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Abstract 
 
Two approaches for predicting elastic properties of SWCN/polymer composites, equivalent-
continuum modeling and the self-similar approach, are presented and compared in terms of 
assumptions and ranges of validity.  Both models incorporate information about molecular 
interactions at the nanometer length scale into a continuum-mechanics based model.  It is shown 
that the two approaches can predict elastic properties of SWCN/polymer composites in a 
combined range spanning dilute to hyper-concentrated SWCN volume fractions.  In addition, the 
predicted Young’s moduli for a SWCN/polymer composite determined using both approaches 
are shown to be consistent. 
 
Keywords:  Carbon nanotubes, volume fraction, representative volume element, helical array, 
lattice dynamics, molecular mechanics, elastic properties.  
 
1.  Introduction 
 
The incorporation of single-walled carbon nanotubes (SWCN) in a polymeric matrix to develop 
the next generation of high performance composite materials has attracted significant attention 
since their discovery more than a decade ago [1, 2].  Many studies have been performed that 
address the direct incorporation of individual SWCN into a polymer matrix [3-13].  Other studies 
focus on the development of micro-fibers, which are assembled from arrays of aligned SWCNs 
[14-18].  In order to facilitate the development of SWCN-reinforced polymer composites, models 
must be developed to predict the bulk mechanical properties of the composite as a function of 
atomic structure and interaction.  Fig. 1 clearly illustrates the challenge of geometric scale in 
linking the nanoscale to the macroscale - 12 orders of magnitude. 
 
Even though numerous micromechanical models have been developed to predict the 
macroscopic behavior of composite materials reinforced with typical carbon fibers and fiber 
structures [19, 20], the direct use of these methods for nanotube composites is complicated by 
the significant scale difference of the SWCN as compared to the typical carbon fiber.  While 
individual atomic interactions at the polymer-reinforcement interface in traditional composites 
constitute a small fraction of the overall periodic structure, the atoms in a periodic structure of a 
SWNT composite are significant in both volume and contribution to overall mechanical 
properties [21].  Therefore, a new generation of reliable modeling strategies are required to 



predict overall mechanical properties of SWCN composites that incorporate chemistry-based or 
physics-based modeling tools. 
 
Recently, two methods have been proposed for modeling the mechanical behavior of SWCN 
composites.  Odegard et al. [21] utilized molecular mechanics [22] to model a specific polymer-
nanotube interaction and to construct a homogeneous, equivalent-continuum reinforcing element 
consisting of a SWCN surrounded by a cylindrical volume of polymer.  Classical 
micromechanics analyses were carried out to determine effective bulk properties of the 
equivalent-continuum reinforcing element embedded in a continuous polymer.   This process 
accomplished the desired objective of representing the nano-scale interactions between polymer 
and SWCN, while at the same time providing a consistent and rigorous methodology for 
determining continuum properties for the composite.  In the second approach, Pipes and Hubert 
[23, 24] used lattice dynamics to model an array of SWCNs.  A model of a composite was 
constructed in which the SWCN arrays were embedded into a polymer matrix.   This composite 
was subsequently used in a series of self-similar concentric-cylinder models to build an overall 
model of a micro-fiber.  The importance of this approach is the potential to model a 
SWCN/polymer composite in which the SWCN orientation and atomic interactions between 
adjacent SWCNs and are taken into consideration for relatively high SWCN volume fractions. 
 
Since the two modeling strategies accomplish the same goal, that is, prediction of mechanical 
properties of nanotube composites, using two vastly different approaches, direct comparison for 
an individual material offers an opportunity for model validation and a clear picture of the 
expected mechanical behavior for a wide range of length scales and SWCN volume fractions.  In 
this paper, the two models are directly compared in terms of their assumptions, ranges of 
applicability, and predicted Young’s modulus for a SWCN/polymer composite. 
 
2.  Modeling approaches 
 
In this section the two modeling approaches are briefly described.  The procedure for predicting 
the longitudinal Young’s modulus of a SWCN/polymer composite is presented for both methods. 
 
