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Abstract. Simplified pooling designsemplg rows, columns,and principal diagonalsfrom
squareandrectangulaplates. The requirementhat every two samplede testedtogetherin ex-
actly onepoolleadsto a novel combinatorialkconfigurationthe unionjack design. Existenceof
unionjack designss settledaffirmatively wheneer theordern is aprimeandn = 3 (mod 4).
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1. Introduction

Pooling experimentsare usedto screenlarge recombinantDNA libraries to isolate
clones(setsof subintenals) containinga particularDNA sequencgl, 10]. Sinceit
is not practicalto screeneachcloneindividually, subsetof clones,calledpools are
used. The specificationand collectionof thesepoolsis referredto asa “pooling de-
sign”. The primaryobjectiveis to determinefor eachpoolin the designwhetherary
of the clonesin the pool containa specified(small) subintenal. Given the resultsfor
eachpool, we want to determinewhich clonescontainthe subinteral, andto do so
unambiguously

Clonesare often storedand producedon squareor rectangulaiplates,and hence,
performingthe pooling experimentrequiresthe meging of materialfrom a numberof
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differentpositionsontheplate. This operatioris greatlysimplifiedby definingthepools
to bein a pattern,andin practice the clonesfrom anindividual platecanbe combined
alonglines suchasrows, columns,and diagonals[9]. Thesecombinationsare sub-
poolswhich form component®f thefinal pools. Thus,the poolingdesignincludesthe
specificationof the templatesusedto obtainthe sub-poolsandthe way that the sub-
poolsarecombinedo obtainthefinal pools. Sincethe physicallimitationsimposedby
thetemplatesandthe presencef experimentakrrorin the poolingoutcomesnustalso
betakeninto accountjt canbea challengeo construcpoolingexperimentq8].

Whenthe rows and columnsare considereddesignsusefulfor constructingeem-
platesin pooling have beenstudiedpreviously for the designof experimentqd11]. A
lattice squae designof ordern is asetof "T“ arraysgachn x n andeachcontainingn?
symbolsonce.Every pair of symbolsoccurstogetheronceeitherin arow or acolumn,
in exactly oneof thearraysanddoesnotappeatogethetin arow or columnelsevhere.
Notethatthe rows andcolumnsof the arraysof a lattice squaredesignof ordern form
theblocksof aresohable2-(n?,n,1) design[2, 4]. Hereis a lattice squaredesignof
orderthree:

0 1 2 0 5 7
3 45 4 6 2
6 7 8 , 8 1 3

Lattice squaredesignsknown initially asquasi-Latinsquae designswereoneof
thevariantsof Latin squaredesignssxaminedby Yateg[12]; seealso[3, 5]. An explicit
constructions givenin [6]. Raghaarao[l1l, p. 171] remarksthatsuchlattice square
designsanalwaysbeobtainedrom anaffine planeof oddordern; partitionthen + 1
parallelclasse®f blocksinto pairs,andform ann x n arrayfor eachpairby interpreting
blocksin oneparallelclassasrows andin the otherascolumns.This doesnot depend
onthestructureof the planeandsoevery affine planeof odd ordergivesriseto atleast
onelattice squaredesign.Differentpairingsof the parallelclassexanleadto different
lattice squaredesigns andthe enumeratiorof differentlattice squaredesignsappears
to be morecomplex thanthe (alreadydifficult) enumeratiorof the underlyingplanes.
Theaffine planecanalwaysberecoveredfrom thelatticesquaredesign sincethen + 1
parallelclassegrom the rows andcolumnsof the "T“ arraysform suchaplane.

Naturally this approachrequiresthe constructiorof an affine planein orderto ob-
tain the lattice squaredesign,anda direct constructionrmight be preferred. However,
whenevern istheorderof aknown affine planen is apowerof aprime[2]. In thiscase,
thereis an affine plane(which we definesubsequentlyarisingfrom thefinite field of
ordern. It is arelatively simplematterto write a directprescriptiorfor anaffine plane
usingthefield, andequally straightforvard to write a prescriptionfor the arraysof a
lattice squaredesign;we leave thedetailsto theinterestedeader

In this paper we shav that affine planescan alsobe usedto constructanalogous
designgn which the rows, columns front diagonalsandbackdiagonalsf the arrays
eachform a parallelclassof the plane. A front diagonalis a setof arrayentries(i, j)
satisfyingi — j = b (mod n) for b aconstantindi, j € Z,,. Similarly, abad diagonal
satisfies + j = b (mod n).

