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Abstract

An incompletet-wise balanceddesignof index X is atriple (X, H, B) whereX is a v—
elementset, H is asubsedf X is calledthehole,andB is a collectionof subset®f X called
blocks, suchthat every t-elementsubsetof X is eitherin H or in exactly A blocks, but not
both. If H is a holein anincompletet-wise balanceddesignof orderv andindex A, then
|H| <wv/2if tisoddand(v —1)/2 if t is even.In particular thisresultestablishethevalidity
of Kramers conjecturghatthe maximalsizeof ablockin a Steinert-wise balancedlesignis
atmostv/2 if ¢ is oddandatmost(v — 1)/2 whent is even.

Keywords:t-wise balancedlesignsdesignswith holes.

1 Introduction

A t—wisebalanceddesign(¢BD) of typet—(v, I, \) isapair (X, B) whereX is av—elemensetof
pointsandB is a collectionof subset®f X calledblocks,with the propertythatthe sizeof every
blockis in I andevery t—elementsubsetof X is containedn exactly A blocks. If K is a setof
positive integersstrictly between: andwv, thenwe saythe tBD is proper. A t—(v, K, \) designis
alsodenoteddy S, (t, IC, v). If |K| = 1, thenthetBD is calledat—(v, k, \) designwhereK = {k}.
If A = 1, thenthenotationS(¢, K, v) is oftenusedandthedesignis a Steinersystem.

An incomplete—wisebalanceddesign(I¢BD) of typet—(v, h, K, A) is atriple (X, H, B) where
X is av—elementsetof points, H is an h—elementsubsetd C X (calledthe hole), and B is
a collectionof subsetf X calledblocks suchthat every t—elementsubsetof pointsis either
containedn the hole or in exactly A blocks,but notboth. Thus,a 1tBD of typet—(v, h, K, ) is
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equialentto atBD of typet—(v, L U {h}, \) having a block of sizeh whichis repeated\ times.
In particularwhen)\ = 1, atBD of typet—(v, k, A) is altBD of typet—(v, h, IC, 1) forary h € K,
providedof coursethatthe¢BD actuallyhasablock of sizeh.

In 1983,Kramer[1] posedhefollowing conjecture:

Let (X, B) bea propertBD with¢ > 2, and\ = 1. If £ is the sizeof anyblock in
(X, B), thenk < (v —1)/2 whent is even;while £ < v/2 whent is odd.

Kramerverified this conjecturefor ¢ < 5 andwasableto show thatin eachcasethe bound
wasbestpossibleby constructinganinfinite family of tBDs meetingthe bound.Recently Ira and
Kramer[3] consideredhis conjecturdor ¢ = 6, andwereableto shawv thefollowing.

Theorem 1.1 If B isablodkin a properSteiner6—wisebalanceddesignthen|B| < v/2.

This falls just shortof Kramers conjecturefor ¢ = 6. On the otherhandasthe authorsin [3]
pointout, no properSteinertBD hasbeenconstructedvhent > 6. In this papemwe will provethe
following result:

Theorem 1.2 Let (X, H, B) beaproperltBD with¢ > 2. If h = |H| > t is thesizeof theholein
(X, H,B), thenh < (v — 1)/2 whent is even,while h < v/2 whent is odd.

Setting\ = 1, we verify Kramerss conjecturdor all ¢t > 2:

Coroallary 1.3 In any propertBD (X, B) of typet—(v, K,1) , wehavek < (v — 1)/2 whent is
even,while k < v/2 whent is odd,whee & is thesizeof anyblodkin (X, B).

