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Abstract. This paper concerns numerical computation of a non-standard fourth order eigen-
value problem. For high order problems, Discontinuous Galerkin methods are competitive since
they avoid some difficulties arising from other approaches. We show the well-posedness of the
source problem. An interior penalty discontinuous Galerkin method using Lagrange elements
(CYIPG) is proposed and its convergence is studied. The method is then used to compute the
eigenvalues. We show that the method is spectrally correct and prove the optimal convergence.
Numerical examples are presented to validate the theory.
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1 Introduction

In this paper, we consider a non-standard fourth order eigenvalue problem arising in the study
of transmission eigenvalues, which have important applications in inverse scattering theory [8,
20]. There exist quite a few finite element methods in the literature including the conforming
elements, partition of unity finite element methods, non-conforming elements, and mixed methods.
Construction of high regularity conforming elements is difficult in general [2, 10]. Moreover, they
usually involve a large number of degrees of freedom. Partition of unity finite element methods
[9,21], are difficult to implement and the resulting linear systems can be severely ill-conditioned.
Non-conforming methods such as Morley method do not have a good hierarchy [19] and thus
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cannot capture smooth solutions efficiently. Mixed methods may produce spurious solutions for
non-convex domains [7].

As competitive alternatives, discontinuous Galerkin method become popular for high order
elliptic problems [6,13,14]. In particular, in [6,13], the authors employ an interior penalty Galerkin
method using Lagrange elements (C°IPG) for the biharmonic equation. The method has a good
hierarchy and there is no need to enforce the jump of the solution since the finite element space is
H' conforming. Recently, Brenner et.al. employ the C°IPG to compute biharmonic eigenvalues
[7]. Using the classical theory of Babuska and Osborn, they prove the converge of C’IPG for
biharmonic eigenvalue problems and compare it with the Argyris element, the mixed method, and
the Morley element.

In this paper, we use C’IPG to compute a non-standard fourth order problem. Due to lower
order terms, we choose to adopt the method by Antonietti et.al. [1] which in turn follows the
abstract theory by Descloux, Nassif and Rappaz [11,12]. Convergence theory of the finite element
methods for eigenvalue problem has been studied by many researchers since 1970s. We refer the
book chapter by Babuska and Osborn [3] and the references therein for studies before 1991. For
recent developments, we refer the readers to the survey paper [4].

The rest of the paper is arranged as follows. In section 2, we present a fourth order eigenvalue
problem with low order terms and show the well-posedness. Section 3 describes the C°IPG and
shows convergence of the discrete problem. We develop the convergence theory in section 4.
Numerical examples are given in section 5.

2 A non-standard fourth order eigenvalue problem

Let Q) be a bounded polygonal domain in IR? with unit outward normal 7. Let 7(x) be a bounded
smooth function such that m(x) > >0 and 7, T be positive constants. In addition, let ||-|| denote
the L? norm and C,C;,C, denote generic constants. We consider a non-standard fourth order
eigenvalue problem of finding ¢ and u such that

(A+T)m(x)(A+T)u+T*u=plu inQ, 2.1
with boundary conditions
u=0, a—u =0, onodQ. 2.2)
on

The corresponding source problem can be stated as to find # such that
(A+T)m(x)(A+T)u+Tu=Af, (2.3)

with the same boundary conditions (2.2).
Let A: H3(Q) x H3(Q)) —C and B: H} (Q)) x H} (Q2) — C be defined as

A(u,0) = (m(Auttu),(Av+10)) +72(u,0), (2.4a)
B(u,v)=(Vu,Vo). (2.4b)



The variational formulation for the eigenvalue problem (2.1) is to find # € R and u € H3(Q)), such
that
A(u,0)—uB(u,v)=0 forallve H3(Q). (2.5)

The associated source problem is to find u € H3(Q) for f € H}(Q) such that
A(u,0)=B(f,0) forallve H3(Q). (2.6)

It can be shown that A is a coercive sesquilinear form on H3(Q)) x H3(Q)). In fact, we have
that

A(wu) > gl|Au+tu|*+72|u)?
> allAul>=2yt|| Aulllul + (y+1) T |u]?
= e(tllull—y/ellAull)*+y(1—v/e)|| Aull>+ (1+y—e) T ||u?
> y(1—y/e)||LulP+(1+y—e)T|ul?, 2.7)

for any € such that oy <€ << +1. Moreover, since u € H%(Q), using the Poincaré inequality, we
have that

IVull? <Cl|Aulf?.
Thus we obtain that

A(u,u) > CllulFa,

for some positive constant C.
For boundedness, employing the Cauchy-Schwatz inequality, we obtain that

|A(u,0)] CllAu+rul||| Av+ ol + 7 |lull[|o]
C(lAull+lul) (Aol +llol)+72ul ol

Cllull gz llv[l 2,

VANVANRVAN

for some constant C. We have shown the well-posedness of the source problem.

