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Abstract

An incomplete� -wise balanceddesignof index � is a triple �����
	��
�� where � is a � –
elementset, 	 is a subsetof � is calledthehole,and � is a collectionof subsetsof � called
blocks,suchthat every � -elementsubsetof � is either in 	 or in exactly � blocks,but not
both. If 	 is a hole in an incomplete� -wise balanceddesignof order � and index � , then� 	 ��� ����� if � is oddand ������������ if � is even.In particular, thisresultestablishesthevalidity
of Kramer’s conjecturethatthemaximalsizeof a block in a Steiner� -wisebalanceddesignis
atmost ����� if � is oddandatmost ������������ when � is even.

Keywords:t-wisebalanceddesigns,designswith holes.

1 Introduction

A � –wisebalanceddesign( � BD) of type � – �! #"%$�"'&)( is apair �!*+"%,-( where* is a  #. elementsetof
pointsand , is a collectionof subsetsof * calledblocks,with thepropertythatthesizeof every
block is in $ andevery � –elementsubsetof * is containedin exactly & blocks. If $ is a setof
positive integersstrictly between� and  , thenwe saythe � BD is proper. A � – �/ #"%$�"0&)( designis
alsodenotedby 1324�5�0"%$�"% 6( . If 7 $87:9<; , thenthe � BD is calleda � – �/ #"0=)"'&)( design,where$<9?>@=BA .
If &C9<; , thenthenotation 1D�5�0"%$�"E F( is oftenusedandthedesignis aSteinersystem.

An incomplete� –wisebalanceddesign(I � BD) of type � – �/ #"0GH"%$�"0&B( is atriple �!*I"%JK"%,L( where* is a  –elementsetof points, J is an G –elementsubsetJ MN* (called the hole), and , is
a collectionof subsetsof * calledblocks, suchthat every � –elementsubsetof points is either
containedin theholeor in exactly & blocks,but not both. Thus,a I � BD of type � – �/ #"0GH"%$�"0&B( isO
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equivalentto a � BD of type � – �! #"%$QPR>@GHAS"'&)( having a block of size G which is repeated& times.
In particular, when &C9<; , a � BD of type � – �! #"0=)"0&B( is a I � BD of type � – �/ #"0GH"%$�"�;T( for any GKUI$ ,
providedof coursethatthe � BD actuallyhasablockof size G .

In 1983,Kramer[1] posedthefollowing conjecture:

Let �!*+"%,-( bea proper � BD with �-VQW , and &89X; . If = is thesizeof anyblock in�5*I"%,L( , then =CY<�! Z.[;T(]\�W when� is even;while =�Y^ F\:W when� is odd.

Kramerverified this conjecturefor ��Y`_ andwasableto show that in eachcasethe bound
wasbestpossibleby constructinganinfinite family of � BDs meetingthebound.Recently, Ira and
Kramer[3] consideredthisconjecturefor �a9cb , andwereableto show thefollowing.

Theorem 1.1 If d is a block in a properSteinerb –wisebalanceddesign,then 7edK74Y[ 6\�W .
This falls just shortof Kramer’s conjecturefor �f9gb . On the otherhand,as the authorsin [3]
pointout,noproperSteiner� BD hasbeenconstructedwhen �LV^b . In thispaperwewill provethe
following result:

Theorem 1.2 Let �!*+"'JK"%,L( bea properI � BD with �LVQW . If G�9h7 Ji7SV[� is thesizeof theholein�!*+"'JK"E,-( , then GKY<�! Z.[;T(]\�W when� is even,while GKY[ 6\�W when� is odd.

Setting&C9<; , weverify Kramers’s conjecturefor all �LVjW :
Corollary 1.3 In anyproper � BD �!*I"E,-( of type � – �! B"E$�"�;k( , wehave =lYm�/ �.n;T(E\:W when � is
even,while =CY^ 6\�W when� is odd,where = is thesizeof anyblock in �!*+"%,-( .
To obtainTheorem1.2,weuseasanessentialtool thefollowing result,whichallowsusto consider
only properI � BDsof type � – �/ #"0GH"o>k�3pj;:AS"'&)( :
Theorem 1.4 Supposethereexistsa properI � BD of type � – �/ #"0GH"%$�"0&)( with WqY[�rYjGKst . Then
thereexistsa properI � BD of type � – �/ #"0GH"o>k�3pj;:AS"'&vuw( where& u 9Q&qxy{z{| �}=~.��](0�
Proof: Let �5*I"'J�"%,-( be a proper � BD of type � – �/ #"0GH"%$�"0&B( with WtYN�+Y�G�s� . Let $ 9>@=6�0"0=���"��o���o"0=��EA . For each��9<;�"0W4"�������"]� andeachblock d�UI, of size =:� , take� �)9 �x�]� ��� ���� � �}= � .��](
copiesof d andthenconstructon eachcopy a � – �}=:�}"E��p�;�"0=:��.^�]( design(obtainedby simply
taking all �5��p�;T( –elementsubsetsof d ). We claim that the resultingdesignis a I � BD of type� – �/ #"0GH"o>k��pc;:AS"0& u ( . Indeed,let � beany � –elementsubsetof our point set * . If ��M?J , then �
wasnot containedin any block in theoriginal designandso is not containedin any block in the
new design.Otherwise,supposethat � is containedin �{� blocksof size =�� in theoriginal design,��9<;�"'W6"������{"]� . Then �@��pl����pj�k�k�Tpl����9n&��
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In thenew design,� is containedin��� � �o��=6��.R�](�pl��� � ���}=��a.��](�pj�k�k��p ��� � ���}=���.��](g9 �¡ � � � ¢ �o� �x�E� ��� �o�� � ��= � .��](@£R�}=:�#.��](9 �/�@�Hpl����p^�k�k�kpl���]( �x�E� � �}= � .��](9 &~xy{z{| ��=q.R�](
blocks,asrequired.