To obtainTheoreml.2,we useasanessentialool thefollowing result,whichallows usto consider
only properltBDs of typet—(v, h, {t + 1}, \):

Theorem 1.4 Supposé¢here existsa properltBD of typet—(v, h, K, \) with2 < ¢ < h < v. Then
there existsa properltBD of typet—(v, h, {t + 1}, \') whee

N=x]]k-1).
kex
Proof: Let (X, H, B) be a propertBD of type t—(v, h, L, A\) with2 < ¢t < h < v. LetK =
{ki,ks,..., ke}. Foreachi =1,2,..., ¢ andeachblock B € B of sizek;, take

L

a= 11 k-1

j=1g#i

copiesof B andthenconstructon eachcopy a t—(k;,t + 1, k; — t) design(obtainedby simply
taking all (¢ + 1)—elementsubsetof B). We claim that the resultingdesignis a [tBD of type
t—(v, h, {t + 1}, X'). Indeed et T' be ary t—elemensubsenf our pointsetX. If T C H, thenT
wasnot containedn ary block in the original designandsois not containedn ary blockin the
new design.Otherwise supposeahat is containedn r; blocksof sizek; in the original design,
1=1,2,...,£. Then

ri+rot+ - +re= A
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In thenew design,T" is containedn

14 )2
Tlcl(kl—t)+T'QCQ(]€2—t)+"'+’f'ng(l€g—t) = Z{TZ H (k]—t)}(kz—t)

i=L \ j=1

)2
= (7'1+T2+"'+T5)H(kj—t)

= MJ&x-1 _

kex
blocks,asrequired. |

Thus,it sufficesto prove Theoreml.2in the particularcaselC = {t + 1}. We cansimplify the
problemfurtherby makingthefollowing obsenation,asnotedin thecase)\ = 1, [1]:

Lemma 1.5 Suppose¢hat Theoem1.2is true whent is even.Thenit is alsotrue whent is odd.

Proof: Supposeo the contrarythatwe have a properltBD of typet—(v, h, I, \) with b > v/2,
wheret is odd,t > 3. Thenv < 2h — 1. Now take the deriveddesignthrougha pointin thehole
to obtainaproperl (¢t — 1)BD of type(t —1)—(v —1,A—1, K =1, \) withv -1 < (2h—1)—1 =
2h — 2 = 2(h — 1), whichis acontradictiorto the hypothesidecause — 1 is even. |

Thus, we needonly considerthe caset even; finally, we reducethe problemto that of proving
the non-eistenceof properltBDs of typest—(2h — 1, h, {t + 1}, \) andt—(2h, h, {t + 1}, \), as
follows. Wefirst prove Theoreml.2for t = 2 andKC = {3}.

Lemma 1.6 If thereis anincomplete2—(v, h, {3}, A) designwith h < v, thenv > 2h + 1.

Proof: Let (X, H, B) betheindicatedncomplete2—(v, h, {3}, \) designandletz € H. Thenthe
derived designwith respecto X yieldsa A—regular multi-graphon the vertex set X \ H; taking
deriveddesignsoverall x € H yieldsa Ah—regularmulti-graphon X \ H. Now letv € X \ H.
Thenfor ary v € X \ H with v" # v, the numberof timesthe pair {v, v'} occursin our multi-
graphcannotexceed), for otherwisethe pair {v, v'} would have appearedn morethan\ triples
in (X, H,B). Hence \h < A\(v — h — 1) andsov > 2h + 1 asdesired. |

Now suppose’ > 4 is evenandthatwe have establishedhe non-eistenceof properl¢'BDs of
typest'—(2h—1, h, {t'+1), A) andt’—(2h, h, {t'+ 1), A), andthatwe have establishedheoremn.2
fort = t'—2. Thentherecannotexistaproperl¢'BD of typet'—(v, h, {t'+1), ) forary v < 2h—2,
for if otherwisethenby derving throughtwo pointsin theholewe would obtaina properl¢BD of
typet—(v—2,h—2,{t+1),\), wherev—2 < 2h—4 = 2(h—2), contraryto ourassumptionHence
Theoremil.2holdsfor ¢'. By inductive reasoningstartingwith Lemmal.6,we cansummarizehe
above discussiorasfollows:

Lemma 1.7 If there do not exist proper1¢tBDs of typet—(2h — 1, h, {t + 1}, \) or t—(2h, h, {t +
1}, A) forany) andany2 < ¢ < h, wheetiseven,thenTheoeml.2holds(forall2 < ¢t < h < v,
K and)).



