storage Modulus, spectroscopy.
1.E+02 - G’'(w), elastic
+ character
R QH
LesoL 7 1 O O | N

1.E+00 1.E+01 1.E+02 1.E+03 1.E+04 1.E+05 1.E+06 1.E+07

a;o, rad/s
Figure 8.8, p. 284 data from ‘
Vinogradov, PS melt
© Faith A. Morrison, Michigan Tech U.
&) 721 0.0), Tzl(l
—_ —
&
. Stead # 5
a. Steady h
0 t 0 t 0 t
&) 71 0,t), Z21(l
L
. b.S &
We have discussed Srowh ;
six shear material 0 : 0 oo '
functions; &) 710.0), o)
. c. Stress 1_
Now, the equivalent Relacation | O/
elongational ‘ o !
material functions #®) E r20.1) 0
d. Creep S —
/ '
1. 0 t 0 t 0
—=—&(t)xq
i EQ) 721(&‘) T21(l)
V=] —_Z¢ —
v B (®)x; e. Step _; - M
é(t)X3 123 Strain ¢ J n
0¢ t 0¢ t 0¢
at) 72 0,t) o)
f. SAOS p )&;coswl/\ T/\<7osm(oll ' ;
B R VAR
© Faith A. Morrison, Michigan Tech U.

60



CM4650 Chapter 5 Material Functions

Steady Elongational Flow Material Functions MichiganTech

Imposed Kinematics: o

£(0,t)

1,
- Eg(t)xl

™.
le—S0- —

V= - 2é(br,

£

S(t)X3 123 0

£(t) = €, = constant

Material Stress Response: Fa3(6) — 11 ()

Material Functions:

Elongational

Alternatively, 7(€;)

(&) = T33 —T11 —(T33 — 711)
Viscosity Nel&0) = g :

0 €o

121
© Faith A. Morrison, Michigan Tech U.

1) Choose a material function — elongational flow

)

NooghkrwbE

Choose a material function

Predict what Newtonian fluids would do

See what non-Newtonian fluids do
Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

The other elongational experiments are
analogous to shear experiments (see text)

= Elongational stress growth

= Elongational stress cessation (nearly )

= Elongational creep

= Step elongational strain

= Small-amplitude Oscillatory Elongation (SAOE)

(Redundant with SAOS)

122
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NooghkrwbE

Start-up of Steady Elongation Material Functions 2t michigan Tuch
Imposed Kinematics: oo c0,0)
1.
—5&Ox; T .
v=| _1. €o o
v 5 E(®)x, | |
E(t)X3 123 0 t 0 t
. 0 t<oO
8= {g‘o £>0
Material Stress Response: T33(6) — 11 (1)
0 t
Material Functions: L ( )
Elongational 4+, .y — £33~ T11 _ “\T33 7 T11
Start-up ne (t. &) = o o
Function
Alternatively, 7 (¢, £y)
© Faith A. Morrison, Michiggg Tech U.
3) See what non-Newtonian fluids do
Choose a material function
Predict what Newtonian fluids would do
EE—) See what non-Newtonian fluids do

Hypothesize a (v)

Predict the material function

Compare with what non-Newtonian fluids do
Reflect, learn, revise model, repeat.

3) See what non-Newtonian fluids do

Stari-up of Steady Elongation Material Functions & sichiganToen

Irnposed Kinematics:

[(n:{“ L5

hiaterial Stress Response:

Material Functions:

0.0

ey
et F
v=| ~leor, * 5
o : o '

Oxy /5y
=)

iyt = =)
nélLéy) = = 5
& £

& t20

Elongational
Starkup
Function

Ahernathely 7 (1, ¢}
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3) See what non-Newtonian fluids do

Figure 6.64, p. 218

Kurzbeck et al.; PP

Fit to an advanced
constitutive equation (12

e PP2

& 107 4 _180°C

Start-up of ™
Steady T
Elongation Strain- \E/
hardening ~%" |
103]0

10° f=0"s‘4

2B EALLL B AL R

Lui

FUTTTEETT! T A T

mode pom-pom model 10° i
pom-p ) Figure 6.63, p. 217
Inkson et al.; LDPE
3 [EEEETIT EE R | Lt [N URTTH ! \Hllj
100.1 1 10 100 1000 10000
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Part II-A. Continuum versus molecular modeling -
X3 2 Michigan Tsch
Elongation Lec m
Material —32¢0x AR “Recipe cards”
. = 1, /
Functions VE| —-£)x, YN
_2 > Wi % 7,
E)x3 / 1pg M7
a) Steady b) Start-up c) Cessation
Steady Elongational Flow Material Functions [vichiganiec) Steady Elongationsl FlowMaterial Fundions [ [o—

Imposed Kinematics: o 3 Impa s=d Kinematics:

(currently
unobservable)

d) Step strain e) SAOE

f) Creep

(exists, but less

often discussed) to SAOS so is redundant)

(exists, but easily converted

(exists)

3/5/2018
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What's next?

Make better constitutive equations

1. Add invariants (replace y,, which is flow-specific).

2. Make constitutive equations that reference flow in the past
(not purely instantaneous)

3. Investigate strain

Be inspired by material behavior

1. Become informed on more rheological behavior
2. Get more of a feel for what is observed, and when

127
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Done with Material
Functions.

Let's move on to

Experimental
Paolymer RE::1S:: Data

Steacy Shear Flow Material Functions Michigan Tech

it
)
i s %) =% = coostant
o
Material Functions
nﬂmm‘?ﬁ
et

e #

secondnomel- | — = (En—%3
Visoasily s ot | T2 g

D T, M, Wea T

1
@Faith 4. Morrison, Michigan Tech LI
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Chapter 6: Experimental Data

CM4650
Polymer Rheology
Michigan Tech

Small-Amplitude Oscillatory Shear - Storage and Loss Moduli
1 1
101 Terminal | Rubbery — 4 Glassy ——
zone 1 zone 1 zone
modulus, ! '\ —
Pa
1 1
ARVANE
10" 1 1 ~
1 1
1 1
1 1
1 1
1
1 1
10 | |
1 1
1 1
1 1
1 1
10 T T
0% 107 107 10* 10% 10° 10°
Figure 6.30, p. 192 Plazek and frequency, rad/s
O'Rourke; PS
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