Theorem 2.1. Let f € H}(QY). There exists a unique solution u € Hj to (2.6) such that

[l 2 <Clf [,

for some constant C independent of u and f.

Due to the fact that (2.1) is a fourth order problem with lower order perturbations, there exists
an « >0, called the index of elliptic regularity [15] such that

]| 242 () S Clf [ (2) 2.8)

where C is a constant. The elliptic index « depends on the corner of (). Furthermore, a € (%,1] for
a polygonal domain and « =1 if () is convex.



3 C'interior penalty method (C'IPG)

In this section, we describe the C’TPG method for the source problem (2.3). Note that our for-
mulation is different than that in [6] since we need to incooperate lower order terms. Let 7, be
a regular triangulation for () and V), C H(l)(Q) be the Py (k> 2) Lagrange finite element space
associated with 7, with zero boundary condition on the boundary 0Q).

Assuming the solution u is smooth enough, we start with the following integration by parts

formula
/A(mAu)vdx:/ Mv—m&ua—v ds+/mAuAvdx. 3.1
T aT on on T

Summing up (3.1) over all the triangles in 7, with cancelations we have

) /A (mAu)vdx = — Z/ mAu—ds-i— ) /mAuAvdx (3.2)

TeT, TeT, TeT,

For an interior edge e shared by two triangles T where 7, points from T_ to T, we define

|| e (s =vue), sy =3n-sucsmezu), 63

where uy =ulr,.

For a boundary edge e, we take 7, to be the unit normal pointing towards the outside of () and

define
ou

[Fa]

We rewrite the first term on the right-hand side of (3.2) as a sum over the edges

=—n,-Vu, {mAul}=mAu. (3.4)

-y mAuﬁds— ) /mAu 90 —|]ds, (3.5)

TeT, ec&y, Tle

where &, is the set of all the edges of 7j,.
Replacing m Au in the above equatlon by {mAu}}, introducing the symmetric term [, {{mAv}} [[a—w]] ds,

and adding the penalty term 1 f S [ang]]ds we obtain the following discrete problem: for
fe€H}(Q), find uy, € V, such that

Ay (up,0)=By(u,0) forallveVy, (3.6)

where
Ap(w,v) =ay(w,v) +by(w,v)+0c,(w,v), 3.7
By (u,0)= /Vu Vudx, (3.8)

TeTy,



and

ap(w,0) = / m(A+1)w(A+1)v+T*wodx,
TeT,

(wo)= ¥ [ mbwl 5]+ fmoo (5 llas

ec&y,
cmngwﬂ$m$Ma

Here o > 0 is the penalty parameter.
Let V(h) =H3(Q)+Vj,. We define the mesh dependent norm |||, on V (h) as

2
lolli=3_ 140l +UZ an : (3.9)
T<T, ecé&y, e 1lL2(e)
It is easy to see that we have the following Poincaré inequality.
Lemma 3.1. (Poincaré inequality) For every v V (h),
The bilinear form Ay (-,-) is bounded, i.e.,
| A (w,0)| <Cllw||nllv]lp  forall w,0€ V). (3.10)

This is the result of Lemma 3.1, standard inverse estimates and the Cauchy-Schwarz inequality
since

NI—=

L | [mawh s

( Y el II{{mAw}}Hi(e)) ( 3 lel™!

e€&y B ecéy, ec&y, ane
2\ 2
< (X Zimwuizm) (Zl oz, )
e€& TeT, ecéy 2(6)
2 7
< C(Z IIAWII%ZU)) <Z| I~ > (3.1
TeTy ecy (e)

Here 7, is the set of the elements in 7}, that share the common edge e.
Next we show the coercivity of A;,. Similar to (2.7), we have

/m(A+r)v(A+T)v+Tzvvdx2/C1]Av|2—|—C2]v|2dx,
T T



for some positive constants C1; and C, depending on m(x) and T. Using the inequality of arith-
metic and geometric means and the Cauchy-Schwarz inequality, we have that
1
2 2
La(e ))