In thenext sectionwewill establisithenon-«istenceof 1tBDsof thetypegivenin Lemmal.7,
andtherebyestablishTheoreml.2. Thenin section3 we will constructsomefamiliesof designs
meetingthe boundsof Theoreml.2. In particular for eachoddt¢ > 3 andeachh > t + 1 we
will constructa ItBD of type t—(2h, h, {t + 1}, (2h — t)t!(";l)); by deriving througha pointin
the holein thesedesignswve will obtainfor eachevent > 2 andeachh > t + 1 altBD of type
t=(2h+1,h, {t+1}, 2h—t+1)(t+1)!(,",)). Wewill thenshaw thattherecannotexist ary proper
1tBD of typet—(v, h, K, A) meetingtheboundsof Theoreml.2whenmin{k : k € K} >t + 2.

We concludehis sectionby pointingoutthatif thereexistsaproperl¢tBD of typet—(v, h, KC, \)
andapropertBD typet—(h, K, \), thenwe canconstructhe¢tBD onthe pointsof the holein the
1tBD to obtaina propertBD of type t—(v, K, \) having a tBD of type t—(h, K, \) asa (proper)
sub-designThereverseconstructioralsoholds: just remaove the blocks(but not the points)of the
sub-desigro obtainanincompletetBD. ThusTheoreml.2yieldsthefollowing resultconcerning
the maximalsizeof asub-designn atBD of typet—(v, I, A):

Corollary 1.8 Supposéhat there is a proper tBD of typet—(v, I, \) containinga ¢BD of type
t—(w, IC, \) asa propersub-designThenv > 2w whent is odd,whilev > 2w + 1 whent is even.

2 Thenonexistenceof certain 1tBDs.

In this sectionwe show thatproperltBDsof typest—(2h — 1, h, {t+ 1}, \) andt—(2h, h, {t+1}, \)
cannotexist for ary event. We begin by proving two combinatoriaidentities.We usethenotation

gi(h)y=hh—-1)(h—2)---(h—t+1) :t!(?).
(Notegq(h) = 1, theemptyproduct.)

Lemma 2.1 For everyevenintegert > 2, andh > t,

t
1 h—1
;Z Y gi—1(h = 1)g—jri(h — 1) = (t—l)'
Proof:
1 t
yz ) gj-1(h)g—j+1(h — 1)
j=1
1 t
= t_[ gt(h — 1) + g1(h) gi—1( +Z ) gj—1(h)gs— j+1(h—1)]
j=3

(7)) ;i



Now if ¢t = 2, thenthesumtermis vacuousptherwiseby observinghat

gi-1(h)gi—jr1(h=1) = [A(h=1)---(h =7 +2)[[(h=1)(h=2)---(h—t+j—1)]
= [Ah=1)(h=2)---(h=t+j—=1][(h=1)---(h—j+2)]
= gi—j2(h)gj_2(h — 1),

we seethatfor eachj = 3,. .., % + 1, thej andt — j + 3 termsin the sumcancel.(They have
oppositesign,because is even). Thusin eithercasethe sumtermis equalto 0, andwe get

%;(—1)7gj_1(h)gt_j+1(h —1)=- (h; 1) * (}tl) - CL:ll)
asdesired. I

Lemma2.2 For everyevenintegert > 2, andh > ¢

t

j— tgi(h
Z(_l)J lgj—l(h)gt—j—i—l(h) = —2?;( )t
i=1 -
Proof: We proceeduy inductionont. Whent = 2 we get
2 2h(h — 1)
Z )~ g 92—j+1(h):h(h—1)—h2:_m’

J=1

asrequired.Now define

t
Z )~ g] 1(h)gi—j+1(h)

