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Abstract. We settleall but four of the remainingopensmall parametersituationsfor partially
balancedincompleteblock designswith 2 associateclasses(PBIBD(2)) that canbe basedon
Triangularschemes.
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1. Introduction

A strongly regular graphwith parameters� v� d � µ1 � µ2 � is anordinarygraph,regularof
degreed, 0 � d � v � 1, suchthatany two verticeshave µ1 commonneighborswhen
they areadjacentandhaveµ2 neighborswhenthey arenonadjacent.A stronglyregular
graphis alsocalleda two classassociationscheme. Two verticesarefirst associatesif
they areadjacent;otherwise,they aresecondassociates. In this articlewe concentrate
on thestronglyregulargraphT � n� known asthe triangular graph. Theverticesof this
grapharethev �	� n2
 pairsof ann–elementset,with two pairsbeingadjacentif they
haveanelementin common.Thus,in thetriangulargraph,two pairsarefirst associates
if they areincidentedgesof thecompletegraph,Kn. Givenastronglyregulargraphwe
canobtaina a partially balancedincompleteblock designwith two associateclasses
PBIBD(2)with parameters � v� b � r � k ��� λ1 � λ2 ���
if thev verticescanbearrangedinto b blocksof sizek suchthateveryvertex occursin
r blocks,andif two verticesareadjacent,thenthey occurin λ1 blocks;otherwisethey
occurin λ2 blocks. A triangular designis a PBIBD(2) in which the stronglyregular
graphis a triangulargraph.Thusa triangulardesignhasv � � n2
 vertices.
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Table1: Statusof remainingparametersituationsfor Triangulardesigns,k � r  10

Series v b r k λ1 λ2 ρ1 ρ2 Status
1 15 27 9 5 3 2 9 5 � Section2.1
2 15 30 10 5 2 4 2 10 � Section2.2
3 21 42 10 5 1 3 1 11 � � Corollary3.2
4 21 42 10 5 3 1 15 5 � Section2.3
5 21 21 6 6 2 1 8 3 � Section2.4
6 21 28 8 6 3 1 13 3 � Section2.5
7 21 35 10 6 2 3 4 9 � [1]
8 21 35 10 6 3 2 11 6 Open
9 21 30 10 7 2 4 0 10 � Section2.6

10 21 30 10 7 4 2 14 4 Open
11 21 30 10 7 5 1 21 1 � � Corollary3.3
12 21 21 10 10 4 5 2 7 Open
13 36 63 7 4 0 1 1 8 � [3]
14 45 63 7 5 0 1 0 8 � [3]
15 45 45 9 9 1 2 1 9 � [3]
16 55 99 9 5 0 1 1 10 � � Corollary4.4
17 55 55 10 10 3 1 23 5 Open
18 66 99 9 6 0 1 0 10 � � [7]

A comprehensive table of triangulardesignsand a review of someconstruction
methodscanbefound in [3] anda generalmethodfor constructingtriangulardesigns
canbefound in [5]. [4] and[8] reportthat thereare18 unsettledparametersituations
whenr � k  10. We list in Table1 theseparametersituations,(for moredetailson the
eigenvaluesρi, seeSection4), andgive their currentstatus,includingthenew designs
exhibitedin thisarticleandthesituationswhichwe ruleout.

2. Constructions

Let X be an n–elementset and considerthe triangulargraphT � n� on the pairs in
X. If G is a subgroupof SYM � � � , thenG actson the pairs in X in a naturalway:
g ��� x � y � � ��� g � x� � g � y� � . This actionpreservesincidenceandsoany suchsubgroupis
anautomorphismgroupof T � n� . Let ∆1