Thus,it sufficesto proveTheorem1.2in theparticularcase$<9<>k�3p^;:A . Wecansimplify the
problemfurtherby makingthefollowing observation,asnotedin thecase&�9X; , [1]:

Lemma 1.5 SupposethatTheorem1.2is truewhen� is even.Thenit is alsotruewhen� is odd.

Proof: Supposeto thecontrarythatwe have a properI � BD of type � – �/ #"0GH"%$�"0&)( with G ¤X F\:W ,
where� is odd, �¥V?¦ . Then  KYnW�G�.^; . Now take thederiveddesignthrougha point in thehole
to obtainaproperI �!��.§;T( BD of type �!�#.�;T( – �/ ¥.R;�"'G¨.�;�"%$t.R;�"'&)( with  D.R;©Y<�}W�Gª.�;T(B.�;«9W�G¬. W©9cW�}G¬.§;T( , which is acontradictionto thehypothesisbecause��.§; is even.

Thus,we needonly considerthe case� even; finally, we reducethe problemto that of proving
thenon-existenceof properI � BDs of types � – �}W�Gf.j;�"0GH"o>k��pc;@AS"0&)( and � – �}W:G�"'G�"{>k��pc;:AS"0&B( , as
follows. Wefirst proveTheorem1.2for �a9nW and $<9<>�¦6A .
Lemma 1.6 If there is an incompleteW – �! #"0GH"o>�¦6AS"0&B( designwith G8s§ , then  �VQW�GZp^; .
Proof: Let �!*+"'JK"E,-( betheindicatedincompleteW – �/ #"0GH"o>�¦4AS"0&)( design,andlet ®IUIJ . Thenthe
deriveddesignwith respectto * yieldsa & –regularmulti-graphon thevertex set *°¯«J ; taking
deriveddesignsover all ®lUlJ yieldsa &)G –regularmulti-graphon *`¯±J . Now let  IU²*³¯ªJ .
Thenfor any  u Ui*m¯¨J with  u¥´9h , thenumberof timesthepair >T #"% u A occursin our multi-
graphcannotexceed& , for otherwisethepair >T #"% �uµA would have appearedin morethan & triples
in �!*I"%JK"%,L( . Hence,&)G8YQ&��! ¶. G¬.[;T( andso  fVjW�G¶pj; asdesired.

Now suppose��uBV[· is evenandthatwehaveestablishedthenon-existenceof properI ��u BDsof
types� u – �}W:Gr.�;:"0GH"o>k� u p+;T(�"0&B( and � u – �}W�GH"0GH"o>k� u p+;T(0"0&)( , andthatwehaveestablishedTheorem1.2
for �a9j� u .¶W . Thentherecannotexist aproperI � u BD of type � u – �! B"'G�"{>k� u pf;k(�"0&B( for any  �YjW�G�.¶W ,
for if otherwise,thenby deriving throughtwo pointsin theholewewouldobtainaproperI � BD of
type � – �/ �.¶W6"0G�.¶W6"o>k�0pf;T(�"0&B( , where �.¶W¬YjW�G�.«·q9cWF�}G�.¶W�( , contraryto ourassumption.Hence
Theorem1.2holdsfor ��u . By inductivereasoning,startingwith Lemma1.6,wecansummarizethe
abovediscussionasfollows:

Lemma 1.7 If there do not exist proper I � BDs of type � – ��W�Gf.Q;:"0GH"o>k��pn;:AS"0&B( or � – ��W�GH"0GH"o>k��p;:AS"0&B( for any & andany WqY§�rYjG , where � iseven,thenTheorem1.2holds( for all W¬Y§�rYjGKst ,$ and & ).
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In thenext section,wewill establishthenon-existenceof I � BDsof thetypegivenin Lemma1.7,
andtherebyestablishTheorem1.2. Thenin section3 we will constructsomefamiliesof designs
meetingthe boundsof Theorem1.2. In particular, for eachodd ��V`¦ andeach GQV¸�ap<; we
will constructa I � BD of type � – �}W:G�"'G�"{>k�¹p�;:AS"T�}W:G8.t�](��0º¼»�½�¾ �¿qÀ ( ; by deriving througha point in
thehole in thesedesignswe will obtainfor eacheven �ZVÁW andeachG V���pn; a I � BD of type� – �}W:G�p�;:"0GH"o>k�kp8;:AS"T��W�G�.Z��p�;k(o�!��p�;k(�º}» ½¿ÃÂ � À ( . Wewill thenshow thattherecannotexist any proper
I � BD of type � – �/ #"0GH"%$�"0&B( meetingtheboundsof Theorem1.2when Ä�ÅµÆ)>@=�Ç4=8U+$�AZV§��piW .