Ap(v,0) > C ), HAUHLZ(T)—C< ). HAUH%Z(T)> <Z| =

TeT, TeT, ec&), ane
2
-1
—I—ae§h|e| ane o
> % ) y|AvH§2(T)+<a—> Y et a ’ . (3.12)
TeT, eeé, ne Ly(e)
Provided o is large enough, one has that
Ap(v,0) >Cllo||?  forall v € V. (3.13)

Then the existence and uniqueness of the discrete problem follows immediately.
Let u be the exact solution and 1, be the discrete solution. We have the consistency relation

Ay (u—up,0)=0 forallve V. (3.14)
Let v € V), be arbitrary, we have that

lu—uplln < |lu—olp+|lv—o4lls

wevi\{oy  [lw]lx
wevi\{o}  [|w]ln
< Cllu—2||p, (3.15)
and hence
|lu—up||n <Cinf ||u—2v]|;. (3.16)
veV,

Let IT,:C%(Q2) — V, be the Lagrange nodal interpolation operator. Then we have that (Section
3.4 of [5])
[0 =TTy || < CHP || s ) < CHP | (3.17)

where f=min{a,k—1}. Note that f is limited by the regularity of the solution and the degree of
Lagrange elements.

Let V= Hg(Q) Summarizing the approximation property and the error estimate, we obtain
the following lemma.

Lemma 3.2. (Quasi-optimality) We assume that

lim inf ||v oplln=0 forallveV. (3.18)
h—0v,€V)



The discrete problem (3.6) has a unique solution and
[l —wnlln < CHP |[ut]| sy < CHP | f 11 (0, (3.19)

where C is a constant independent of the mesh size.

4 CYIPG for the eigenvalue problem

The C° IPG for the eigenvalue problem can be stated as follows. Find uj, € Vj, and up € R such
that

Ay (up,0) =ppBy(uy,0) forallve V. 4.1)

Following the abstract convergence theory developed in [11] and the spirit of DG method for
the Laplace eigenvalue problem [1], we would like to show that the C°TPG is "spectrally correct”,
namely,

e non-pollution of the spectrum: no discrete spurious eigenvalues;

e completeness of the spectrum: all eigenvalues smaller than a fixed value are approximated
when the mesh is fine enough;

e non-pollution and completeness of the eigenspaces: there are no spurious eigenfunctions
and the eigenspace approximations have the right dimension.

To carry out subsequent discussions, we recall some results of spectral theory (see [18]). We define
two operators as follows:

T:HY(Q)—V, A(Tf,v)=B(f,v) forallvcV, (4.2)
Th:Hl(Q)%Vh, Ah(Thf,U):Bh<f,U) forallve V. 4.3)

Since T is symmetric, positive definite and compact due to the compact embedding of V into
H& (Q)), classical spectral theorem implies that T has a sequence of positive eigenvalues {)\j}
with zero being the only accumulation point. The inverse of {A;}, i.e., {s; =1/A;} are the
eigenvalues of (2.5) with co being the only accumulation.

Let 0(T) and p(T) be the spectrum and resolvent sets of T. The resolvent operator is defined
as

R(T)=(z—T)' zep(T).
Similarly, we have o (Ty,),0(T}), and
R:(Ty)=(2=Ty) " ze€p(Ty).

In the rest of this section, we show that the C°IPG is spectrally correct and prove the convergence
rate.



4.1 Non-pollution of the spectrum

For non-pollution of the spectrum, we can show that for any open set containing ¢(T') also contains
o (Ty,) for h small enough. We first show that for z away from ¢(T), z— T is bounded from below.

Lemma 4.1. Ler z € p(T),z #0. There exists a positive constant C only depending upon Q) and
|z| such that

1E=T)fln=Cllflln forall feV(h). (4.4)

Proof. Letz€p(T),z#0 be fixed and f € V(h). Set g=(z—T)f. Since Tf € V, we have that
g€V(h). Note that

T=((A4+T)m(A+1)+2) TA=T1AH}(Q) =V (4.5)

in the weak sense. Then zf —g¢=Tf implies T(zf —g)=/Af. Hence zf —g € V is the solution of
the problem

1A(zf—g) _ 28 inQ),

z z
zf-g = 0 ondQ),

T(zf-g)

0
ﬁ(zf—g) = 0 onoQ.

