Submittedo the Annalsof Combinatoric§November 30, 2000

On PBIBD Designs Based on Triangular Schemes

Malcolm Greig!, DonaldL. KreheP, andAlan C.H. Ling?

1 GreigConsulting North Vancouer, B.C., Canada

grei g@&fu.ca

2 Departmenbf MathematicaBciencesMichiganTechnologicalJniversity,
HoughtonMI 49931-1295USA

{al i ng, kreher }@ u. edu

RecevedJanuaryl8,1999

AMSSubjectClassification 05B30,05C65,60C05,62K99

Abstract. We settleall but four of the remainingopensmall parametesituationsfor partially
balancedncompleteblock designswith 2 associateclasseqPBIBD(2)) that can be basedon
Triangularschemes.
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1. Introduction

A strongly regular graphwith parametergv,d, s, l2) is anordinarygraph,regular of
degreed, 0 < d < v— 1, suchthatary two verticeshave 1y commonneighborsvhen
they areadjacentindhave pp neighborsvhenthey arenonadjacentA stronglyregular
graphis alsocalledatwo classassociatiorscheme Two verticesarefirst associatesf
they areadjacentptherwise they aresecondassociatesin this article we concentrate
onthestronglyregulargraphT (n) known asthetriangular graph Theverticesof this
grapharethev = (2) pairsof an n—elementset,with two pairsbeingadjacentf they
have anelemenin common.Thus,in thetriangulargraph,two pairsarefirst associates
if they areincidentedgesof the completegraph,K,. Givenastronglyregulargraphwe
canobtaina a partially balancedincompleteblock designwith two associateclasses
PBIBD(2) with parameters

(Va b: r, ka ()\17)\2))

if thev verticescanbearrangednto b blocksof sizek suchthatevery vertex occursin
r blocks,andif two verticesareadjacentthenthey occurin A1 blocks;otherwisethey
occurin Az blocks. A triangular designis a PBIBD(2) in which the stronglyregular
graphis atriangulargraph.Thusatriangulardesignhasv = (g) vertices.
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Tablel: Statusof remainingparametesituationsfor Triangulardesignsk,r < 10

Series v b r k A A2 p1 p2 Status
1 15 27 9 5 3 2 9 5 3JSection2.1
2 15 30 10 5 2 4 2 10 3 Section2.2
3 21 42 10 5 1 3 1 11 AcCorollary3.2
4 21 42 10 5 3 1 15 5 dSection2.3
5 21 21 6 6 2 1 8 3 3Section2.4
6 21 28 8 6 3 1 13 3 3 Section2.5
7 21 3 10 6 2 3 4 9 d[1]
8 21 3 10 6 3 2 11 6 Open
9 21 30 10 7 2 4 0 10 3 Section2.6
10 21 30 10 7 4 2 14 4 Open
11 21 30 10 7 5 1 21 1 AcCorollary3.3
12 21 21 10 10 4 5 2 7 Open
13 36 63 7 4 0 1 1 8 4I3]
14 45 63 7 5 0 1 0 8 dI3]
15 45 45 9 9 1 2 1 9 4[3]
16 55 99 9 5 0 1 1 10 AcCorollary4.4
17 55 55 10 10 3 1 23 5 Open
18 66 99 9 6 0 1 0 10 A[7]

A comprehensie table of triangulardesignsand a review of someconstruction
methodscanbe foundin [3] anda generalmethodfor constructingriangulardesigns
canbefoundin [5]. [4] and[8] reportthatthereare 18 unsettledobarametesituations
whenr k < 10. We list in Table 1 theseparametesituations,(for moredetailson the
eigervaluesp;, seeSectiond), andgive their currentstatus jncludingthe new designs
exhibitedin this articleandthe situationswvhich we rule out.

2. Constructions

Let X be an n—elementset and considerthe triangulargraph T(n) on the pairsin
X. If G is a subgroupof Sym(X), thenG actson the pairsin X in a naturalway:
g({x,y}) = {9(x),9(y)}. Thisactionpreseresincidenceandsoary suchsubgrougs
anautomorphisngroupof T(n). LetA,Aj,...,AY betheorbitsunderG of incident
(first associatepairsandlet A7,A3, ..., A%, betheorbitsunderG of non-incident(sec-
ond associatepairs. Also, for fixedk, 0 < k< (3), let 'y, 2,...[w bethe orbits of
k—edgesubgraphof T(n). We definethe incidencematrix A to bethe N; + N, by m
matrixwhose[AF, I j]—entryis
AlAD

Ih?