An RCF designof ordern is a setof "T“ arrays,eachn x n andcontainingn?
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symbolsonce. Every pair of symbolsoccurstogetheroncein a row, column,or front
diagonalin exactly oneof thearrays,anddoesnot appeatogetheiin arow, column,or
front diagonalelsevhere.Hereis anRCFdesignof order5 definedonZ s x Zs:

00 10 20 30 40 00 12 24 31 43
01 11 21 31 41 34 41 03 10 22
02 12 22 32 42 |, 13 20 32 44 01
03 13 23 33 43 42 04 11 23 30
04 14 24 34 44 21 33 40 02 14

RCFdesignsalsoarisefrom affine planesin thefollowing mannerForm the affine
planefrom thefinite field asfollows(sed?2] for relevantbackground)Let X = {(z,y) :
z,y € GF(n)} bethen? points. Define for eachM,b € GF(n) theline Ly, =
{(z,Mz + b) : z € GF(n)}. Furtherdefinefor eachb € GF(n) theline Lo, =
{(b,y) : y € GF(n)}. LetP,, = GF(n) U {oo} denotethe projective line. Thenthe
(n 4+ 1)n linesLwmp with M € P,, andb € GF(n) aretheblocksof the affine planeof
ordern. They form aresohable2-(n?, n, 1) design.The parameteM € P, of theline
L is calledtheslopeof Ly ;. ForeachM € P, thesetR(M) = {Lwu; : b € GF(n)}
containsz lineswhich partitionthen? pointsin X . We saythatR(M) is theresolution
classof lineswith slopeM. Then + 1 resolutionclasse®(M), M € P,,, partitionthe
(n + 1)n linesof theaffine plane.

If n is aprime,thenn = 5 (mod 6), andit is easyto constructan RCF design
from the affine plane.Partition P,, into classe®f sizethree, X1, ..., X(n41)/3 Sothat
X1 = {00,0,1}. Thelines with slopesin X; leaddirectly to an arrayin which the
parallelclassedorm rows, columns andfront diagonalsNow thegroupPGL»(n) acts
3-transitvely on the setof slopesP,,, andhencethereis a groupelementmappingX;
to X; foreachi,2 <i < ”T“ Applying this automorphisnplacesheparallelclasses
correspondingo the slopesin X; in therolesof rows, columns,andfront diagonalsn
ann x n array andhenceproduceghearraysrequired.This establisheghefollowing.

Theorem 1.1. If n=5 (mod 6) is a prime, thenthere existsan RCFdesignof ordern.

Primality of n is employedhereto ensurehatthelinesof slopeonein thefield are
genuinefront diagonalsvheninterpretedn then x n array Whenn is a prime power
but not a prime, this is not guaranteedthe prime power caseis discussedn the last
section.

2. Union Jack Designs of Prime Order

Simultaneougonsideratiorof rows, columns front diagonalsandbackdiagonalaun-
derliesthefollowing combinatorialdefinition. A unionjack designof ordern is a col-
lection of nxn arrayswith distinct entriesfrom a set X of n? points suchthat ev-
ery pair of pointsappearsxactly onceamongthe rows, columns front diagonalsand
back diagonalsof the arrays.Thus, the numberof arraysin a union jack designis
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("22)/411 (5) = L. For example,hereis a union jack designof order7 definedon
Ziq X T

([00 0L 02 03 04 05 06 ] [00 15 23 31 46 54 62 )
10 11 12 13 14 15 16 56 64 02 10 25 33 41
20 21 22 23 24 25 26 35 43 51 66 04 12 20
{30 31 32 33 34 35 36|, |14 22 30 45 53 61 06 | .
40 41 42 43 44 45 46 63 01 16 24 32 40 55
50 51 52 53 54 55 56 42 50 65 03 11 26 34
([ 60 61 62 63 64 65 66 | | 21 36 44 52 60 05 13 ||

Whenn is aprimeandn = 3 (mod 4), we give a constructiorusingtheblocksof
theaffine planearisingfrom thefinite field onthesetX = Z,, x Z,,. GivenM,D € P,
with M#D, defineLwm p,; to betheuniqueline in R(M) thatintersectgheline Lp g in
thepair

{65 inle)

LetR,C, D € P, anddefineM = Mg ¢ p to bethen by n matrixwhose[i, j]-entryis
Mli,j] = Lrp,i N Lcp,j = (Xij,Yij)
wherei, j € Z,. Obserethat

(1) every elemenbf Z,, x Z,, appearsn somecell of M,
(2) therows of M arethelinesin R(R), and
(3) thecolumnsof M arethelinesin R(C).