Since the above problem is a lower order perturbation of (2.3), we deduce that [15], for some C

Izf =gl < 571 Vslizn < gl @6)
Since zf —g € V, we have that ||zf —¢||;, <C||zf — ¢g||v and
Iz g1l < g @)
Using the triangle inequality, we obtain the desired result
1£lln < %(Hzf—thJr 181lw) <C(lzDliglln=C 2Dl (z=T) fll- (4.8)
O

Next we show that a similar property holds for Tj, as well.

Lemma 4.2. Forz€ p(T),z#0, there exists a positive constant C only depending on ) and |z|
such that, for h small enough,

[GE=Tu)flln=Cliflln forall feV(h). (4.9)



Proof. By triangle inequality, we have that

=T flln = 1[(z=T) flln = [1(T=Th) fll- (4.10)

By Lemma 4.1, Lemma 3.1 and Lemma 3.2, we have
1Gz=T0) flln = CUzD) | F 1l —CHP || 1, @.11)
where C(|z]) is the constant in Lemma 4.1. Since C(|z|) only depends on () and z, (4.9) is readily
verified for i small enough. O

Lemma 4.3. Let F C p(T) be closed. There exists a positive constant C independent of h such
that, for h small enough, we have

Rz (Ti)ll v imy,vmy) <C  forallz€F. (4.12)
Proof. Let z € F be fixed. Since z € p(T), we have that

IR:(T)llcvamvmy= sup  [[(z—Tu) " glln- (4.13)
g€V (h),lIgln=1

Let ||g|ln=1and (z—T,) 'g=f. we have

1(z=T) flln=llglln=1. (4.14)
From Lemma 4.2, for & small enough, we get

CllAla <[ z=Tu) flln=1. (4.15)
and the lemma follows immediately. O

Lemma 4.3 claims that, for any z € p(T) and h small enough, (z—Tj) admits a bounded
inverse operator from V' (h) to V(h), i.e., R;(Tj) is well defined and continuous from V' (h) to
V(h). Thus we have shown the following theorem which implies non-pollution of the spectrum.

Theorem 4.1. (Non-pollution of the spectrum) Let A C C be an open set containing o (T). Then,
for h small enough, o(Ty,) C A.

For fixed z€ p(T) and f € V(h), we can write
lzf =Tfln <zl N TAln < 2l +ClA e < CUzDI s (4.16)

due to the stability estimate of the continuous problem and the Poincaré inequality of Lemma 3.1.
Using Lemma 4.1, for all fixed z € p(T),z—T:V(h) — V(h) is a continuous invertible operator
with continuous inverse. A direct consequence of this fact is the analogue of Lemma 4.1: let
F Cp(T) be closed; then, there exists a positive constant C independent of / such that

IR(T) | vy, vimy) <C, 4.17)

for all z€ F. From continuity of T: H'(Q)— H'(Q)), if FCp(T) is closed, there exists a positive
constant C such that

IR(T) | (11 (2, 12 (2)) <€ (4.18)
forall ze F.
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4.2 Non-pollution and completeness of the eigenspaces

Let A be an eigenvalue of T with algebraic multiplicity p. Denote by I" a circle in the complex
plane centered at A such that no other eigenvalue lies inside I'. Define the spectral projections E
from H'(Q) into V and E;, from H'(Q) into V}, by (see [16])

E:zl_/RZ(T)dz, Eh::l/Rz(Th)dz. (4.19)
27T JT r

27T

Let X and Y be closed subspaces of V(1). We define the "distance" between X and Y as
d(X,Y)=max{é,(X,Y),0,(Y,X)}, (4.20)

where
o(X,Y):= sup inf|x—y|. (4.21)
xeX, |x||=1Y€Y

We first show that Ej, converges to E in operator norm as 1 — 0.

Theorem 4.2. Let E and E;, be defined as in (4.19)

U |[E—Ey || £ (b1 (), v () =0- (4.22)
Proof. 1t’s easy to see that
(z—T) ' =(z=T) '=(=z-T,) UT-T,)(z—T) "}, (4.23)
ie.,
Rz(T) = Re(Ty) = Re(Ti) (T — Ty )R=(T). (4.24)

Let f € H(Q)). We have

| Rz (Tp) (T —Ty)R(T) f |
< NRAT) N cvimy,van 1T = Tull 2 ), v oy IR (T 2 i (), 11 () L L1 00y - (4:25)

From Lemma 3.2 and Lemma 4.3 and (4.18), we obtain (4.22). ]

Theorem 4.3. (Non-pollution of the eigenspace).