Fj]:{KeFj:KgT},

whereT is ary fixedrepresentagein A{‘h, he{1,2},1<ihb<Npandl<j<m Then
thereis a triangulardesignwith parametergv, b,r,k, (A1,A2)) if andonly if thereis a
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non-ngyative integersolutiond to the matrix equation

AN
Al = 1.
[ A2dn, ]

We usedthealgorithmsdescribedn [6] to constructindsolve thesematricesfor various
parametesituationsandvariousgroupsG. In [5], the authorsusea similar method;
however, the only automorphisngroupthey consideiis the full symmetricgroup. The
resultsof our effort aregivenbelow.

2.1
Parameters: (15,27,9,5,(3,2))
Groupgenerators:{(0,1,2),(3,4,5))
Grouporder: 9
Baseblocks:
0 1 0 1 0 1
[ ]
5 2 5 2 5 2
[ ]
4 3 4 3 4 3
2.2
Parameters: (15,30,10,5,(2,4))
Groupgenerators:{(0,1,2,3,4,5),(0)(1,5)(2,4)(3))
Grouporder: 12
Baseblocks:
0 1 0 1 0 1
5 2 5 2 5 2
4 3 4 3 4 3
2.3.
Parameters: (21,42,10,5,(3,1))

Groupgenerators:{(0,1,2,3,4,5,6),(0)(1,2,4)(3,6,5))
Grouporder: 21

Baseblocks:
0 0
6, 1 6 1
5 2 5e 2
4 3 4*  °3
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24.

Parameters: (21,21,6,6,(2,1))
Groupgenerators:{(0,1,2,3,4,5,6),(0)(1,2,4)(3,6,5))
Grouporder: 21

Baseblocks:
0
6 1
5 2
4 °3
2.5.
Parameters: (21,21,6,6,(3,1))

Groupgenerators:{(0,1,2,3,4,5,6),(0)(1,2,4)(3,6,5))
Grouporder: 21

Baseblocks:
0 0
6 1 6 1
5 2 5 2
4 °*3 4 3
2.6.
Parameters: (21,30,10,7,(2,4))
Groupgenerators:{(0,1,2,3,4,5)(«), (0)(1,5)(2,4)(3)(»))
Grouporder: 12
Baseblocks:
0 1 0 1 0 1
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3. Destructions

This sectionreally represents generalizatiorof a techniqueusedby Changet al. in
their Theoreml andits corollaries[4]. Althoughwe don't give the detailshere, it is
worthnotingthatoneof theirexhaustie searcheqthefirstin [4, Table11]), couldhave
beenavoidedin amannersimilarto Corollary3.2.

To shaw thatagivenparametesituation( (), b,r,k, (A1,A2)) isimpossiblewe con-
siderary subgraph™ of K. If Dr = [do,d4,...,dn] is the degreesequencef I', then
I containsexactlya = a(ll) = 3., (‘g) pairsof incidentedges.Thatis, I' containsa
first associat@airsandp = (3) — a secondassociat@airs;wherem= 3 5, d; is the
numberof edgesof I'. Let N, be the numberof blocksof a PBIBD(2) with the given
parametershatintersect in i edges.Countingblocks,edgesandpairsof edgeswe
obtainthe matrix equation

MN =R, (3.1)
where
111 1 1
M = 012 3 n (3.2)
001 3 ®)
N = [No,Ni,Np,Ns,...,Nj]" (3.3)
and
R = [bmrAsa+Ap" (3.4)

If we canfind UT = [ug,us,u]" suchthatU™M > 0, andz=UTR < 0, thenno
PBIBD(2) with parameterg(7),b,r,k, (A1,A2)) canexist. Obsere thatthe i-th entry
of UTM is

f(i)= uo+u1i+u2(i2),

aquadratidn thevariablei.

Thus, oneway to ensurethatUT™™M > 0 is to requirethatu, > 0 andthat (i) =
f(i+1) = 0for someintegeri, 0 <i<n—1.Thenf(x) >0forallx<iandx>i+1.
We may furtherassumehatu, = 1, becauselividing by a positive up will not change
thesignof z

The columnsof M arepairwiselinearlyindependentThusthereis a uniquechoice
of up, uz, Uy, suchthatu, = 1 andf (i) = f(i + 1) = O for agivenintegeri. This choice

IS
UT=[(i;1),—i,1].

