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Abstract

We investigate the conjecture that every circulant graph X admits a
k-isofactorization for every k dividing |E(X)|. We obtain partial results
with an emphasis on small values of k.
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1 Introduction

Given a graph X, we call a partition of the edge set E(X) into parts E1, Ea, ..., Ej
an isomorphic factorization provided that the subgraphs (E1), (Es), ..., (Ej) in-
duced by the respective edge sets are mutually isomorphic. The first paper on
graph decompositions, with isomorphic factorizations as the viewpoint [7], ap-
peared in 1978. It led to many papers on the topic and interest in the problem
continues to the present.

In order to simplify terminology, henceforth we shall refer to an isomorphic
factorization of a graph into subgraphs with k edges as a k-isofactorization.
Many of the early papers on isofactorizations dealt with graphs possessing con-
siderable symmetry. The corresponding results tended to follow the maxim that
if k divides the number of edges in the graph, then there is a k-isofactorization
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of the graph. This led the first author to pose the following three problems [1].
If k divides the number of edges in X, then does X have a k-isofactorization
whenever X is in the family of circulant graphs, or the family of Cayley graphs,
or the family of vertex-transitive graphs?

We consider the k-isofactorization problem for the family of circulant graphs
in this paper. The circulant graph X = circ(n;S) is the graph with vertex set
{wo,u1,...,u,—1}, and an edge joining vertices u; and w; if and only if j—i € S,
where S C Z, \ {0} and s € S if and only if —s € S. We denote an edge joining
u; and u; by u;u;. The set S is called the connection set of circ(n;S). For
example, circ(8;{1,2,4,6,7}) is given in Figure 1. The edge joining u,; and u;
is said to have length equal to the residue in the range 1,2,...,|n/2] that is
congruent to j — 4 or ¢ — 7 modulo n.

The circulant graph circe(8;{1,2,4,6,7}).

The general problem for circulant graphs is to show that circ(n;.S) has a k-
isofactorization whenever k divides (n|S]|/2), the number of edges in the graph.
The number of subgraphs must be (n|S|/2k). There has been a little work
done on this problem. In [10] it is shown that circ(n; S) has a k-isofactorization
whenever |S| is a prime and k divides n|S|/2. In [11] it is shown that circ(n; S)
has a k-isofactorization whenever |S| =4 and k divides 2n.

2 Some Constructions

In this section we present some special constructions that produce isofactoriza-
tions. These constructions are used to handle many cases. The first contruction
involves matchings.

2.1 Definition. A k-matching in a graph X is a set of k independent edges,
that is, k edges that have no common vertices.

2.2 Lemma. Let X be a regular graph of order n and valency 1 or 2. If k is
a proper dwisor of |E(X)|, then X can be decomposed into k-matchings except
when n = 2k and X has an odd order component.

ProoF. If X is regular of valency 1, then X itself is an F-matching. If & is
a proper divisor of [E(X)|, then k | n/2. We simply partition the Z-matching
into k-matchings.



We move to the valency 2 case. Let
C1,C,...,Cy

be the t cycles comprising the components of X. Let the respective orders be
51,62, N ,ét. We know that

and that k is a proper divisor of n. Thus, we want to find n/k k-matchings
that partition E(X). The proof of Theorem 1.1 in [6] gives us the result for all
n/k 2 3. When n/k = 2, we need a proper edge coloring of X with 2 colors.
This is possible exactly when every cycle has even length. This completes the
proof of the theorem.

2.3 Theorem. If X = circ(n;S) is connected, k is a proper divisor of n, and k
divides |E(X)|, then there is a k-isofactorization of circ(n; S) into k-matchings.

Proor. If n is even, consider the special divisor £k = n/2 first. By the main
result in [9], circ(n; S) has a 1-factorization. Each 1-factor is a k-matching and
we are done in this case.

We may assume that the divisor k satisfies k < n/2. We write circ(n;.S)
as the union of circulant subgraphs circ(n; {£s}), s € S and use Lemma 2.2
to independently decompose each into k-matchings. Note that this also works
for s = n/2 because if k divides n and |E(X)|, then k also divides n/2 when
n/2 € S. We may apply Lemma 2.2 here as well. Il

Let p be the permutation (ug u; w2 -+ un—1). The permutation p is an
automorphism of every circulant graph. It also affords us a convenient way to
describe subgraphs of a circulant graph. If Y is a subgraph of circ(n; S) and
V(Y) = {wiy, Uiy, ..., us }, then p(Y) is the subgraph of circ(n;.S) with vertex
set {p(us, ), p(uiy), ..., p(us,)} and has an edge joining p(u,, ) and p(u,,) if and
only if there is an edge joining u;, and u;,. We define p/(Y) = p(p’~1(Y)).