Theorem 2.1. LetR,C, D € P,,, RAZC#D#R. Thenthefrontdiagonalsof M =Mg c p,
containthelinesin R(D) andthebad diagonalscontainthelinesin R(B), where

RD + CD — 2RC

B=Brco=—Sp—r_c

Proof. To simplify calculationspbsenethat

Beocp = 2C-D
BrRop = 2R-D

R+C
Br,c,oo = 5

Casel: R # o00,C # oo, andD # co. Inthiscase,

LR,D,i = {(X, Y) :Y = RX + (D - R)’I,}
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and
Lep,; = {(X)Y):Y=CX+(D-C)j}.
Theintersectiorof thesetwo linesis (X;;, Y;;) where

(D-0Qj—-(D-Rji

Xz'j =

R-C
Y;; = RX;+(D—R)i=CX;+(D-C)j
Obsenrethat
AY _ Yiun -V,  RAX+(D-R) . (D-R)
AX Xit141 — Xi; AX AX
= R+ (éD—c;?)—(?D_Cia) :R“L%:D'

Thus,the orderedpairsthat appearon ary front diagonalareon a line thathasslope
D. They accounffor all of thelinesin R(D) sinceevery orderedpairin Z,,xZ,, occurs
exactly onceamongthecellsof M. Obsenethat

AY Yifl,j+1_Yz',j_RAX_(D_R)_R_(D_R)
AX T Xiiji—Xi; AX = AX
(D-R(R-C) __ (R-D)R—C)
R-—b-0-m=-r " 2d-R-C
_ RD+CD-2RC _
~ 2D-R-C

Thusthe orderedpairsthatappeaion ary backdiagonalareon aline thathasslopeB.
They accounffor all of thelinesin R(B) sinceevery orderedpairin Z,, x Z,, occurs
exactly onceamongthecellsof M.

Case2: R = 0. In thiscase,

Lrp,; = {(G,Y):Y €Z,}and

and

Lep,;, = {(X,)Y):Y=CX+(D-C)j}.
Theintersectiorof thesetwo linesis (X;;, Y;;) where

Xy = i

Viji = CX;5+(D—-C)j=Ci+(D-0Q)j
Obsenrethat

AY Yiyrjin —Yi; _ CAX+ (D -0

ar —C+(D-C)=D.
AX  Xijrjo = Xij AX C+(0-9
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Thustheorderedpairsthatappeaion ary front diagonalareon aline thathasslopeD.
They accountfor all of thelinesin R(D) sinceevery orderedpair in Z,xZ,, occurs
exactly onceamongthecellsof M. Obsenrethat

AX  Xis1 41— Xij AX AX

Thusthe orderedpairsthatappeaion ary backdiagonalareon aline thathasslopeB.
They accountfor all of thelinesin R(B) becausevery orderedpairin Z,,x Z,, occurs
exactly onceamongthecellsof M.

Case3: C = oo. This caseis thetransposef Case2 (interchangek andC andrepeat
theargumentin Case?).

Cased: D = 0. In thiscase,

Lrpi={(X,Y):Y =RX +i}
and

Lep,; = {(X,Y):Y =CX +j}.

Theintersectiorof thesetwo linesis (X;;, Y;;) where

J—1
Y= R-c
. R(G—-1%) .
Yi; = RX;+j= R_C +3J
Obsenethat
AY  _ Yign -V, :L=1=D
AX Xip1j1—Xi; AX 0

Thustheorderedpairsthatappeaion ary front diagonalareon aline thathasslopeD.
They accountfor all linesin R(D) sinceevery orderedpairin Z,, x Z,, occursexactly
onceamongthecellsof M. Obsenre that

AY _ Yiagn-Yiy _RAX -1 1
AX  Xiim-Xi; | AX 0 AX
R-C_ R+C
R——5—=-5—=B.