1 � ∆1
2 ��������� ∆1

N1
betheorbitsunderG of incident

(first associate)pairsandlet ∆2
1 � ∆2

2 ��������� ∆2
N2

betheorbitsunderG of non-incident(sec-
ond associate)pairs. Also, for fixed k, 0 � k � � n2
 , let Γ1 � Γ2 ������� ΓM be the orbitsof
k–edgesubgraphsof T � n� . We definethe incidencematrix A to be theN1 � N2 by m
matrixwhose� ∆c

i � Γ j � –entryis

A � ∆h
ih � Γ j � ��� K � Γ j : K � T ���

whereT is any fixedrepresentativein ∆h
ih

, h ��� 1 � 2 � , 1  ih  Nh and1  j  m. Then
thereis a triangulardesignwith parameters� v� b � r � k ��� λ1 � λ2 ��� if andonly if thereis a
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non-negativeintegersolution �u to thematrixequation

A �u �! λ1JN1

λ2JN2 " �
Weusedthealgorithmsdescribedin [6] toconstructandsolvethesematricesfor various
parametersituationsandvariousgroupsG. In [5], the authorsusea similar method;
however, theonly automorphismgroupthey consideris thefull symmetricgroup.The
resultsof oureffort aregivenbelow.

2.1.

Parameters: � 15� 27� 9 � 5 ��� 3 � 2���
Groupgenerators: #�� 0 � 1 � 2� ��� 3 � 4 � 5��$
Grouporder: 9
Baseblocks:

0 1

2

34

5

0 1

2

34

5

0 1

2

34

5

2.2.

Parameters: � 15� 30� 10� 5 ��� 2 � 4���
Groupgenerators: #�� 0 � 1 � 2 � 3 � 4 � 5� ��� 0� � 1 � 5� � 2 � 4� � 3��$
Grouporder: 12
Baseblocks:

0 1

2

34

5

0 1

2

34

5

0 1

2

34

5

2.3.

Parameters: � 21� 42� 10� 5 ��� 3 � 1���
Groupgenerators: #�� 0 � 1 � 2 � 3 � 4 � 5 � 6� ��� 0� � 1 � 2 � 4� � 3 � 6 � 5��$
Grouporder: 21
Baseblocks:

4 3

2

1

0
6

5

4 3

2

1

0
6

5
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2.4.

Parameters: � 21� 21� 6 � 6 ��� 2 � 1���
Groupgenerators: #�� 0 � 1 � 2 � 3 � 4 � 5 � 6� ��� 0� � 1 � 2 � 4� � 3 � 6 � 5��$
Grouporder: 21
Baseblocks:

4 3

2

1

0
6

5

2.5.

Parameters: � 21� 21� 6 � 6 ��� 3 � 1���
Groupgenerators: #�� 0 � 1 � 2 � 3 � 4 � 5 � 6� ��� 0� � 1 � 2 � 4� � 3 � 6 � 5��$
Grouporder: 21
Baseblocks:

4 3

2

1

0
6

5

4 3

2

1

0
6

5

2.6.

Parameters: � 21� 30� 10� 7 ��� 2 � 4���
Groupgenerators: #�� 0 � 1 � 2 � 3 � 4 � 5� � ∞ � ��� 0� � 1 � 5� � 2 � 4� � 3� � ∞ ��$
Grouporder: 12
Baseblocks:

0 1

2

34

5 ∞

0 1

2

34

5 ∞

0 1

2

34

5 ∞
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3. Destructions

This sectionreally representsa generalizationof a techniqueusedby Changet al. in
their Theorem1 andits corollaries[4]. Althoughwe don’t give the detailshere,it is
worthnotingthatoneof theirexhaustivesearches,(thefirst in [4, Table11]), couldhave
beenavoidedin amannersimilar to Corollary3.2.