2.1.  Equivalent-continuum modeling  
 
The constitutive properties of the nanotube/polymer composite material were predicted based on 
the method developed by Odegard et al. [21, 25].  This method relies on an equivalent-
continuum modeling technique [26] that is used to predict the bulk mechanical behavior of nano-
structured materials.  In summary, the method consists of four major steps: establishing 
representative volume elements (RVEs) for the molecular and equivalent-continuum models, 
deriving and equating potential energies of deformation for both models subjected to identical 
boundary conditions, establishing a constitutive relationship for the equivalent-continuum model, 
and using traditional micromechanics techniques to determine larger-scale properties of the 
composite.  Each step of the modeling is described below.  Further details of the modeling may 
be found elsewhere [21].  
 
In order to establish the RVE of the molecular model, and thus the equivalent-continuum model, 
the molecular structure was determined.  A Molecular Dynamics (MD) simulation [21] was used 
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to generate the equilibrium structure of a nanotube/polymer composite, which consisted of a 
(6,6) single-walled nanotube and five PmPV [poly(m-phenylenevinylene) substituted with 
octyloxy chains] oligimers, each ten repeating units in length.  The initial structure was 
constructed by placing the nanotube at the center of the MD cell, and by inserting the PmPV 
molecules at random, non-overlapping positions within the MD cell.  The molecular structure for 
a single time increment for an equilibrated system was used as the RVE of the molecular model 
(Fig. 2).  The RVE of the equivalent-continuum model was chosen to be a solid cylinder of the 
same dimensions as the molecular model RVE.  The equivalent-continuum model will be 
referred as the effective fiber for the remainder of this paper. 
 
For the second step, the potential energies of deformation for the molecular model and effective 
fiber were derived and equated for identical loading conditions.  The bonded and non-bonded 
interactions of the atoms in a polymeric molecular structure can be quantitatively described by 
using molecular mechanics [22].  The forces that exist for each atomic interaction, as a result of 
the relative atomic positions, are described by a force field.  These forces contribute to the total 
potential energy of the molecular system.  The potential energy for a molecular system is 
described by the sum of the individual energy contributions of each type of atomic interaction.  
For the SWCN/polymer system considered in this study, the total potential energy of the 
molecular model is 
 
 ( ) ( ) ( )θ

θ= + +∑ ∑ ∑m r vdW
rU U k U k U kvdW  (1) 

 
where Ur, Uθ, and Uvdw are the energies associated with covalent bond stretching, bond-angle 
bending, and van der Waals interactions, respectively (see Fig. 3), and the summations are for all 
of the corresponding interactions in the molecular model.  The energy terms in Eq. (1) are a 
function of the force constants (kr, kθ, and kvdw) that were chosen for this particular molecular 
system [21]. 
 
An equivalent-truss model of the RVE was used as an intermediate step to link the molecular and 
equivalent-continuum models.  Each atom in the molecular model was represented by a pin-joint, 
and each truss element represented an atomic bonded or non-bonded interaction.  The potential 
energy of the truss model is 
 
 ( ) ( ) ( )= + +∑ ∑ ∑t a a b b cU U E U E U Ec  (2) 
 
where Ua, Ub, and Uc are the energies associated with truss elements that represent covalent bond 
stretching, bond-angle bending, and van der Waals interactions, respectively, and the 
summations are for all of the corresponding interactions in the equivalent-truss model.  The 
energies of each truss element are a function their Young’s modulus, E.  Because of the 
mathematical similarity of Eqs. (1) and (2), the moduli of the truss elements were determined 
from the molecular mechanics force constants.  Therefore, the total potential energies of the 
molecular model and the equivalent-truss model are equal for identical loading conditions.  For 
the nanotube/polymer composite, the equivalent-truss model is shown in Fig. 2.   
 
The potential energy (or strain energy) of the homogeneous, linear-elastic, effective fiber is 
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 ( )= Cf f fU U  (3) 
 
where Cf is the elastic stiffness tensor of the effective fiber.  Equating Eqs. (1) - (3) yields  
 
 = =f tU U U m  (4) 
 
Eq. (4) relates the elastic stiffness tensor of the effective fiber to the force constants of the 
molecular model. 
 