2.4 Definition. Given n vertices cyclically labelled ug, w1, ..., Un—_1, let £1,0o, ..., 4;
be a sequence of integers satisfying 1 £ 01 < ly < --- < £ < n/2. A zig-zag
path using the lengths ¢1,4s,...,¢; is a path of the following form, where all
subscript computations are performed in Z,. Its initial vertex is some u;. The
first edge goes from w; to u;ts,. The next edge goes from w;ye, 10 Uite,—e,.
We then use an edge of length ¢3 by going from wiie, —¢, t0 Ui, —ryt0,. We
continue in this way going back and forth with edges of increasing length from
our list of edge lengths until all lengths are used.

2.5 Theorem. Ifk divides |S|/2, then the graph circ(n; S) has a k-isofactorization
into zig-zag paths of length k.

PrOOF. The hypothesis that k divides |S|/2 implies that |S|/2 is an integer,
so that either n is odd or n is even and n/2 ¢ S. Choose t = ‘—‘g‘ distinct



lengths from S so that 3 < €y < --- < {; < &. Since k divides t = [S]/2,
we may partition {€1,fs,...,¢;} into t/k parts P1,Ps,..., P, of cardinality .
For each part P;, we take a zig-zag path P; using the lengths of P;. It is clear
that the paths Pi, Py, ..., P, under the action of p, p?, ..., p" ! partition the

edges of circ(n; S) as required. ll

We remind the reader that the size of a graph is the number of edges in the
graph.

2.6 Theorem. Ifk divides |S|/2, then the graph circ(n; S) has a k-isofactorization
into stars of size k.

PROOF. Again, the hypothesis that k divides |S|/2 implies that either n is odd
or n is even and n/2 ¢ S. We follow the same procedure as used for Theorem
2.5 to obtain the partition P, Pz, ..., P; /. However, now we form stars of size
k, rather than zig-zag paths, and use the same rotations as above. ll

We have been emphasizing the size of the isofactors, but it is natural to
wonder if divisors of the order of the circulant also lead to easy isofactorizations
in terms of the number of the factors. The next result shows that this is the
case.

2.7 Theorem. If d | n, then circ(n;S) has an %—isofactorization except for

the case that n is even, n/2 € S, and n/d is odd.

PROOF. If n is odd or n is even and n/2 ¢ S, the elements s and —s are
distinct. Hence, in these cases, we may partition the connection set into two
parts A and —A, where for each £s € S, we arbitrarily put one of them in A
and the negative in —A.

Choose Vy = {u; : i = 0(mod d)}. Now let Ey = {wuirq : u; € Vp,a € A}.
Let Xy be the subgraph of circ(n;S) induced by FEy. It is then clear that
Xo, p(X0), p?(Xo), ..., p? 1 (Xy) are d mutually isomorphic subgraphs partition-
ing E(circ(n; S)) into subgraphs of size n|S|/2d.

Alternately, we may take Vi = {uo, u1, ..., u,/q—1}. Againlet Ef = {u;uiiq
u; € Vo,a € A}, and X|j be the subgraph of circ(n;S) induced by Ej. Then
the subgraphs X}, p™4(X}), p?/ (X)), ..., pld=n/4(X}) are d mutually iso-
morphic subgraphs partitioning E(circ(n;.S)) into subgraphs of size n|S|/2d.

In the case that n is even and n/2 € S, we may assume that n/d is even
by hypothesis. Then both u; and u;, /2 belong to Vy so that Ey contains the
edges of length n/2 joining them. Thus, again Xy, p(Xo), p*(Xo), ..., p? 1 (Xo)
are d mutually isomorphic subgraphs partitioning F(circ(n;.S)) into subgraphs
of size n|S|/2d. B

We now present a theorem which unifies and expands the results of this
section.

2.8 Theorem. Let X = circ(n;S) be a connected circulant graph of order n.
If k divides |E(X)| and either k properly divides n or k divides |S|, then there
is a k-isofactorization of X.



Proor. If k is a proper divisor of n, then Theorem 2.3 gives us the desired
conclusion for this subcase. If k | |2ﬁ|7 then the conclusion follows from either
Theorem 2.5 or Theorem 2.6 when n is odd.