Weconcludethissectionby pointingoutthatif thereexistsaproperI � BD of type � – �/ #"0GH"%$�"0&)(
anda proper � BD type � – ��G�"E$�"0&B( , thenwe canconstructthe � BD on thepointsof theholein the
I � BD to obtaina proper � BD of type � – �! #"%$�"'&)( having a � BD of type � – ��GH"%$�"'&)( asa (proper)
sub-design.Thereverseconstructionalsoholds: just removetheblocks(but not thepoints)of the
sub-designto obtainanincomplete� BD. ThusTheorem1.2yieldsthefollowing resultconcerning
themaximalsizeof asub-designin a � BD of type � – �! #"%$�"'&)( :
Corollary 1.8 Supposethat there is a proper � BD of type � – �! B"E$�"0&B( containinga � BD of type� – �/È¶"%$�"0&)( asa propersub-design.Then fVjW@È when� is odd,while  fVjW@ÈRpt; when� is even.

2 The nonexistence of certain I É BDs.

In thissectionweshow thatproperI � BDsof types� – �}W:Gr.�;:"0GH"o>k��p+;:AS"0&B( and � – ��W�GH"0GH"o>k��p+;:AS"'&)(
cannotexist for any even � . Webegin by proving two combinatorialidentities.WeusethenotationÊ ¿ �}G#(a9nG��}G¬.[;T(o��G�.lW:(3�k�k����G�.���p^;T(¹9j�0º'Ë G ��Ì �
(Note Ê:Í ��G#(�9�; , theemptyproduct.)

Lemma 2.1 For everyeveninteger �LVjW , and GKV§� ,;�0º ¿¡ �E� � �Î.©;T( � Ê � ¾ �0�}G�.[;k( Ê ¿ ¾ � Â ����G�.§;T(a9 Ë G�.§;��.[;Ì �
Proof: ;�0º ¿¡ �E� � �
.¶;T( � Ê � ¾ �{�}G#( Ê ¿ ¾ � Â ���}G�.t;T(9 ;�0º�Ï . Ê ¿ �}G�.[;k(Hp Ê �o�}G#( Ê ¿ ¾ �{��G�.[;T(�p ¿¡ �]�Ð �Î.©;T( � Ê � ¾ �{��G#( Ê ¿ ¾ � Â �{��G�.[;T(¼Ñ9 .ÒË G�.[;� Ì p¸Ë G � Ì p ;�0º ¿¡ �]�Ð �
.¶;k( � Ê � ¾ �{�}G#( Ê ¿ ¾ � Â �{�}G¬.§;T(
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Now if �a9cW , thenthesumtermis vacuous;otherwiseby observingthatÊ � ¾ �{��GB( Ê ¿ ¾ � Â �{�}G¬.§;T(�9 ÓÔG��}G�.§;k(3�k�k����G�.ÖÕªpiW�(
×¼ÓÃ�}G�.[;k(o�}G¬. W�(3�k�k�o�}G�.��HpRÕ©.[;T(
×9 ÓÔG��}G�.§;k(o�}G¬. W�(3�k�k�o�}G�.��HpRÕ©.[;T(
×¼ÓÃ�}G�.[;k(3�k�k����G�.ÒÕªpiW�(
×9 Ê ¿ ¾ � Â �T��G#( Ê � ¾ �k��G�.§;T(0"
we seethat for eachÕ+9Ø¦F"o�����o" ¿� p?; , the Õ and �r.�ÕZp^¦ termsin thesumcancel.(They have
oppositesign,because� is even).Thusin eithercasethesumtermis equalto 0, andweget;�0º ¿¡ �]� � �Î.©;T( � Ê � ¾ ����G#( Ê ¿ ¾ � Â �{��G�.[;T(¹9X. Ë G¬.[;� Ì p Ë G ��Ì 9 Ë G�.§;��.[;vÌ
asdesired.