To show thatagivenparametersituation� � n2
 � b � r � k ��� λ1 � λ2 ��� is impossible,wecon-
siderany subgraphΓ of Kn. If DΓ �%� d0 � d1 ��������� dn � is thedegreesequenceof Γ, then
Γ containsexactly α � α � Γ � � ∑n

i & 0 � di
2 
 pairsof incidentedges.That is, Γ containsα

first associatepairsandβ �'� m2 
 � α secondassociatepairs;wherem � 1
2 ∑n

i & 0di is the
numberof edgesof Γ. Let Ni be thenumberof blocksof a PBIBD(2) with thegiven
parametersthat intersectΓ in i edges.Countingblocks,edges,andpairsof edges,we
obtainthematrixequation

M �N � �R� (3.1)

where

M � () 1 1 1 1 *�*�* 1
0 1 2 3 *�*�* n
0 0 1 3 *�*�*+� n2


,-
(3.2)�N � �N0 � N1 � N2 � N3 ��������� Nn �/. (3.3)

and �R � � b � mr� λ1α � λ2β �0. � (3.4)

If we can find �U . �	� u0 � u1 � u2 � . such that �U . M 1 0, and z � �U . �R � 0, then no
PBIBD(2) with parameters�2� n2
 � b � r � k ��� λ1 � λ2 ��� canexist. Observe that the i–th entry
of �U . M is

f � i � � u0 � u1i � u2 3 i
24 �

aquadraticin thevariablei.
Thus,oneway to ensurethat �U . M 1 0 is to requirethat u2 1 0 andthat f � i � �

f � i � 1� � 0 for someintegeri, 0  i  n � 1. Then f � x� 1 0 for all x  i andx 1 i � 1.
We mayfurtherassumethatu2 � 1, becausedividing by a positive u2 will not change
thesignof z.

Thecolumnsof M arepairwiselinearly independent.Thusthereis a uniquechoice
of u0 � u1 � u2, suchthatu2 � 1 and f � i � � f � i � 1� � 0 for a giveninteger i. Thischoice
is �U . ��� 3 i � 1

2 4 ��� i � 1� �
Consequently, wehaveestablishedthefollowing:

Theorem 3.1. Let Γ beansubgraphof Kn with m edgesandα pairsof incidentedges.
Then,necessaryconditionsfor theexistenceof a Triangular PBIBD(2)with parameters� 3 n24 � b � r � k ��� λ1 � λ2 ���
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include

b 3 i � 1
2 4 � imr � λ1α � λ2β 1 0

for each integer i � 0 � 1 � 2 ��������� n � 1. � α � β �5� m2 
 � �
Two of thesubgraphsΓ thatseemto bethethemostusefulin thecontext of Theo-

rem3.1arethestarK1 6 n andthen–cycleCn. Usingthesegraphswehave thefollowing
corollaries.

Corollary 3.2. Thenecessaryconditionsfor the existenceof a Triangular PBIBD(2)
with parameters � 3 n24 � b � r � k ��� λ1 � λ2 ���
include

b 3 i � 1
2 4 � i � n � 1� r � λ1 3 n � 1

2 4 1 0

for each integer i � 0 � 1 � 2 ��������� n � 1.

Using Corollary 3.2 with i � 1 shows that no triangularPBIBD(2) can have the
parameters� 21� 42� 10� 5 ��� 1 � 3��� .
Corollary 3.3. Thenecessaryconditionsfor the existenceof a Triangular PBIBD(2)
with parameters � 3 n24 � b � r � k ��� λ1 � λ2 ���
include

b 3 i � 1
2 4 � inr � λ1n � λ2 � 3 n24 � n� 1 0

for each integer i � 0 � 1 � 2 ��������� n � 1.

Using Corollary 3.3 with i � 2 shows that no triangularPBIBD(2) can have the
parameters� 21� 30� 10� 7 ��� 5 � 1��� .

In theopeningparagraphof this section,we describedour techniqueasa general-
izationof Changetal.’smethod.This is possiblyinaccurate,astheir relevanttheorems
arestatedwithoutproof,andwewereunableto reproduceseveralof their theorems.In
spiteof this,we canconfirmthattheir listsof possibledesignsarecompletewithin the
rangethey consider;however, in ourenumeration,weappliedpositivity of eigenvalues
asacriterion,soour intermediatelistsdiffer markedly from theirs.