The third step in the modeling technique involved establishing a constitutive equation for the 
effective fiber.  Since the values of the elastic stiffness tensor components were not known a 
priori, a set of loading conditions were chosen such that each component was uniquely 
determined from Eq. (4).  Examination of the molecular model (Fig. 2) revealed that it was 
accurately described as having transversely isotropic symmetry, with the plane of isotropy 
perpendicular to the long axis of the nanotube.   
 
There are five independent elastic constants required to determine the entire set of elastic 
constants for a transversely isotropic material.  In this study, five independent elastic constants 
were determined by employing a technique adapted from the approach of Hashin and Rosen 
[27].  These elastic constants are: the transverse shear modulus, f

TG , transverse bulk modulus, 
f

TK , longitudinal shear modulus, f
LG , longitudinal Young’s modulus, f

LE , and the longitudinal 
elastic stiffness component, f

LC , where the superscript f denotes effective fiber.  The longitudinal 
properties are associated with the direction parallel to the longitudinal axis of the nanotube, and 
the transverse properties are associated with the transverse plane of isotropy (see Fig. 2).   
 
Each of the five elastic constants of the effective fiber were determined from a single boundary 
condition applied to both equivalent-truss and effective-fiber models (using Eq. (4)).  Therefore, 
for each applied boundary condition, one elastic constant of the effective fiber was uniquely 
determined.  The calculated values of the five independent parameters for the effective fiber are 
listed in Table 1.    
 
Overall constitutive properties of the dilute and unidirectional SWCN/polymer composite were 
determined with the micromechanical-based Mori-Tanaka method [28, 29] by using the 
mechanical properties of the effective fiber and the bulk polymer matrix material (Fig. 4).  The 
layer of polymer molecules that are near the polymer/nanotube interface were included in the 
effective fiber, and it was assumed that the matrix polymer surrounding the effective fiber had 
mechanical properties equal to those of the bulk polymer.  Because the bulk polymer molecules 
and the polymer molecules included in the effective fiber are physically entangled, perfect 
bonding between the effective fiber and the surrounding polymer matrix was assumed. The bulk 
polymer matrix material had a Young’s modulus and Poisson’s ratio of 7.2 GPa and 0.3, 
respectively.  The properties of the composite with aligned nanotubes were calculated for 
nanotube lengths of 500 nm. 
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The maximum nanotube volume fraction that can be obtained with this approach is limited by 
the maximum effective-fiber volume fraction that can be used in the micromechanics analysis.  
For a hexagonal packing arrangement, the maximum effective-fiber volume fraction is 90.7%.  
While the nanotube and effective fiber lengths are equal, the nanotube volume fraction is 58.8% 
of the effective-fiber volume fraction if it is assumed that the nanotube volume is a solid cylinder 
with a diameter of 1.38 nm, which is just large enough to completely fill in the volume not 
occupied by polymer molecules (Fig. 2) in the effective fiber.  Therefore, the maximum 
nanotube volume fraction that can be obtained by this modeling approach is 53.3%. 
 
A restriction of the model is that the maximum packing fraction of the SWCN is restricted by the 
diameter of the RVE due to the cylindrical volume of polymer surrounding the SWCN within the 
heterogeneous truss model.  The range in validity of the model can, however, span a significant 
range in SWCN volume fraction when the orientation state corresponds to collimation. 
 
2.2.  Self-similar approach 
 
The constitutive properties of the nanotube/polymer composite material were also predicted 
using the self-similar method developed by Pipes and Hubert [23, 24], which is illustrated in Fig. 
5 and summarized in Table 2.  The self-similar analysis consists of three major steps.  In the first 
step, a helical array of SWCNs is assembled. The geometric properties of the SWCNs are listed 
in Table 3, which was determined from the SWCN array and representative hexagonal image as 
illustrated in Fig. 6.  This array is termed the SWCN nano-array where ninety-one SWCNs make 
up the cross-section of the helical nano-array. Given that the SWCN is a discontinuous 
reinforcement, twisting the nano array provides a second mechanism of load transfer, typical of a 
staple textile yarn.  However, the angle of twist has been shown to have a significant effect upon 
the axial stiffness of the array [5].  Therefore, the helical angle (α) of the SWCN nano-array was 
chosen as 10º.  
 