Lemma 2.2 For everyeveninteger �LVjW , and GKV§�¿¡ �E� � �
.¶;k( � ¾ � Ê � ¾ ���}G#( Ê ¿ ¾ � Â �{�}G#(a9<. � Ê ¿ ��G#(W�G�.�� �
Proof: Weproceedby inductionon � . When �a9QW weget�¡ �]� � �Î.©;T( � ¾ � Ê � ¾ ����GB( Ê � ¾ � Â �{�}G#(¹9nG���G�.[;T(�.lG � 9<. W�G��}G�.§;k(W�G¬.lW "
asrequired.Now define Ù ¿ �}G#(a9 ¿¡ �]� � �Î.©;T( � ¾ � Ê � ¾ �{�}G#( Ê ¿ ¾ � Â ���}G#(
andlet �rV[· . ThenÙ ¿ �}G#(�9 ¿¡ �E� � �
.¶;k( � ¾ � Ê � ¾ ���}G#( Ê ¿ ¾ � Â �{�}G#(9 ¿ ¾ �¡ �E� Í �
.¶;k( � Ê � �}G#( Ê ¿ ¾ � �}G#(9 Ê ¿ �}G#(�p ¿ ¾ �¡ �]� � �Î.©;T( � Ê � ��G#( Ê ¿ ¾ � ��GB(�. Ê ¿ ¾ �{��GB(]G9 Ê ¿ �}G#(�. Ê ¿ ¾ �o�}G#(EG¶ptG � ¿ ¾ �¡ �E� � �Î.©;T( � Ê � ¾ �0�}G�.[;k( Ê ¿ ¾ � ¾ ����G�.§;T(9 Ê ¿ �}G#(�. Ê ¿ ¾ �o�}G#(EG¬. G � ¿ ¾ �¡ �]� � �Î.©;T( � ¾ � Ê � ¾ �{��G�.[;T( Ê ¿ ¾ � ¾ ���}G¬.[;T(
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9 Ê ¿ �}G#(�. Ê ¿ ¾ �o�}G#(EG¬. G � Ù ¿ ¾ ����G�.[;T(9 Ê ¿ �}G#(�. Ê ¿ ¾ �o�}G#(EG¶ptG � �!��.lW�( Ê ¿ ¾ ���}G¬.§;T(W��G�.[;T(�.j�5��.²W�( (1)9 Ê ¿ ¾ �{�}G#({�}G�.���pj;T(�. Ê ¿ ¾ �o��GB(]GZpiG �5��. W:( Ê ¿ ¾ �{�}G#(W�G�.��9 Ê ¿ ¾ �{�}G#( Ë �Î.D��pj;k(o�}W:G�.��](�ptG��5��. W�(W:G�.�� Ì9 Ê ¿ ¾ �{�}G#({�}G�.���pj;T(¥Ë .D�W�G¬.�� Ì9 Ê ¿ �}G#(¥Ë .¥�W�G�.���Ì "
asdesired.(Theinductionassumptionwasusedin step(1).)

Now supposethatwehaveaproperI � BD �5*I"'J�"%,-( of type � – ��W�G�.C;�"0GH"o>k�kpK;:AS"0&B( with GKV§� .
For eachÕq9jÚF"�;�"o�k�k�{"E��.[; , let , � 9 >�dÁUI,QÇ)7edjÛ+Ji7@9 ÕvA
and Ü � 9 >k�nM[*gÇH7 �¬7@9^� and 7 �lÛ�Ji7@9tÕAS�
Let ���«9 7 Ü �E7Ý� Then ���©9 »¼½ � À »�½�¾ �¿ ¾ � À . If we set ® � 9 7 , � 7 , thencountingpairs �!�D"'dq( , suchthat�nÞ[* , 7 �¬7@9^� , and �nÞ^dhUI, in two wayswe seethatthefollowing equationshold.�5��p^;¥.²�¼(
®v�Fpc�!�Bpj;T(�®v� Â �¹9n&v���
for ��9cÚF"�;�"o�k�k��"]��. W , and WT® ¿ ¾ ��9c&� ¿ ¾ ���
Thecoefficientmatrixof thissystemof equationsis

ß 9
àáááááááâ �Hpj; ;� W��.[; ¦

... ...¦ ��.§;W
ãåäääääääæ �

If weset ç®89�Ó ® Í "E®H�0"o�����o"]® ¿ ¾ �
×
and ç�¹9�Ó � Í "E�%�0"��o���o"E� ¿ ¾ �
×�"
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thenbecauseeach� –elementsubsetof * not containedin J mustoccurin & blocks,thematrix
equation ß ç®89n& ç�
musthold. Thematrix

ß
is uppertriangularwith non-zeromaindiagonal.Thusthematrix

ß
is

invertible,whence ç®89 ß ¾ � ��& ç�](a9c& ß ¾ � ç�0�
Indexing therowsandcolumnsof

ß ¾ � by ;�"0W6"o������"E� it canbereadilyverifiedthatß ¾ � Óè;:"�Õ�×B9��Î.©;T( � ¾ � ;Õ » ¿ÃÂ �� À
for Õq9<;:"0W6"����o�{"E� . Therefore® Í 9 & ¿¡ �E� � �
.¶;k( � ¾ � ;Õ�» ¿ÃÂ �� À Ë GÕ©.[; Ì Ë G¬.[;��.ÖÕ�pj; Ì9 . &�Hpj; ¿¡ �]� � �
.¶;k( � ;» ¿� ¾ � À Ë GÕ¶.§;kÌ Ë G�.t;��.ÒÕ�pj;kÌ9 . &�Hpj; ¢ ;�0º ¿¡ �]� � �Î.©;T( � Ê � ¾ �{��GB( Ê ¿ ¾ � Â �{�}G¬.[;T( £ �
Thus,applyingLemma2.1weseethat® Í 9 .ª&��p^; Ë G¬.[;��.[;vÌ s§ÚF�
This is a contradiction,because® Í countsthe numberof blocks disjoint from the hole J and
consequentlycannotbenegative. Therefore,noproperI � BD of type � – �}W�GZ. ;�"0GH"o>k�vpt;:AS"0&B( withGKV§� canexist.