7j=1
andlett > 4. Then

t

fi(h) = Z(—l)jilgjfl(h)gt—jﬂ(h)

= g(h)+)_(=1)g;(h)gi—(h) — gi1(h)h

= g(h) — g1 (R)h + B° z_:(—l)jgj_l(h —1)gi—j—1(h — 1)
= g(h) — g—1(R)h — h? i(_l)jlgy‘—l(h —1)gi—j—1(h — 1)
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= gt(h) - gt—l(h)h - hth—2(h - 1)
(t—2)gi—2(h —1)

= gi(h) — gi—1(h)h + h22(h "y Q)
= )=t + 1) g+ a7 D0
_ (=t+1)(2h —1t) + h(t — 2)
= gi-1(h) ( oh — ¢ )
= a4 1) (5
—t
asdesired.(Theinductionassumptiorwasusedin step(1).) 1

Now supposehatwe haveaproper¢tBD (X, H, B) of typet—(2h—1, h, {t+1}, \) with h > ¢.
Foreachj =0,1,---,t—1, let

B, = {BeB:|BNH|=j}
and
T, = {TCX:|T|=tand|T N H|=j}.

Lett; = |73 Thent; = (*)(%)). If wesetz; = |B;|, thencountingpairs (T, B), suchthat

% t—1
T C X,|T| =t,andT C B € B in two wayswe seethatthefollowing equationsold.

fori=0,1,---,t—2,and
2.7)75_1 = )\tt_1.

Thecoeficient matrix of this systemof equationss

[ t+1 1

If we set
T = [-TOa Z1,--- aIt—l]

and
t= [thtla S 7tt—1]7



thenbecauseacht—elementsubsef X notcontainedn H mustoccurin A blocks,the matrix
equation
AZ =Mt
musthold. The matrix A is uppertriangularwith non-zeromaindiagonal. Thusthe matrix A is
invertible,whence
= A" (M) = AT
Indexing therows andcolumnsof A= by 1,2, ..., t it canbereadilyverifiedthat
, 1
AL g = (1)
’ - (t+1
]( j )

forj =1,2,...,t. Therefore
R Lo
t —
S Yol [
= A {%i ) gj-1( gt—j+1(h—1)}-

Thus,applyingLemma2.1we seethat

T —_—)\ h—1 <0
O i\t —1 '

This is a contradiction,becauser, countsthe numberof blocks disjoint from the hole H and
consequentlgannotbe negative. Thereforeno properltBD of typet—(2h — 1, h, {t + 1}, \) with
h > t canexist.

Now considera properl¢BD of typet—(2h, h, {t + 1}, A) with A > ¢ . Usingthesameanalysis
asbefore,we arrive atthe matrix equation

AZ = M,
exceptthistime
()G5)
ti=| . )
1 t—1
fori =0,1,...,t — 1. Soin this casewe get

To = A; )(]f1)<t_?+1)
= tiljz; (1)<3f1)(t_?+1>
_ {i 1) g;_1(h)ge— j+1(h)}
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Thus,applyingLemma2.2we seethat

o= (t-i\l)! (‘éif(—h)l) T 1;(;2 —9) <]tl> <0,

againacontradiction.Thus,no properl¢BD of typet—(2h, h, {t + 1}, A) with h > ¢ canexist. We
have thereforeestablishedhefollowing:

Theorem 2.3 Thee do notexistproper|tBDs of typest—(2h — 1, h, {t + 1}, A) or t—(2h, h, {t +
1}, A) forany A andany2 < ¢ < h, whent is even.

Hence,by Lemmal.7 we have established’heoreml.2 andsothe validity of Kramers con-
jecture(Corollary1.3). In particulay settingkC = {k} in Corollary1.3we obtainthefollowing:

Theorem 2.4 A SteinersystenS(t, k,v) hask < v/2 whent isoddandk < (v — 1)/2 whent is
even.