The SWCN nano-arrays is surrounded by a polymeric matrix and assembled into a second 
twisted array, termed the SWCN nano-wire, with a resulting diameter and nanotube volume 
fraction of 1.69x10-7 m and 54.6%, respectively.  SWCN nano-wires are then impregnated with a 
polymer matrix and assembled into the final helical array – the SWCN micro-fiber with a 
diameter and nanotube volume fraction of 1.93x10-6 m and 33.2%, respectively.   Fig. 5 
illustrates the assembly of the three arrays into the micro-fiber.  The tangent of the helical angle 
for the SWCN nano-arrays and nano-wires were also 10º.  The self-similar geometries described 
in the nano-array, nano-wire, and micro-fiber allow the use of the same mathematical and 
geometric model for all three geometries [23].  It is assumed that the nano-array is perfectly 
bonded to the impregnating polymer.   
 
The layered cylinder analysis replaces each of the three arrays with a layered cylinder with 
effective layer properties and with the tangent of the helical angle varying linearly with radial 
position in order to represent a twist in the array (Fig. 7). The helical angle of each layer is 
distinct and is determined by its radial position from the cylinder axis.  For the nano-array, it is 
assumed that the discontinuous nanotubes are collimated and lay within the cylindrical layer 
surface.  The volume fraction of carbon nanotube is taken as 79%.   
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The layer properties of the nano-array crystal (Table 4) were obtained from the work of Popov et 
al. [30] and from estimates by the authors.  The longitudinal Young’s modulus, L

sE , transverse 
Young’s modulus, T

sE , and the Poisson’s ratio, LT
sν , were obtained for a crystal composed of 

SWCN with a diameter of 1 nm.  Values for the longitudinal shear modulus, LT
sG , transverse 

shear modulus, NT
sG , and Poisson’s ratio, NT

sν , were assumed by the authors.  The superscript s 
denotes the self-similar approach.  A value of 894 GPa was taken as the Young’s modulus of 
SWCN [23]. 
 
The concentric layers were assumed to be perfectly bonded together.  Continuity of radial stress 
and radial displacement at the layer interfaces is assured.  Finally, the cylinder was subjected to 
combination of uniform extensional strain, w0 (m/m), torsional shearing strain/radius, v0 
(rad./m), torque, T (N-m), and axial force, F (N).  For the nano-wire and micro-fiber, the elastic 
properties of each layer of the multi-layered cylinder were determined by using micromechanics 
relations from Bogetti and Gillespie [31]. 
 
Perhaps the most interesting aspect of this approach is that it provides a methodology to begin at 
maximum SWCN volume fraction and move to lower volume fractions in a systematic way.  It 
further treats the SWCN interaction in the absence of a polymer phase in the nano-array and the 
element of twist is introduced in anticipation of the need for enhanced load transfer to achieve 
nano-array strengths representative of the SWCN.  
 
 
 
3.  Model comparison 
 
Consider the two approaches and their unique starting points in the length-scale space as shown 
in Fig. 8. Here the two approaches are clearly compared over the length-scale range of 1.8x10-9 
m to 2.2 x10-5 m. In Fig. 9, the relationship between length-scale and volume fraction is 
illustrated. The range of the equivalent-continuum model nanocomposite begins at a nanotube 
volume fraction of 58% and a length scale of 1.8x10-9 m.  Even though the effective fiber is a 
nanoscale element, micromechanics is used to predict the properties of the SWCN/polymer 
composite over the range of dilute to hyper-concentrated volume fractions less than or equal to 
53.3% (Table 5).  Note that this model is bounded in scale by 1.8x10-9 m and nanotube volume 
fractions less than 53.3% (shaded area in Fig. 9). 
 