Now consideraproperI � BD of type � – ��W�GH"0GH"o>k�#p ;:AS"0&B( with GKV§� . Usingthesameanalysis
asbefore,wearriveat thematrixequation ß ç®89c& ç�0"
exceptthis time ���39 Ë G �TÌ Ë G��.²�¼Ì
for ��9cÚF"�;�"o������"E��.t; . Soin thiscaseweget® Í 9 & ¿¡ �]� � �Î.©;T( � ¾ � ;Õ�» ¿ÃÂ �� À Ë GÕ¶.[; Ì Ë G��.ÒÕªpj; Ì9 &�Hpj; ¿¡ �E� � �
.¶;T( � ¾ � ;» ¿� ¾ � À Ë GÕZ.t;kÌ Ë G��.ÒÕªp^;kÌ9 &�5��p^;T(�º ¢ ¿¡ �]� � �Î.©;T( � ¾ � Ê � ¾ ����GB( Ê ¿ ¾ � Â �{�}G#( £
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Thus,applyingLemma2.2weseethat® Í 9 &�5��p^;T(�º Ë�. � Ê ¿ ��GB(W:G�.���Ì 9 .�&v��!�Hpj;k(o�}W:G�.��]( Ë G �@Ì stÚF"
againacontradiction.Thus,noproperI � BD of type � – �}W�GH"0GH"o>k�#p[;@AS"0&)( with GKV§� canexist. We
have thereforeestablishedthefollowing:

Theorem 2.3 There donot exist properI � BDs of types� – ��W�G�.[;�"0GH"o>k�Hpj;@AS"0&)( or � – �}W:G�"'G�"{>k��p;:AS"0&B( for any & andany WqY[��YQG , when� is even.

Hence,by Lemma1.7 we have establishedTheorem1.2 andsothevalidity of Kramer’s con-
jecture(Corollary1.3). In particular, setting$<9�>@=BA in Corollary1.3weobtainthefollowing:

Theorem 2.4 A Steinersystem1D�!�0"'=)"% 6( has =�Y^ 6\�W when� is oddand =CYX�/ ¶.j;k(E\�W when� is
even.

3 Meeting the bounds of Theorem 1.2

In thissectionwewill show thatfor every � andevery GKV§�3p§; thereexistsa I � BD thatmeetsthe
boundgivenby Theorem1.2. Hence,theseboundsaresharp!Werequirethefollowing results.

Lemma 3.1 Let é bethe � by � matrixwhoseÓe�E"�Õ�× –entryis givenbyé�Óe�E"�Õ�×)9 êëíì G¬.���pl� if ÕZ9Q�E"G¬.²� if ÕZ9Q�Bpj;�"Ú if Õ ´9Q� or �Bp^;�"
for Ú�Y[�]"�Õ�Y[��.[; , andwhere G�V§��pj; . Thenthe(unique)solution

ç to thematrixequationé ç ¬9 çÈ©"
where

çÈj9�ÓíÚF"'Ú6"�������"'ÚF"0G¬.���p^;o×èî has ¿ ¾ �39��Î.©;T( � ¾ � Ê �
�}G¬.���pl��(Ê �
�}G¬.[;T(
for ��9X;�"0W6"o������"E� , andwhere Ê � are thefunctionsdefinedin Section2.

Proof: We proceedby inductionon � . For clarity, we first explicitly write out thematrix equationé ç ¬9 çÈ :àáááááááâ G�.�� GG�.��Hpj; G¬.[;G�.��HptW G�.lW
... ...G�. W G�.��HptWG�.§;

ãåäääääääæ
àáááááááâ  Í �� ��

... ¿ ¾ � ¿ ¾ �
ãåäääääääæ 9

àáááááááâ ÚÚÚ
...ÚG�.R��pj;

ãåäääääääæ �
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Clearlywehave ��G�.[;T(
 ¿ ¾ �¹9nG�.R��pj; , andso ¿ ¾ �a9 G�.R��pj;G�.[; �
Consequently, the result is establishedfor ��9 ; . SupposeW§Yï�CYN� . Thenfrom the matrix
equationweseethat ��G�.��¼(Î ¿ ¾ �pQ�}G�.R��p �¼(Î ¿ ¾vð � ¾ ��ñ 9cÚF"
andsoby inductionwehave ¿ ¾ �39 .Z�}G�.���p �¼(G�.��  ¿ ¾vð � ¾ ��ñ�9 .~��G�.��Hp ��(G�.²� Ë �Î.©;T( � ¾ � Ê � ¾ ���}G�.��Hp ��.§;k(Ê � ¾ ���}G�.[;k( Ì �
Hence,  ¿ ¾ �39��Î.©;T( � ¾ � Ê ���}G�.R��p �¼(Ê ���}G�.t;T( "
asdesired.