3 Meeting the boundsof Theorem 1.2

In this sectionwe will shav thatfor everyt andeveryh > t + 1 thereexistsaltBD thatmeetshe
boundgivenby Theoreml.2. Hence theseboundsaresharp!We requirethe following results.

Lemma3.1 Let M bethet byt matrixwhosefz, j|—entryis givenby
h—t+i ifj=1,
Mli,j]={ h—i ifj=di+1,
0 if j#£i0ri+1,
for0 <i,j7 <t-—1,andwheeh > t 4+ 1. Thenthe (unique)solution to the matrix equation
M© = 1w,
wheew = [0,0,...,0,h —t+1]T has

i19i(h —t+1)

fori=1,2,...,t,andwhee g; are thefunctionsdefinedn Section2.

Vi—y = (—1)

Proof: We proceedoy inductionon . For clarity, we first explicitly write outthe matrix equation
M7 = w:

h—t h Vo 0
h—t-i—l h—1 U1 0
h—t+2 h—2 () 0
h—2 h—t+2 Vg9 0

i h=1 || w1 | [h—t+1]




Clearlywe have (h — 1)v;_1 = h — t + 1, andso

h—t+1
h—1

Vi—1 =

Consequentlythe resultis establishedor i = 1. Suppose < i < t. Thenfrom the matrix
equationwve seethat
(h — i)Ut_i + (h —t+ Z')Ut—(i—l) = O,

andsoby inductionwe have

—(h —t+1) —(h—t+1) - ogi—i(h—t+i—1)
=y iy = ———— [ (—1)" .
Vi—i h—Z (% (’L 1) h—Z ( ) gz_l(h—l)

Hence, ( )
1 9i(h—t+1
IR Uk ed)
(0 ( ) gz(h—l) ’

asdesired. |

Lemma3.2 LetJ = [1,1,...,1]" andlet ¥ bethevectorof Lemma3.1. If ¢ is odd, theng;(h —
1)(J + ¥) is a non-n@ative integer columnvectora (whee u;—; = gi(h — 1)(1 + v—;), i =
1,2,...,t)inwhichu,_; = 0if andonlyif i = ¢ — 1.

Proof: Foreachi = 1,2, .. .¢,

Ut—; = gt(h —_ 1)(1 + Ut—i)

= gi(h—1) (1 + (=1)"t gzgl(};_t 'i‘)”) i

Thusthevector is integral, because; (h — 1) dividesg,(h — 1). Now we mustshaw that

i—19i(h —t +1)
gi(h —1)

It sufficesto considemnly eveni , 2 < i <t — 1. Wheni is eveninequality(2), is equivalentto

1+ (-1) 0. 2

gi(h —1) > gi(h —t+1),

which follows easilybecauseé < ¢t — 1. Notein particularthatthereis equalityin (2) if andonly
if =t — 1. Theresultfollows. 1

We cannow presenbur constructionsFor ary finite setY” let Sym(Y'), denotethe symmetric
grouponY'.

Theorem 3.3 For each odd¢ > 3 andeach h > t + 1 there existsa I1tBD (HUY, H, B) of type
t—(2h, b, t + 1, (2h — t)t1(", 1)), with Sym(H) x Sym(Y’) asanautomorphisngroup.



Proof: The point setof the designis X = HUY, whereH andY aredisjoint setsof cardinality
h. Theholeis H. Thereare preciselyt orbits Aq, Ay, ..., A;_; of t-elementsubsetghat need
to be covered. Theorbit A; is the setof ¢-elementsubsetghatintersectthe hole H in exactly ¢
points,: = 0,1, ...,t— 1. Similarly, therearepreciselyt orbitsT'y, 'y, ..., ['; ; of possibleblocks
((t + 1)—elemensubsetsjhatareavailable. Theorbit I'; is the setof all (¢ + 1)—elemensubsets
thatintersectthe holein exactly j points. Thus|T';| = (’;) (H’l‘ﬁ.). Now considerthe matrix M
whose[i, j]-entryis
{Bel;:TC B},

whereT is ary fixedrepresentate of A;. Thenthereis altBD (HUY, H, B) of typet—(2h, h,t +
1, (2h — t)t1("*;")) with Sym(H) x Sym(Y’) asanautomorphisngroupif andonly if thereis a
non-ngative integervectori suchthat