}ll1rr(1)c5h(Eh(Vh),E(V)):O (4.26)

Proof. With E(H'(Q))=E(V) and Eyy;, =yj, for all y, € E;(V},), we have

s nf y—xl = swp  infJy—xl
yHEEh(Vh)rHyhthler(V) yhEE;,(V;,),HthileE(Hl(Q))
= sup inf ||Epyn—Ex||p.  (4.27)

1
yh€ER (Vi) |ylly=1¥EH" ()
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Letting x =, and using the discrete Poincaré inequality, we obtain

sup inf || Epyn—Exll; < sup  ||Epyn—Eynlln
yEEL (Vi) Jy=17<H () EE (Vi) llyll=1
< sup IEn—E|l et ),v ) 1y lln-
thEh(Vh),Hy”h:l
(4.28)
Application of Theorem 4.2 completes the proof. O
Theorem 4.4. (Completeness of the eigenspaces)
liméy,(E(V),E,(Vy,)) =0. (4.29)
h—0
Proof.
sup inf |lx—yullp=" sup  inf [[Ex—Euy|
x€E(V),Jx] =194 B (Vi) x€E(V),[x|=1¥1 <V
From quasi-optimality of V,, there exists xj, € V}, such that
lim ||x — x|, =0. (4.30)
h—0

So we have
inf ||Ex—Ehyh||h S HEx—Ehthh
thVh

1 E(x—2xp) ln+ 1| (E—En)xnl|
CIE £evmy, vy 12— xnlln+ 1 E—=Enll vy, v iyl xnlln- (4.31)

VANVAN

Since E is a projection, the first term goes to 0 as 1 — 0. Using the fact that

IE=Enllcovam, vy SNE=Enll i), viny)
and Theorem 4.2, we have that
HE — Eh HE(V(h),V(h)) —0 ash—0.
Note that E(V) is finite dimensional, point-wise convergences implies uniform convergence,
which completes the proof. O
4.3 Completeness of the spectrum
Completeness of the spectrum is readily verified once we have completeness of the eigenspaces.

Theorem 4.5. (Completeness of the spectrum). For all z€ o (T), there exists a family of {zj,},z, €
o (Ty,) such that

limz, =z. (4.32)
h—0
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Proof. Theorem 4.3 and Theorem 4.4 imply that d(E(V),E;(V})) — 0 as h — 0. Hence for h
small enough, E(V) and E;(V},) have the same dimension. Let Dr be the domain bounded by T.
If DrNo(T) # @, then, for h small enough, DrNo(T,) #@. Since T only has a point spectrum,
without loss of generality, one can choose Dr a disk with radius € > 0 centered at z. Hence for
h small enough, there must be an element in o (T};,) which is close enough to z (less than €). The
theorem follows consequently. O

4.4 Convergence Analysis

Let s=dimE. It has been shown that, for & small enough, there are s eigenvalues of Tj, such that

}Zim sup [A—A;,|=0. (4.33)

—V1<i<s

Due to the approximation property of V, (3.17), we have that

S(E(V),V,) <ChP. (4.34)
Theorem 4.6. For h small enough, we have that
sup |[A—A; ;| < CH?. (4.35)
1<i<n

Proof. By (3.17), we have that

IE=Enllceevyvay < CUT=Tullzewy,vm)
< C sup | Tx—Tyx||,
x€E(V),|[x([n=1
< CHP.

Since E is a projection, for i small enough, Ej,| Ev):E (V)— Ej(V},) is an invertible mapping that
we denote by F, = Ej| E(v)- Its inverse is uniformly bounded with respect to h.
Let T=T|gy) and Ty =F, ' T, F,: E(V) = E(V). We have then [1]
sup |A_/\i,h| SCHT_ThHLZ(E(V),V(h))' (4.36)
1<i<n

Let S, =F, 'E,: HY(Q) — V(h), which is a continuous operator. For all x € E(V), S, Tx=Tx
and S;, Tj,x =T, x. So we have

(T—T,)x=S8,(T—Ty)x forallxeE(V), (4.37)
and

IT=Tullceovyvy = sup || Tx—Tyx||y
x€E(V),[lx[[p=1

< C sup |TxTial,
x€E(V),[[x|[y=1

< CHP.
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It is clear that the problem considered is self-adjoint. Since the C° IPG is symmetric, following
the reasoning used in [12], one actually has that

sup |[A—A; ;| < ChH?P. (4.38)

1<i<n

O]

5 Numerical examples

In this section, we present some preliminary examples using Lagrange elements. We choose two
polygon domains: the unit square given by

(=1/2,1/2)x(-1/2,1/2),
and an L-shaped domain given by
(=1/2,1/2)x(—=1/2,1/2)\[0,1/2] x[-1/2,0].