If k| |2i| and n is even, then the length n/2 ¢ S because n/2 = —n/2 and
|S] is even. So S has the form {£¢;,+0s,...,£¢;}. We now use the proofs of
either Theorem 2.5 or Theorem 2.6 to obtain isofactorizations into either paths
of length k or stars of size k.

If k =S|, then n must be even because k divides |F(X)| = @ Suppose
S contains the lengths 01, £¢5, ..., +/; and possibly the diameter length n/2.
Start a zig-zag path Py from vertex ug using all lengths except n/2. Start a
zig-zag path P, from w,/, using all lengths except n/2. If n/2 is not in S,
|P1UP2| =2t = |S| =k and, thus, PlUPQ,p(PlUPQ),...,pn/Q_l(Plupz) is
a k-isofactorization of X. On the other hand, if n/2 € S, form a single path
P by adding the edge from ug to u,/2 to P, U . Then P has length k and
P,p(P),p*(P),...,p"?> 1(P) is a k-isofactorization of X.

This leaves us with the case that k divides |S| but does not divide |S|/2.
This implies that |S| = (2m + 1)k for some m = 1. If k is odd, then n is
even and n/2 € S. Suppose S = {tfly,+ls,... £ ly,n/2}, where 1 < £4; <
n/2, 1 < i < t. Make a zig-zag path P, starting at ug and using lengths
ly,02,...,¢;. Then make a zig-zag path P» starting at ug and using the lengths
lit1,lit2,- ., lax. Continue with zig-zag paths until m paths Py, Ps,..., P,
have been constructed that use the first mk lengths of S. For each P;, 1 <
i < m, the paths P;, p(P;), p?(P;), ..., p" (P;) use all of the edges with lengths
51,62, - 7€mk-

The k elements of S not used so far are +,,,41, ..., £¢; together with n/2.
Start zig-zag paths of length (k —1)/2 at both ug and u,/, and add the edge
from wg to u, 3 to produce a path P of length k. The k-isofactorization is given
by the paths P, p(P),...,p"?~1(P).

If k is even, then n must be even because k does not divide |S|/2,and n/2 & S
because |S] is even. We know that k/2 divides |S|/2 which means that we can
partition the [S|/2 lengths of S into parts {£;,, li,, ..., {;,,,} of cardinality k/2.
For each part, place a zig-zag path @Qq of length k/2 using the lengths in the
part at ug. Let Q2 = p™/?(Q;). The subgraph Q1 U Q5 is rotated through n/2
positions to use all edges of the lengths in the part used to construct ;. This
completes the proof. Il

The glaring omission of Theorem 2.8 is k = n. This will be discussed later.

3 Earlier Results

We now indicate quickly how to obtain two earlier results about isofactoriza-
tions. The first result is given in [11].

3.1 Theorem. If X = circ(n;S) is a circulant graph with valency 4 and k is
any divisor of |E(X)|, then X has a k-isofactorization.



PROOF. It is clear that it suffices to prove the result for connected circulant
graphs. Hence, we assume X is connected. The number of edges in X is 2n. If
k =2n, X itself is the isofactor. If k = n, then the main theorem of [3] implies
that X has a decomposition into two Hamilton cycles. This takes care of k = 2n
and k = n.

If k is a proper divisor of n or k = 2, then the result follows from Theorem
2.8. This leaves us with divisors of the form 2d, where d is a proper divisor of
n. In this case, we use Theorem 2.7 with the proper divisor n/d. l

The second result appears in [10].

3.2 Theorem. If X = circ(n;S) is a circulant graph with valency p, where p
is a prime, and k is any diisor of |E(X)|, then X has a k-isofactorization.

PROOF. It is clear that it suffices to prove the result for connected circulant
graphs. Hence, we assume X is connected. If p = 2, then X is a Hamilton cycle
and it is easy to see the conclusion is valid in this case. Hence, we assume that
p is an odd prime for the rest of the proof. The number of edges in X is np/2
which implies that n is even. Since the valency p is odd, the length n/2 must
belong to S.

If k is a divisor of n/2, then it is a proper divisor of n and the result follows
from Theorem 2.8. If k = np/2, then the entire graph is the isofactor. The other
divisors have the form dp, where d is a proper divisor of n/2. Use Theorem 2.7
with the proper divisor n/2d to settle the remaining case. ll

4 Isofactors with few edges

We now consider isofactors whose size is smaller than the order of the circulant
graph under discussion. If X = circ(n;S) and k < n is a divisor of n|S|/2,
the results of Section 2 take care of the cases when either k divides n or k
divides |S|/2. This leaves us with the situation that neither of these divisibility
conditions hold. The next theorem is a partial result whose proof indicates one
approach when the isofactors have small size.