Aﬂkz@h—ﬂﬂ(h;1>l

Furthermore M is the matrix appearingn Lemmag3.1. Let @ bethe vectorgivenin Lemma3.2.
Applying Lemmas3.1and3.2we seethat

Mi = Mig(h—1)(J+ )]

= g(h—1)M(J+ )
= g(h—1)(MJ+ MP9)

[ 2h —t ] 0
2h —t 0
= gi(h=1) o+ :
2h — t 0
| h=1 ] | h—t+1]

= g(h—1)(2h—-1)J
:(ww4ﬁ(h;vl

Theresultfollows. 1

Remark 3.4 FromLemma3.2,thevectori hasu; = 0. Thismeanghatin thedesign( HUY,, H, B)
constructedn Theorem3.3, thereare no blocksin the designthat intersectH in exactly one
point! Thatis, the block orbit Iy is not used. Hence,the t—elementsubsetsn A, are covered
A = (2h — t)tI(";") timesby the uy copiesof the orbit I'y. (Thisis a tBD (Y,B) of type
t—(h,{t + 1}, A). NotethatB' is just the setof all ¢ + 1-elementsubsetf Y eachrepeated
ug = A/(h — t) times.) We canremove this sub-desigrandreplaceit with lambdacopiesof the
blockY’ to obtainal¢tBD of typet—(2h, h, {t + 1, k*}, (2h — t)t!(*}")). This givesthesurprising
resultthatthe boundof Theoreml.2 canbeachievedwithoutall blockshaving sizet + 1.

Theorem 3.5 For eath event > 2 andeath h > t + 1 there existsa 1tBD of typet-(2h + 1, h, t +

1, (2h—t+1)(t+ D!(,").
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Proof: FromTheorenB.3,thereisal(t + 1)BD (HUY, H, B) of type (t+1)—(2(h+ 1), h+1,t+
2, (2(h+1) = (t+1))(t+1)1("T1))). Takethederveddesignthroughapointz € H to getthe
desiredtBD. |

Remark 3.6 RecallthatSym(H) x Sym(Y') wasa groupof automorphismsf the designcon-
structedn Theorem3.3. If z is ary pointin thedesign thenits stabilizerin Sym(H) x Sym(Y)
is an automorphisngroup of the derived designthroughz. Hencethe designsconstructedn
TheoremB3.5have Sym(H \ {z}) x Sym(Y) asagroupof automorphisms.

In Remark3.4 we notedthat the boundof Theoreml.2 canbe achiezed without all blocks
having t + 1 points(at leastwhent is odd). We concludethis sectionby shaving thatwhethert
is evenor odd,the boundcannotbe achiezedif the smallestolock hast + 2 points(thatis, there
mustbe blocksof sizet + 1 presenin orderto meetthe bound). Note thatit sufiicesto prove
this theoremfor event, for if ¢ is odd andthereexistsa properltBD of typet—(2h, h, I, \) with
min{k : k € K} > t+2, thenthederiveddesigrthroughapointin theholewouldbeal(t — 1)BD
of typet — 1-(2h — 1,h — 1, K — 1, ) (meetingtheboundof Theoreml.2) with minimumblock
sizeatleastt + 1 = (¢t — 1) + 2. We usethesamestratgy hereasin Section2. Firstof all, if there
existsaproperltBD of typet—(2h + 1, h, KC, A) with min{% : & € K} > ¢+ 2, thenby theobvious
generalizatiorof Theoreml.4, thereexists a properl¢tBD of type t—(2h + 1, h, {t + 2}, \) for
some)’ (in fact\ = AJ], .« (’“;t)); thus,we canrestrictoursehesto thecaseXC = {t + 2}. That
is, it sufficesto prove thenon-«istenceof altBD of typet—(2h + 1, h, {t + 2}, \) for eachevent.
An inductionproofsimilarto Lemma2.2will establisithefollowing combinatoriaidentity.