Giventhepaucityof theoreticalcriteriafor non-existenceof any designs,theother
aspectof thismethodthatcertainlydeservesmentionis thequestionof its generality. It
is clearthattheonly designsit mightexcludearethosewhereλ1 differsmarkedlyfrom
λ2. Unfortunately, we wereunableto find a generalseriesof designsthat this method
excludes,but thatarenotalsoexcludedby theeigenvaluecriterion.
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4. Embedding

In themorefamiliargroupdivisibleassociationscheme,if rk � vλ2 � 0, (i.e.,the“semi-
regular” case),thenwemayremoveoneof thegroupsandstill getaPBIBD(2)with the
groupdivisibleassociationscheme,alsostill in thesemi-regularcase.Wealsonotethat
if N is theincidencematrixof aPBIBD(2)with thegroupdivisibleassociationscheme,
thenrk � vλ2 is oneof theeigenvaluesof NNT .

In the triangularassociationscheme,T � n� , the eigenvaluesof NNT are rk, ρ1 �
r � � n � 4� λ1 �7� n � 3� λ2 andρ2 � r � 2λ1 � λ2 with multiplicities of 1, n � 1, and
n � n � 3��8 2. Therearesomesimilaritiesof thecaseρ1 � 0 with thesemi-regularcase.
First,wenotethatfor a triangularPBIBD(2)wehave:

bk � vr (4.5)

r � k � 1� � 2 � n � 2� λ1 �53 n � 2
2 4 λ2 � (4.6)

Undertheassumptionthatρ1 � 0, wealsohave:� n � 3� λ2 � r � � n � 4� λ1 �
andequation(4.6)givesus � n � 2� λ1 � r � c � 1� (4.7)

wherec � 2k 8 n. Also, equation(4.5)canberewrittenasb �9� n � 1� r 8 c.
Now, asin Corollary3.2,weconsiderastarK1 6 n, andthevector�U . ��� a2 8 2 � 18 2 � a � 1� . �

From equation(3.2), the i-th elementof �U . M is � i � a� 2 8 2 (wherewe numberfrom
zero),and,evaluatingata � c andusingm � n � 1,α � � n : 1

2 
 andβ � 0, togetherwith
equation(4.7),we alsohave z � �U . �R � 0. This impliesthatevery block mustcontain
c edgesof K1 6 n; consequently, deletingthis staragaingivesusa PBIBD(2), only now
with thetriangularassociationschemeT � n � 1� . ThisestablishesTheorem4.1.

Theorem 4.1. Givena triangular PBIBD(2)with parameters3;3 n24 � b � r � k ��� λ1 � λ2 � 4
with c � 2k 8 n integer anda zero eigenvalue, ρ1, of multiplicity n � 1, then

(1) everyblock is a c–regular subgraphof Kn, and

(2) deletinganyK1 6 n : 1 yieldsa triangular PBIBD(2)with parameters3<3 n � 1
2 4 � b � r � k � c ��� λ1 � λ2 � 4

with aneigenvalueof λ2 � λ1 of multiplicity n � 2.
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ObservethattheSeries9 in Table1 fits thecriterionof Theorem4.1.Herec � 2 and
indeedall of its blocksare2–regularsubgraphs.Furthermoredeletingthestarcentered
at thepoint∞ wegetSeries2.

Sonow thenaturalquestionis whencanwereversethis process,i.e.,givena trian-
gularPBIBD(2)with parameters3;3 n24 � b � r � k ��� λ1 � λ2 � 4
with an eigenvalueof λ2 � λ1 of multiplicity n � 1 andc � 2k 8 � n � 1� integer, when
canweaddc pointsto eachblock to geta triangularPBIBD(2)with parameters3<3 n � 1

2 4 � b � r � k � c ��� λ1 � λ2 � 4
with aneigenvalueof zeroof multiplicity n.