Lemma 3.2 Let ò�9¸Óå;�"�;�"��o���o"�;{× î andlet
ç bethevectorof Lemma3.1. If � is odd,then Ê ¿ ��GC.;T({�
ò�p ç 6( is a non-negative integer columnvector

çó (where ó ¿ ¾ �¬9 Ê ¿ ��GÒ.X;T(o�
;©p? ¿ ¾ �/( , �C9;�"0W4"�������"E� ) in which ó ¿ ¾ �39jÚ if andonly if ��9^��.[; .
Proof: For each��9X;�"'W6"������
� ,ó ¿ ¾ �¸9 Ê ¿ ��G�.[;T({�Î;�pl ¿ ¾ �/(9 Ê ¿ ��G�.[;T(¥ËH;�pc�
.¶;T( � ¾ � Ê �
�}G¬.���pl��(Ê �
�}G¬.[;T(°Ì �
Thusthevector

çó is integral,becauseÊ �
��G�.[;T( divides Ê ¿ �}G�.[;k( . Now wemustshow that;rpQ�Î.©;T( � ¾ � Ê ���}G¬.���pl��(Ê ���}G¬.[;T( V ÚF� (2)

It sufficesto consideronly even � , W¬Y[�aY§��.§; . When � is eveninequality(2), is equivalenttoÊ �
��G�.§;k(-V Ê �
��G�.��Hp �¼(�"
which follows easilybecause�-Yc�¹.^; . Notein particularthatthereis equalityin (2) if andonly
if ��9^��.t; . Theresultfollows.

Wecannow presentourconstructions.For any finite set ô let 1�õ6ö��/ô~( , denotethesymmetric
groupon ô .

Theorem 3.3 For each odd �~V�¦ andeach GiV���p?; there existsa I � BD �/JØ÷P¹ô�"'J�"%,-( of type� – �}W:G�"'G�"]��p^;�"T�}W:G¬.��](��0º » ½�¾ �¿~À ( , with 1�õ6ö��/JÖ(røÖ1�õ4ö���ô~( asanautomorphismgroup.

9



Proof: Thepoint setof thedesignis * 9ÁJù÷P¹ô , where J and ô aredisjoint setsof cardinalityG . The hole is J . Thereareprecisely � orbits ú Í "'úf�0"o�����o"%ú ¿ ¾ � of � -elementsubsetsthat need
to be covered. Theorbit ú~� is the setof � -elementsubsetsthat intersectthe hole J in exactly �
points,��9cÚF"�;�"o������"E�F.+; . Similarly, thereareprecisely� orbits û Í "'û��0"����o�o"'û ¿ ¾ � of possibleblocks
( �5��pc;T( –elementsubsets)thatareavailable.Theorbit û � is thesetof all �!��pQ;k( –elementsubsets
that intersectthe hole in exactly Õ points. Thus 7 û � 7H9ü» ½� À » ½¿ÃÂ � ¾ � À . Now considerthe matrix é
whoseÓe�E"�Õ�× –entryis 7Ý>�d�UÖû � Ç��nM^d�Av7Ý"
where� is any fixedrepresentativeof ú~� . Thenthereis a I � BD �/JØ÷P¹ô�"%JK"%,L( of type � – �}W�GH"0GH"E�)p;�"T��W�Gf.i�](��0º¼» ½�¾ �¿qÀ ( with 1�õ4ö���JÖ(-ø�1�õ4ö���ô¶( asanautomorphismgroupif andonly if thereis a
non-negativeintegervector

çó suchthaté çó 9���W�G�.��](��0º0Ë G¬.[;� Ì ò6�
Furthermore,é is thematrix appearingin Lemma3.1. Let

çó bethevectorgivenin Lemma3.2.
Applying Lemmas3.1and3.2weseethaté çó 9 é�Ó Ê ¿ ��G�.[;T({�
ò�p ç F(�×9 Ê ¿ �}G�.t;T(Eé���òfp ç 6(9 Ê ¿ �}G�.t;T(o��é<òfpté ç 6(

9 Ê ¿ �}G�.t;T(~ýþþþþþÿ
àáááááâ W�G�.R�W�G�.R�

...W�G�.R�G¬.[;
ãåäääääæ p

àáááááâ ÚÚ
...ÚG�.���p^;

ãåäääääæ
��������9 Ê ¿ �}G�.t;T(o��W�G�.��]('ò9 �}W:G�.��](
�0º Ë G�.§;� Ì ò6�

Theresultfollows.

Remark 3.4 FromLemma3.2,thevector
çó hasó �a9jÚ . Thismeansthatin thedesign�/J ÷P¹ô�"%JK"%,L(