Next we consider the self-similar approach and the four distinct geometric forms can be seen in 
Fig. 8. The nano-array, nano-wire, microfiber and lamina are clearly shown to span the volume 
fraction range from 78% to 32% and length scale from 1.8x10-8 to 2.0x10-5 m.  Unlike the 
equivalent-continuum modeling approach, the self-similar approach utilizes specific geometries 
that are self-similar.  In the initial state, the nano-array is at a volume fraction of 78% and scale 
of 1.8x10-8 m.  The self-similar approach is confined to the hyper-concentrated regime, and it is 
interesting to note that the nanotube volume faction is systematically reduced from 78% to 32% 
as the length scale is increased from 1.8x10-8 to 2.0x10-5 m.   
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Fig. 10 shows the normalized Young’s modulus of the composite as predicted by the two 
approaches.  The normalization factor, Enanotube, has a value of 894 GPa, as described in the 
previous section.  Clearly the two analyses are consistent and there is a region of overlap in 
volume fractions of 25-53.3%.  This is true in spite of the fact that the micro-fiber contains 
elements each of which posses an angle of twist of 10º while the equivalent-continuum model 
results are for 0º fiber orientation.  In addition, it is clear from Fig. 10 that the predicted Young’s 
modulus of the nanostructured composite follows a linear trend with respect to the SWCN 
volume fraction.  This is the same trend seen in rule-of-mixtures predictions for graphite and 
glass-reinforced polymer composites. 
 
For both approaches, there is a reduction in normalized Young’s modulus as compared to the 
classical rule-of-mixtures.  This can be shown using the well-known Voigt model [32] assuming 
the moduli of the nanotube and the matrix as 894 GPa and 7.2 GPa, respectively.  For both 
approaches, the reduction is about 15% over the entire range of volume fractions. 
 
3.  Conclusions 
 
Two approaches for predicting elastic properties of SWCN/polymer composites, equivalent-
continuum modeling and the self-similar approach, have been presented.  In both cases, the 
model incorporates information about molecular interactions at the nanometer length scale into a 
continuum-mechanics based model.  The two methods have been compared in terms of 
assumptions and ranges of validity.  It has been shown that the two approaches can predict 
elastic properties of SWCN/polymer composites in a combined range spanning dilute to hyper-
concentrated SWCN volume fractions.  The predicted Young’s moduli for a SWCN/polymer 
composite determined using both approaches were shown to be consistent.  In addition, for both 
approaches, there is a reduction in predicted Young’s modulus compared to the classical rule-of-
mixtures of about 15%. 
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Table 1.  Elastic properties of effective fiber 

f
TG  = 4.4 GPa 

f
TK  = 9.9 GPa 

f
LG  = 27.0 GPa 

f
LY  = 450.4 GPa 

f
LC  = 457.6 GPa 

 

 

Table 2.  Scale input parameters 

Scale Diameter (m) Matrix Vf

SWCN 1.38x10-9 - - 

nano-array 1.48x10-8 none 79% 

nano-wire 1.69x10-7 polymer 70% 

micro-fiber 1.93x10-6 polymer 54.6% 

lamina 2.20x10-5 polymer 33.2% 
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Table 3.  SWCN geometric properties 

Outside Diameter (Do) 1.38 x 10-9 m 

Inside Diameter (Di) 0.73 x 10-9 m 

Wall Thickness (t) 0.33 x 10-9 m 

Length 4.8 x 10-7 m 

Nanotube Spacing (s) 1.48 x 10-9 m 

Maximum Packing 79 % 

 

 
 

Table 4.  SWCN array properties. 

L
sE * 650 GPa 

T
sE * 16.1 GPa 

LT
sG ** 5.80 GPa 

NT
sG ** 5.80 GPa 

LT
sν * 0.16 

NT
sν ** 0.40 

* From Popov. et al. [30] 
** Assumed by authors. 
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Table 5.  SWCN volume fractions for each concentration 
Concentration Volume fraction (%) 

dilute < 0.01 
semi-dilute 0.01-1.0 

concentrated 1.0-19.6 
hyper-concentrated > 19.6 
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Fig. 1.  Geometric scale versus structural feature 
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Figure 3.  Molecular mechanics modeling 
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Fig. 4.  Orientation of effective fiber in a polymer composite 
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Fig. 5.  a) Self-similar scales and b) number of SWCN per meter length 
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Fig. 6.  SWCN array image analysis 
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Fig. 7.  Layered cylinder nomenclature 
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Fig. 8.  SWCN/polymer composite modeling approaches 
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Fig. 9.  SWCN volume fraction and scale relationship for different nanocomposite elements 
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Fig. 10.  Predicted modulus for SWCN polymer composite 
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