4.1 Theorem. Let X = circ(n;S) be a circulant graph of order n, and let k
satisfy k < n, k divides n|S|/2, and k does not divide either n or |S|/2. Let
7 = ged(n, k), k = k/7, and tk = |S|/2. If either t =1, or t 2 7/2 and S has
no elements divisible by T, then X has a k-isofactorization. Moreover, when
t # 1, we obtain isofactors that are vertex-disjoint unions of m paths of length
k.

PRrOOF. We use the notation in the statement of the theorem. Note that @ < n
because k < n. On the other hand, @ = 1 implies that & divides |S|/2 which is
contrary to hypothesis. Thus, 1 <7 < n.

The definition of k implies that we want isofactors with 7k edges. When
t # 1, we achieve this by producing isofactors that are vertex-disjoint unions of



7 paths of length k. Before handling the general case, we dispose of the case
that t = 1.

We have k = |S|/2 when ¢t = 1 , so that |S|/2 is an integer. This implies
that |S| is even. In particular, the element n/2 does not belong to S when n
is even. Because the number of isofactors we want is a divisor of n, we invoke
Theorem 2.7.

Suppose that ¢ > 1. It is convenient to arrange the vertices of X as an
array with n/7 rows and T columns. The vertices in the first column, starting
with the top row and working down the column, are wg,uy,us,...,uz—1. The
vertices across the rows are the orbits of p™/™ acting on V(X)) listed cyclically
from the element of the row in the first column. Whenever we can find a path
P of length k that uses at most one vertex from each row of the array, then the
paths P, p"/7(P),. .., p" "/™(P) are vertex-disjoint because P uses at most one
vertex of each orbit of p™/™.

When we have a collection of distinct lengths, using the lengths in a zig-zag
fashion guarantees that we obtain a path. If we think of the rows of the array
as ordered cyclically (that is, place the rows around a cylinder), then we can
talk about the length between rows too. Unfortunately, distinct lengths in X
may have the same length between rows. Thus, care must be used when trying
to construct paths of length & in the array that use at most one vertex from
each row.

We partition the |S|/2 lengths of X into ¢ subsets L1, Lo, ..., L;. Note that
at most 7 lengths of X have the same length between rows of the array. Hence,
when we partition the lengths of X, we can ensure that at most two lengths of
any L; have the same length between rows of the array because 2t 2 7.

We now prove a general claim about multisets of lengths and apply it to
complete the proof of the theorem. To that end, consider a multiset of r lengths
with no length appearing more than twice, and where ¢ is the longest length
that occurs. Then we claim we can find a path of length r in K using each of
the lengths as long as N = 2¢ when the length ¢ appears once, or N = 2¢ + 1
when the length ¢ appears twice.

Let di < ds < --- < ds be all of the distinct lengths of the multiset arranged
in ascending order. Note that ds = £. Let d} < dj < --- < d., be the duplicated
lengths arranged in ascending order. Starting at vg construct the zig-zag @) path
using the lengths dy,ds, ..., ds = £. All the vertices of @ lie inside a segment of
vertices for which the edge of length ¢ is a chord. Starting from the end vertex
of the edge of length d that also is an end vertex of ), construct a zig-zag path
using edges of lengths d, down to d} in decreasing order. There is enough room
to complete the path because of the conditions on NV in relation to how many
times ¢ occurs as a length. The resulting path is the path we are looking for
and shows that the claim is true.

Using the claim, the assumption there is no length divisible by 7, and the
assumption that no length between the rows appears more than twice in any
L;, we construct a path P; of length k using at most one vertex of any row
and using the lengths of L;. Then P;, p™/"(P;),...,p" ™™(P;) is a vertex-
disjoint union of 7 paths of length k. This is then the isofactor X;. The



subgraphs X;, p"(X;),...,p" "(X;) use all of the edges of X of the lengths in
L;. Therefore, we have found a k-isofactorization of X into subgraphs that are
vertex-disjoint unions of 7 paths of length .

An intriguing case is that of isofactors with |V (X)| edges. It has been con-
jectured [2] that every connected circulant graph of even valency has a Hamilton
decomposition. A positive answer to this conjecture, of course, implies that we
can always find a |V (X)]-isofactorization for any circulant graph of even valency.
(If a circulant graph X has odd valency, then |V (X)| does not divide |E(X)|
anyway.) The following theorem was proved in [3].