constructedin Theorem3.3, thereare no blocks in the designthat intersect J in exactly one
point! That is, the block orbit û Í is not used. Hence,the � –elementsubsetsin ú Í arecovered&ù9 �}W:GR.?�](
�0º}»�½�¾ �¿ À times by the óBÍ copiesof the orbit û Í . (This is a � BD �/ô�"E,��w( of type� – �}GH"o>k�rpÁ;:AS"0&B( . Note that , ‘ is just the set of all �-p�; -elementsubsetsof ô eachrepeatedó#Í 9Ø&B\��GC. �]( times.) We canremove this sub-designandreplaceit with lambdacopiesof the
block ô to obtaina I � BD of type � – ��W�GH"0GH"o>k��pj;�"0G��TAS"T��W�G�.��](��0º » ½�¾ �¿~À ( . This givesthesurprising
resultthattheboundof Theorem1.2canbeachievedwithoutall blockshaving size �Hpj; .
Theorem 3.5 For each even �rVQW andeach G�V[�pi; thereexistsa I � BD of type � - ��W�Gªpi;�"'G�"]�vp;�"T��W�Gq.���p^;T(o�5��pQ;k(�º}»D½¿ÃÂ � À ( .
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Proof: FromTheorem3.3,thereis aI �5��p^;T( BD �/JØ÷P¹ô�"'J�"%,-( of type �5�SpR;k( – �}WF�}GLpR;k(�"0GLp�;�"E�SpW6"T��W�}G±p ;T(3.i�5�vpi;k(E(o�5�vpl;T(�º}»]ðw½ Â ��ñ ¾ �¿ÃÂ � À ( . Take thederiveddesignthroughapoint ®IUÖJ to getthe
desiredI � BD.

Remark 3.6 Recallthat 1�õ4ö���JÖ(-ø�1�õ4ö���ô¶( wasa groupof automorphismsof thedesigncon-
structedin Theorem3.3. If ® is any point in thedesign,thenits stabilizerin 1�õ4ö���JÖ(rø�1�õ4ö���ô¶(
is an automorphismgroup of the derived designthrough ® . Hencethe designsconstructedin
Theorem3.5have 1�õ4ö���JÁ¯ª>k®�A@(LøÒ1�õ6ö��/ô~( asagroupof automorphisms.

In Remark3.4 we notedthat the boundof Theorem1.2 canbe achieved without all blocks
having ��pn; points(at leastwhen � is odd). We concludethis sectionby showing thatwhether�
is evenor odd,theboundcannotbeachievedif thesmallestblock has ��pjW points(that is, there
mustbe blocksof size ��p<; presentin orderto meetthe bound). Note that it sufficesto prove
this theoremfor even � , for if � is oddandthereexistsa properI � BD of type � – �}W�GH"0GH"%$�"0&B( withÄ�Å�Æ)>@=�Ç4=CUI$¬A~V§�TpfW , thenthederiveddesignthroughapoint in theholewouldbeaI �!��.[;T( BD
of type ��.§; – ��W�Gq.§;�"0Gq.t;�"E$c.§;�"'&)( (meetingtheboundof Theorem1.2)with minimumblock
sizeat least�Bpi;±9��5�H.l;T(#p�W . Weusethesamestrategy hereasin Section2. Firstof all, if there
existsaproperI � BD of type � – �}W�G¥p²;�"0GH"%$�"0&)( with Ä�Å�ÆB>@=�Ç4=8UI$¬A~V§�Fp�W , thenby theobvious
generalizationof Theorem1.4, thereexists a properI � BD of type � – ��W�GCpX;�"'G�"{>k�ap?W4AS"0&uw( for
some&u (in fact &uF9c&	� y�zo| » y ¾ ¿� À ); thus,wecanrestrictourselvesto thecase$<9<>k�3ptWSA . That
is, it sufficesto provethenon-existenceof a I � BD of type � – �}W�Gªpl;�"0GH"o>k�p�W4AS"0&B( for eacheven � .
An inductionproofsimilar to Lemma2.2will establishthefollowing combinatorialidentity.

Lemma 3.7 For everyeveninteger �LVjW , and GKV§�¿¡ �E� � �Î.©;T( � ¾ � Õ Ê � ¾ ����G#( Ê ¿ ¾ � Â �{��GZpj;k(�9�. � Ê ¿ÃÂ ���}G¶pj;T(W�G¬.�� �
Proof: Weproceedby inductionon � . When �a9QW , weget�¡ �E� � �
.¶;T( � ¾ � Õ Ê � ¾ �0�}G#( Ê � ¾ � Â �{��G¶p[;T(a9���GZp[;T(EGq.lW�G���GZp[;T(¹9X.Z�}GZp[;T(]G�9 .�W�}GZpj;T(]G���G�.§;k(W�G¬. W
asrequired.Now define Ù ¿ ��G#(�9 ¿¡ �E� � �Î.©;T( � ¾ � Õ Ê � ¾ ����G#( Ê ¿ ¾ � Â �{��GZpj;k(
andlet �rV[· . ThenÙ ¿ �}G#(�9 ¿¡ �E� � �
.¶;k( � ¾ � Õ Ê � ¾ ���}G#( Ê ¿ ¾ � Â �0�}G~p^;T(9 ¿ ¾ �¡ �E� Í �
.¶;k( � �µÕªp^;T( Ê � �}G#( Ê ¿ ¾ � �}GZp^;T(
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9 Ê ¿ �}G¶pj;T(�p ¿ ¾ �¡ �]� � �Î.©;T( � �ÃÕ¨pj;T( Ê � ��G#( Ê ¿ ¾ � ��GZpj;k(�.�� Ê ¿ ¾ �o��GB({�}G¶pj;T(9 Ê ¿ �}G¶pj;T(�piG���GZp^;T( ¿ ¾ �¡ �E� � �Î.©;T( � �ÃÕªp^;T( Ê � ¾ �0�}G�.§;k( Ê ¿ ¾ � ¾ �{��GB(�.R� Ê ¿ ¾ �o��GB({�}G¶pj;T(9 Ê ¿ �}G¶pj;T(�piG���GZp^;T( ¿ ¾ �¡ �E� � �Î.©;T( � Ê � ¾ ���}G�.t;T( Ê ¿ ¾ � ¾ �{��G#(.�G��}G~p^;T( ¿ ¾ �¡ �E� � �
.¶;T( � ¾ � Õ Ê � ¾ �0�}G�.[;k( Ê ¿ ¾ � ¾ ����G#(¹.R� Ê ¿ ¾ �o��GB({�}G¶pj;T(0� (3)