Consequentlywe have establishedhe following:

Theorem 3.1. Letl bean subgaphof K, with medgesanda pairs of incidentedges.
Then,necessargonditionsfor theexistenceof a Triangular PBIBD(2) with parametes

(3) b:rkc 00,22
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include
b(IJ;l) —imr+A0+AB3>0
for eadintegeri=0,1,2,...,n— 1 (a+B = (3).)

Two of thesubgraph$ thatseemto bethethe mostusefulin the context of Theo-
rem3.1arethestarKy , andthen—cycle C,. Usingthesegraphswe have thefollowing
corollaries.

Corollary 3.2. Thenecessargonditionsfor the existenceof a Triangular PBIBD(2)
with parametes

(3) bk Oax2)

b(i;1> —i(n—l)r+)\1(n;1> >0

foreadhintegeri =0,1,2,...,n—1.

include

Using Corollary 3.2 with i = 1 shaws that no triangularPBIBD(2) can have the
parameter$21,42,10,5,(1,3)).

Corollary 3.3. Thenecessargonditionsfor the existenceof a Triangular PBIBD(2)
with parametes

(3) b:rkc .22

b<|;1> —inr+)\1n+)\2((2> “n)>0

foreadhintegeri =0,1,2,...,n—1.

include

Using Corollary 3.3 with i = 2 shaws that no triangularPBIBD(2) can have the
parameter$21,30,10,7,(5,1)).

In the openingparagraptof this section,we describedur techniqueasa general-
izationof Changetal.s method.Thisis possiblyinaccurateastheir relevanttheorems
arestatedwithout proof,andwe wereunableto reproduceseveral of theirtheoremsin
spiteof this, we canconfirmthattheir lists of possibledesignsaarecompletewithin the
rangethey considerhowever, in our enumerationye appliedpositiity of eigervalues
asacriterion,soour intermediatdists differ markedly from theirs.

Giventhe paucityof theoreticakriteriafor non-eistenceof ary designsthe other
aspecbf this methodthatcertainlydeseresmentionis the questiorof its generality It
is clearthatthe only designst mightexcludearethosewhereA differsmarkedly from
A2. Unfortunately we wereunableto find a generalseriesof designghatthis method
excludesbut thatarenot alsoexcludedby the eigervaluecriterion.
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4. Embedding

In themorefamiliargroupdivisible associatiorschemeif rk—vA, = 0, (i.e., the“semi-
regular’ case)thenwe mayremove oneof thegroupsandstill geta PBIBD(2) with the
groupdivisible associatioschemealsostill in thesemi-rgularcase We alsonotethat
if N istheincidencematrix of aPBIBD(2) with thegroupdivisible associatiorscheme,
thenrk — VA, is oneof theeigervaluesof NNT.

In the triangularassociatiorscheme;T (n), the eigervaluesof NNT arerk, p; =
r+(n—4)A1 — (n—3)A2 andp2 = r — 2A\1 + A2 with multiplicities of 1, n— 1, and
n(n— 3)/2. Therearesomesimilaritiesof the casep; = 0 with the semi-rgyularcase.
First,we notethatfor atriangularPBIBD(2) we have:

bk = wr (4.5)

k=1 = 2(nN—-2)hi+ (”gz)xz. (4.6)

Undertheassumptiorthatp; = 0, we alsohave:
(n=3)A2=r+(n=4)Aq,
andequation(4.6) givesus
(n—=2)A\1 = r(c—1) 4.7)

wherec = 2k/n. Also, equation(4.5) canberewrittenasb = (n—1)r/c.
Now, asin Corollary3.2,we considerastarKy , andthevector

07 =[a2/2,1/2—a,1]".

From equation(3.2), thei-th elementof GTM is (i — a)?/2 (wherewe numberfrom
zero),and,evaluatingata = c andusingm=n—1,a = (") andB = 0, togethewith
equation(4.7), we alsohave z= UTR = 0. This impliesthatevery block mustcontain
c edgesof Ky n; consequentlydeletingthis staragaingivesus a PBIBD(2), only now
with thetriangularassociatiorschemeTl (n— 1). This establishe3heoreny.1.