4.2 Theorem. A connected circulant graph of valency 4 has a decomposition
into two Hamilton cycles.

The connection set S for a circulant graph circ(n; S) is said to be minimal
if S\ {£s} generates a proper subgroup of Z,, for every s € S. J. Liu proved
the following result in [8].

4.3 Theorem. Let X = circ(n;S) be a connected circulant graph of odd order.
If S is minimal, then X has a Hamilton decomposition.

4.4 Corollary. Let X = circ(n;S) be a connected circulant graph. If |S| is
even and its elements can be partitioned into parts of the form {%s1,+s2} so
that ged(n, s1, $2) = 1 for each pair, then X has a Hamilton decomposition. The
same conclusion holds when |S| is odd, if S can be partioned into parts as before
together with a part of the form {+s}, where ged(s,n) = 1.

PRrROOF. It is well known that the circulant graph circ(n; {£sy, £s2}) is con-
nected if and only if ged(n, s1,s2) = 1. We apply Theorem 4.2 to decompose
this circulant into two Hamilton cycles. Doing this for each of the parts pro-
duces a Hamilton decomposition of X when |S| is even. When |S] is odd, we
have a single Hamilton cycle coming from the element s.

The preceding results cover many cases when we are seeking isofactors with
|V (X)| edges, unfortunately, it is easy to find examples that are not covered
by the preceding results. The circulant graph circ(15,{£3,+5,+6}) is one
such example. This invites us to seek other methods for producing a |V (X)|-
isofactorization.

4.5 Corollary. Let X = circ(n; S) be a circulant graph with |S| even. If |S|/2
divides n, then X has an n-isofactorization.

PROOF. This follows directly from Theorem 2.7 by letting d = |S|/2. H

We turn our attention to the valency 6 case. There is some new work by
Dean [4, 5] that almost settles this case. We summarize his results in the next
theorem.



4.6 Theorem. Let X = circ(n;S) be a connected circulant graph of valency 6.
If n is odd, or n is even and some element s € S satisfies gcd(n,s) = 1, then
X has a Hamilton decomposition.

Circulant graphs of even order with connection set S = {£s1,+s2, £53},
where ged(n, s;) > 1, for i = 1,2, 3, and ged(n, s1, 2, 83) = 1, are the only cases
not covered by the preceding theorem. When these conditions hold, Theorem
2.7 gives an n-isofactorization when n is a multiple of 3 by using d = 3 in the
theorem. As a matter of fact, we also can do the remaining cases for even n,
but the proof is lengthy and is omitted here.

5 Small order circulant graphs

We conclude the paper by examining circulant graphs of small order. It is not
difficult to see that it suffices to consider only connected circulant graphs. The
case of valency 1 is covered by Lemma 2.2. The cases of valencies 2, 3, 4, 5, and
7 are covered by Theorems 3.1 and 3.2.

For valency 6, we have |E(X)| = 3n, where n is the order of the circu-
lant graph. If 3 divides k, then Theorem 2.7 establishes the existence of a
k-isofactorization of X. If 3 does not divide k, then Theorem 4.1 covers all
situations except k = n. For the latter, Theorem 4.6 takes care of n odd and
any cases for n even with at least one s € S satisfying ged(n,s) = 1. There
are examples of circulant graphs of orders 12 and 18 that are connected, have
valency 6, and have no elements of the connection set relatively prime to n.
However, the number of required isofactors is three which divides n, so they are
covered by Theorem 2.7.

Thus, for valency 6 there are no counterexamples of order smaller than 20.
We move to valency 8. Since [7] settles the case for complete graphs, the smallest
examples not covered have order at least 10. If X has order 10 and valency 8, it
has 40 edges. The divisors 2, 4 and 5 are covered by Theorem 2.8. The divisors
8 and 20 are covered by Theorem 2.7. The divisor 10 is covered by Theorem
4.4. The other divisors are trivial.

There is one circulant graph, to within isomorphism, of order 11 and valency
8. The methods of this paper fail to provide a 22-isofactorization for this cir-
culant graph. The next smallest examples are the circulant graphs of order 13
and valency 8 with k = 26. The smallest even order circulant graphs whose iso-
factorizations are not covered by this paper have order 14 and valency 12 with
k = 21,28. We have found appropriate isofactorizations using ad-hoc methods.
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