Now applyingLemma2.1weseethat¿ ¾ �¡ �]� � �Î.©;T( � Ê � ¾ ����G�.§;T( Ê ¿ ¾ � ¾ �{�}G#(�9 �!��.lW�(0º0Ë G�.t;�!��. W�(�.[;kÌ . Ê ¿ ¾ �T�}G#(�p Ê ¿ ¾ �T��G�.[;T(9 �!��.lW�( Ê ¿ ¾ Ð ��G�.[;T(�. Ê ¿ ¾ ����GB(�p Ê ¿ ¾ �k�}G�.[;k(9 �!��.lWª. G#( Ê ¿ ¾ Ð �}G¬.§;T(�p Ê ¿ ¾ ���}G¬.[;T(9 . Ê ¿ ¾ ����G�.§;T(�p Ê ¿ ¾ ����G�.[;T(9QÚF�
Hence,by inductionEquation(3) becomesÙ ¿ �}G#(�9 Ê ¿ �}G¶pj;T(�. G��}G¶pj;T( Ù ¿ ¾ ����G�.[;T(�.�� Ê ¿ ¾ �o�}G#({�}GZp^;T(9 Ê ¿ �}G¶pj;T(�. G��}G¶pj;T(�
 .~�5��. W:( Ê ¿ ¾ �{�}G#(W�}G¬.[;T(�.^�!��.lW�(� .�� Ê ¿ ¾ �o�}G#({�}GZp^;T(9 Ê ¿ �}G¶pj;T(¥Ë W�G�.��Hpc�5��. W�(]G�.^��W�G�.��](��W:G�.�� Ì9 Ê ¿ �}G¶pj;T(¥Ë .¥�{��G�.���p^;T(W�G�.�� Ì9X. � Ê ¿ÃÂ �o�}G¶pj;T(W:G�.�� "
asdesired.

Now supposethat we have a properI � BD of type � – �}W:G+pÁ;�"0GH"o>k�rpXWSAS"0&)( for � even andG<Vm� . Using the analysisof Section2 we concludethat theremustbe a non-negative integer
vector

ç®89�Ó ® Í "E®H��"����o�{"E® ¿ ¾ �
× satisfyingthematrixequationß ç®89n& ç�
12



where
ç�¹9�Ó � Í "E�%��"����o�o"E� ¿ ¾ ��× , ���39¸» ½ � À » ½ Â �¿ ¾ � À , and

ß 9
àáááááááááâ
» ¿ÃÂ �� À ;-�4�5��p^;T( » �� À» ¿ÃÂ �� À Wª��� » Ð� À» ¿� À ¦¨�4�!��.[;T( »�� � À

... ... ...»��� À �!��.lW�(��k· » ¿ ¾ �� À» � � À �!��.[;T(��T¦» Ð� À
ã äääääääääæ �

Hence,
ç®R9�& ß ¾ � ç� . Indexing therows andcolumnsof

ß ¾ � by ;:"0W6"'¦F"o������"E� , thefirst row of
ß ¾ �

caneasilybeshown to be ß ¾ � Óè;:"�Õ�×)9 �
.¶;k( � ¾ � Õ» ¿ÃÂ �� À » ¿� ¾ � À
for Õq9<;:"0W6"����o�{"E� , andsoapplyingLemma3.7(in theanti-penultimatestep)® Í 9 &» ¿ÃÂ �� À ¿¡ �E� � �
.¶;k( � ¾ � Õ » ½� ¾ � À » ½ Â �¿ ¾ � Â � À» ¿� ¾ � À9 &�0º¼» ¿ÃÂ �� À ¿¡ �]� � �Î.©;T( � ¾ � Õ Ê � ¾ ����GB( Ê ¿ ¾ � Â �{�}G¶pj;T(9 &�0º¼» ¿ÃÂ �� À Ë .D� Ê ¿ÃÂ �o��G~pj;T(W�G¬.�� Ì9 .ªW:&v� Ê ¿ÃÂ �o�}G¶pj;T(�!��ptW�(0º ��W�G�.��](s ÚF"
andwe have a contradictionto the requirement® Í V`Ú . Hence,no I � BD of the given type can
exist. To summarize,1wehaveshown thefollowing:

Theorem 3.8 Theredonotexist properI � BDs of types� – �}W�G¶pj;�"'G�"E$�"0&B( ( � even)

or � – �}W�GH"0GH"%$�"0&B( ( � odd)

for any & andany W~Y§�LYQG , with Ä�ÅµÆ)>@=�Ç4=8U+$�AZV§��piW .
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