By an approachsimilar to that presentedabove, againconsideringa star, we can
easilyshow that its edgesonly occurtogetherin setsof sizec � 1 or sizec, andthat
therearer blockswith sizec � 1. So,we take thesetof r blockswith intersectionof
sizec � 1 with theedgesof thestarat � i � asthesetto whichweaddtheedge� i � n � 1� .
Thisdeterminestheembedding.

Sincewe know how oftenanedgeof a starmustpair with theremainingedgesof
thestar, it is easyto show thateachedgeis a memberof λ1 of thec � 1 sets;similarly
for edgesnot in the star, eachmustlie in thesameblock asa c � 1 setλ2 times. We
next mustshow thatevery block receivesc new points.Sinceany block contains2k �� n � 1� c edgesfrom the n stars,andthis is somemix of c � 1-setsandc-sets,clearly
thismix is c of c � 1-setsandn � c of c-sets,henceeachblockwill receivec new edges
in ourembedding.Thuseveryblockwhenconsideredasasubgraphof Kn hasexactlyc
verticesof degreec � 1 andn � c verticesof degreec. Thefinal problemis to show that
everypairof new pointsoccurstogetherλ1 times.Thatis if weconsiderfor eachblock
thesetof verticesof degreec � 1, thentheseb setsmustform a2–� n � c � λ1 � design(with
repeatedblocks).We statethisasournext theorem.

Theorem 4.2. Givena triangular PBIBD(2)with parameters3;3 n24 � b � r � k ��� λ1 � λ2 � 4
with aneigenvalueof λ2 � λ1 of multiplicity n � 1 andc � 2k 8 � n � 1� integer, then

(1) everyblock is a subgraphof Kn, thathasexactlyc verticesof degreec � 1 andn � c
verticesof degreec;

(2) if thesetsof verticesof degreec � 1 forma � n � b ��� n � 1� λ1 8 2 � c � λ1 � –BIBD,thenwe
mayextendthegiventriangular PBIBD(2) to a triangular PBIBD(2)with param-
eters 3<3 n � 1

2 4 � b � r � k � c ��� λ1 � λ2 � 4
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ObservethatSeries2 in Table1 fits thecriterionof Theorem4.2in whichtheBIBD
of verticesof degreec � 1 � 1 areall thepairseachrepeatedtwice, a � 6 � 30� 10� 2 � 2� –
BIBD. Hencewemayextendthisdesignto obtainSeries9.

In thespecialcasein which λ1 � 0, it is straightforwardto show that c � 1. The
required � n � b � r � 1 � 0� –BIBD trivially existssotheconditionsof Theorem4.2hold. We
recordthisusefulresultasTheorem4.3.

Theorem 4.3. Givena triangular PBIBD(2)with parameters3<3 n24 � n � n � 2� λ2 ��� n � 2� λ2 ��� n � 1��8 2 ��� 0 � λ2 � 4 �
wemayextendthis to a triangular PBIBD(2)with parameters3<3 n � 1

2 4 � n � n � 2� λ2 ��� n � 2� λ2 ��� n � 1��8 2 ��� 0 � λ2 � 4 �
Now wecanexploit theresultof Lametal. [7] to resolveanotheropencase.

Corollary 4.4. A triangular PBIBD(2)with parameters� 55� 99� 9 � 5 ��� 0 � 1���
doesnotexist.

It might be notedthat anotherof Changet al.’s exhaustive searches,(the second
in [4, Table11]) could have beenavoided,asit would extendto the designin last of
theirexhaustivesearches– althoughin thatlastsearch,they alsoexcludeda PBIBD(2)
basedon the3 pseudo-triangularassociationschemeson 28 points,in additionto the
triangularschemeT � 8� . BattenandBeutelspacher[2, pp. 46–47]have confirmedthis
searchfor thetriangularT � 8� scheme.
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