Theorem 4.1. Givena triangular PBIBD(2) with parametes

((2) b1k, ()\1,)\2))

with ¢ = 2k/n integer anda zeio eigervalue p1, of multiplicity n— 1, then
(1) everyblockis a c—regular subgaphof K,, and
(2) deletinganyKyn_1 yieldsa triangular PBIBD(2) with parametes

((”; 1) b,rk—c, ()\1,)\2))

with an eigervalueof A — A1 of multiplicity n— 2.
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ObsenrethattheSerie in Tablel fits thecriterionof Theorem4.1. Herec = 2 and
indeedall of its blocksare2—-regularsubgraphsFurthermorealeletingthe starcentered
atthepointc we getSeries2.

Sonow the naturalquestionis whencanwe reversethis processi.e., givenatrian-
gularPBIBD(2) with parameters

((2) b1k, ()\1,)\2))

with an eigervalueof A, — A1 of multiplicity n— 1 andc = 2k/(n— 1) integer, when
canwe addc pointsto eachblockto getatriangularPBIBD(2) with parameters

((n; 1) JbJ r, k+ C, ()\1))\2)>

with aneigervalueof zeroof multiplicity n.

By an approachsimilar to that presentedibove, againconsideringa star we can
easilyshawv thatits edgesonly occurtogetherin setsof sizec— 1 or sizec, andthat
therearer blockswith sizec— 1. So, we take the setof r blockswith intersectiornof
sizec — 1 with theedgef thestarat {i} asthesetto whichwe addtheedge(i,n+ 1).
Thisdetermineshe embedding.

Sincewe know how oftenan edgeof a starmustpair with the remainingedge sof
thestar it is easyto shav thateachedgeis amemberof A1 of thec — 1 sets;similarly
for edgesnot in the star eachmustlie in the sameblock asa c— 1 setA; times. We
next mustshav thatevery block recevesc new points. Sinceary block contains2k =
(n— 1)c edgesfrom the n stars,andthis is somemix of ¢ — 1-setsandc-sets,clearly
thismix is ¢ of c— 1-setsandn — c of c-sets hencesachblockwill receve c new edges
in ourembeddingThuseveryblockwhenconsideredsa subgraphof K, hasexactlyc
verticesof degreec — 1 andn — c verticesof degreec. Thefinal problemis to shav that
every pair of new pointsoccurstogethei\; times. Thatis if we considerfor eachblock
thesetof verticesof degreec— 1, thentheseb setsmustform a2—(n, c,A1) design(with
repeatedblocks).We statethis asour next theorem.

Theorem 4.2. Givena triangular PBIBD(2) with parametes

((2) b1k, ()\1,)\2))

with an eigervalueof A, — A1 of multiplicity n— 1 andc = 2k/(n— 1) integer, then

(1) everyblodkis asubgaphofK,, thathasexactlyc verticesof degreec— 1 andn—c
verticesof degreec;

(2) if thesetsof verticesof degreec— 1 forma (n,b, (n—1)A1/2,¢,A1)-BIBD,thenwe
mayextendthe giventriangular PBIBD(2) to a triangular PBIBD(2) with param-

eters
( (n—; 1) ; b7 r, K+ C, ()\17)\2))
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ObsenrethatSeriex2 in Tablel fits thecriterionof Theoren?.2in whichthe BIBD
of verticesof degreec — 1 = 1 areall the pairseachrepeatedwice, a (6,30,10,2,2)—
BIBD. Hencewe may extendthis designto obtainSeries9.

In the specialcasein which A1 = 0, it is straightforvardto show thatc = 1. The
required(n,b,r,1,0)-BIBD trivially exists sothe conditionsof Theorem4.2 hold. We
recordthis usefulresultasTheorend.3.

Theorem 4.3. Givena triangular PBIBD(2) with parametes

«2) (M= (=22 (n-1)/2, (0,)\2)> ,

wemayextendthisto a triangular PBIBD(2) with parametes

((n;r 1) ,N(N=2)A2,(N—2)Az,(N+1)/2, (07)\2)> )

Now we canexploit theresultof Lam etal. [7] to resole anotherpencase.

Corollary 4.4. Atriangular PBIBD(2) with parametes
(55,99,9,5,(0,1))
doesnotexist.

It might be notedthat anotherof Changet al.s exhaustve searches(the second
in [4, Table11]) could have beenavoided,asit would extendto the designin last of
their exhaustve searches althoughin thatlastsearchthey alsoexcludeda PBIBD(2)
basedon the 3 pseudo-triangulaassociatiorscheme®n 28 points,in additionto the
triangularschemeT (8). BattenandBeutelspachef2, pp. 46—47]have confirmedthis
searctfor thetriangularT (8) scheme.
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