Lemma 3.7 For everyevenintegert > 2,andh >t

t
o tgiei(h+1
> (1) gy (B (4 1) = 2 D)

=1

Proof: We proceedy inductionont. Whent = 2, we get

—2(h+ 1)h(h —1)
9h — 2

Mw

17 gi-1(h)ga—jsr(h +1) = (h+ 1)h — 2h(h +1) = —(h + 1)h =

]:1
asrequired.Now define

t

Z 1595 1(R)geja(h +1)

Jj=1

andlett > 4. Then

fi(h) = Z(_l)jiljgj—l(h)gt—ﬁ—l(h+1)

= Z(—l)j(j +1)gj(h)gs—;(h + 1)
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t—

= g(h+1)+ Y (-G +1)g;(h)gj(h+1) —tg, 1(h)(h+1)

N

<.
Il
—

t—2

= g(h+1)+h(h+1) Z(_l)j(j +1)gj-1(h = 1)gs—j-1(h) — tgi1(h)(h + 1)

=1
t—2

= g(h+1)+h(h+1) Z(—l)jgj—l(h —1)gt-j-1(h)

=1
t—2

—h(h +1) Z(_l)jfljgj—l(h —1)gi—j—1(h) —tgi1(h)(h+1). 3)

j=1
Now applyingLemma2.1we seethat

t—2

D (=1)Ygja(h—1)gijoa(h) = (t—2)! <(

i=1

h—1
t—2)—1
= (t—=2)g-3(h—1) — gi—a(h) + gs—2(h — 1)
= (t—=2-h)g3(h—1)+ g o(h—1)
= —groh—1)+g2h—-1)

) — gi—2(h) + gi—2(h — 1)

=0.
Hence by inductionEquation(3) becomes
fe(h) = gi(h+1)—h(h+1)fi_a(h—1) —tg—1(h)(h+ 1)

= g(h+1) = h(h+1) {2(_}1(’5__1)2)_%(;(_}’)2) } g (W) (h+1)
1

C D) (2h— tt(t 2—h2zht— (2h — 1) )

—t(h—t+1)>

= 9t(h+1)< h—1

_ _tgt_|_1(h+ 1)
2h—t

asdesired. 1

Now supposehat we have a properl¢BD of type t—(2h + 1, h, {t + 2}, ) for ¢ even and
h > t. Usingthe analysisof Section2 we concludethat theremustbe a non-ngatie integer
vectorz = [zg, z1, . . ., 2;_1] Satisfyingthematrix equation

AT = M\
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wheret = [t, t1, ..., 1), t; = () (*1]), and

[ (%) ¢+ ()
SO O
() 3-t=1 ()
A=
() t-2-4 ()
() (t-1-3
)

HenceZ = AA~'i. Indexing therows andcolumnsof A~ by 1,2,3,...,t, thefirst row of A~?

caneasilybeshavnto be

forj=1,2,..

Zo

(1)

()G

AL =

., t, andsoapplyingLemmag.7 (in theanti-penultimatestep)

DR () (55

Z(_l) - ] (jil)

j=1
(=1)7"jgj—1(h)gi—jr1(h + 1)

()
A
G
A <—tgt+1(h + 1))
t1(*5?) 2h —t
—2Mgi1(h +1)
(t+2)!(2h —t)
0,

M“

<.
Il

andwe have a contradictionto the requirementr, > 0. Hence,no I¢tBD of the giventype can

exist. To summarize, e have shovn thefollowing:
Theorem 3.8 Thee do notexist properl¢BDs of types
t—(2h +1,h,KC,\)  (t even)
or
t—(2h, h, IC, ) (¢t odd)

forany\ andany2 <t < h, withmin{k : k € K} > ¢ + 2.
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