We generate initial quasi-uniform meshes with 7 /(.1 for the two domains and uniformly refine
them three times. Since there are no exact eigenvalues available, we define the relative error as

_ |Ap,—An

a1l

Ay ’

i+1

R;

where Ay, is the computed smallest eigenvalue on the mesh with size ;. We set the penalty
parameter o = 20 for all numerical examples according to the criteria in [17].

We set the function m to be 1/15 and T =4. We first let k =2 and compute the smallest 6
eigenvalues for the two domains. In Table. 1, we show the smallest 6 eigenvalues for the unitsquare
on a series of uniformly refined meshes. It is clear that all eigenvalues converge as the mesh size
decreases. Similar behavior can be observed for the L-shaped domain (Table.2).

Table 1: The first 6 eigenvalues of the unit square (m=1/15,k=2)).
h 1/10 1/20 1/40 1/80
Ist 3.81446397  3.67056460  3.62927378  3.61803042
2nd 6.46307953 6.05671782 5.93584577 5.90269901
3rd 6.47497291  6.05159762  5.93417395  5.90222194
4th 9.35899087 8.53033433 8.28667698 8.21942966
5th - 11.38590197 10.30345017 10.00079742  9.91882214
6th 12.27331821 11.23008634 10.93236472 10.85063178
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Table 2: The first 6 eigenvalues of the L-shaped domain (m=1/15k=2).

h 1/10 1/20 1/40 1/80
Ist 9.58933965  8.74791493 8.46921155  8.37478038
2nd 10.85920836  9.93745334 9.66267690  9.58390396
3rd 1248756982 11.35129126 11.007555827 10.90958476
4th  15.17664789 13.39106860  12.86133934 12.71309166
Sth 17.73632960 15.34549516  14.63833455 14.43565437
6th  22.60252968 19.43188655  18.49425640 18.21451526

In Fig. 1, we show the first and second eigenfunctions for the two domains. In Fig. 2, we plot
relative errors for the first and the second eigenvalues against mesh sizes in log scale. For the
unit square, we can see roughly the second order convergence is achieved for both eigenvalues.
For the L-shaped domain, the convergence rate of the first eigenvalue is less than 2 due to the
reentrant angle which leads to low regularity. The convergence rate of the second eigenvalue is
higher indicating the second eigenfunction is smoother than the first one.

In Fig. 3, we repeat the plot for k =3. For the unit square, we see that the relative error is
roughly of O(h*) for both eigenvalues. For the L-shaped domain, the convergence rate is less
than O(h*) for both eigenvalues. However, the second eigenfunction has more regularity than the
first eigenfunction which ends up with higher convergence rate. We note that, for compact self-
adjoint operators, the order of convergence is related to the regularities of the eigenfunctions. If
the eigenvalue of the multiplicity is more than one, the convergence is related to the approximation
properties of the eigenspace [3].

Next we set m=1/(7+x+y) and T=4. We let k=2 and show the first 6 eigenvalues for the
unit square in Table. 3. For the values we have, the second and third values are the approximation
of an exact eigenvalue with multiplicity 2. The plot of these two eigenvalues also supports our
argument (see Fig. refeigfs2and3square).

Table 3: The first 6 eigenvalues of the unit square (m=1/(7+x+y),k=2).

h 1/10 1720 1/40 1/80
Ist 7.47404958  7.16350861  7.07416012  7.04980287
2nd 13.53510833 12.65674643 12.40540951 12.33699851
3rd  13.56136527 12.66649644 12.40864636 12.33801199
4th  19.87793508 18.09893827 17.57438280 17.42945049
S5th 24.20522590 21.88523609 21.23824277 21.06329278
6th  25.98991545 23.76950307 23.13193451 22.95622682

Similar to the unit square, we show the results for the L-shaped domain in Table. 4.
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Figure 1: The first row: the first and the second eigenfunctions for the unit square. The second row: the first
and the second eigenfunctions for the L-shaped domain.
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Figure 4: The second and third eigenfunctions of the unit square.
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