Thusthe orderedpairsthat appearon ary backdiagonalare on a line that hasslope
B. They accountfor all linesin R(B) becausevery orderedpairin Z,, x Z,, occurs
exactly onceamongthecellsof M. |

To constructa unionjack designof prime ordern, we needmatricesM; = Mg, c;.p;
fori=1,2,...,(n+1)/4sothat{{R;,C;,D;,B;}:i =1,2,... ,(n+1)/4} partitions

P,,, whereB; = Bg; c;,p;- ForeachA € P, B_, 1 a+1 = L—rﬁ.Thusfor eachA € P,
PAYA—1
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Ma = M_, 1 a+1 handleshesetof slopesSa = {-A, % 251> 154} Thecondition
thatn = 3 (mod 4) impliesthat —1 is not a squaremodulon. Thus,Sa consistsof
four distinctelementsWhenA = oo, this setis So, = {00,0,1,—1}. Considerthe

subgroupH = {fM (X)=MX+l. M ¢ lP’n} of PGL,(n). This subgrougs transitive on

XM
P, becausef_a(co) = A. Furthermore,

Fa(Ss) {fa(00), fa(0), fa(1), fa(=1)}
{ A 1 A+1 l_A}ZSA-

CUAA-1T'14+A

Thustheorbit of S, underH is {Sa : A € P,,}. Thestabilizerof S, in H is

-1 1+ X X-1
= 1} = —, X .

K {fooafO;fl;f 1} {X'_)XJX'_) X7 Hl—X7XHX+1}
Hencethenumberof distinctitemsin theorbit {Sa : A € P, }is|H|/|K| = (n+1) /4.
Thetransitvity of H shovsthatthey partitionP,,. As aresult,we maychoosgn+1)/4
elementd;, Ay, ... ,A,41)/4€P, sothatthe(n+1)/4 matricesM formaunionjack
designof ordern, whenn = 3 (mod 4). Consequentlywe have:

Theorem 2.2. If n = 3 (mod 4) is a prime, thenthere existsa union jack designof
ordern.

3. A Dual Formulation

SupposealatticesquareRCF, or unionjack designof ordern exists. Eachdefinesaset
of n + 1 resolutionclassesRy, . . ., R, onn? pointssothatevery pair of pointsoccurs
in exactly one block of exactly one class; hencethe designis an affine plane. The
associatiorof resolutionclasseswith the arraysfrom which they arosepartitionsthe
setof resolutionclassesRy, . .., R, into 2t setsof s resolutionclassesach where
s = 2,3, or 4, dependingn whetherthe underlyingdesignis alattice squareRCF, or
unionjack design.

GiventheaffineplaneonelementsX with linesB, defineadualdesign(V',D) where
V ={vp : B € B}andD={D,:z € X}, byplacingvp in block D, whene&erz € B.
(Elementsof the affine planebecomdines of the dualandlines of the planebecome
elementof thedual.)So|D,| = n + 1 for all z € X. Moreover, from eachresolution
classR;, we candefinea group of pointsG; = {vg : B € R;}. Two pointsfrom
the samegroupdo not appeattogetherin a block of D, but two pointsfrom different
groupsappeatogetheiin exactly oneblock of D. Hence(V, D) is atransvesal design
TD(n+ 1,n) (see[2] for anextensie discussiorof trans\ersaldesigns).

Thepartitionof resolutionclassesnto setsof sizes correspondso a partitionof the
groupsof T D(n+1,n), andhenceto a collectionof T'D(s,n)s. EachsuchT D(s,n)
mustbe obtainedby applyingthe samedualizationto a single array from the lattice
squareRCEF or unionjack design.

Thereis essentiallyonly oneT'D(2,n), andhenceevery TD(n + 1,n) admitsa
partitioninto appropriatel’ D(2,n)s. However, whenwe turn to RCFandunionjack



34 M.A. ChateauneufC.J.Colbourn,D.L. Kreher E.R.Lamken,andD.C. Torney

designsthe pictureis morecomple. For RCF designsa carefulexaminationof the
dualof a singlearrayshaws thatit is a 7'D(3,n) isomorphicto onewith pointsZ,, x

{0,1,2}; groupsZ,x{i} for i€{0, 1,2}, andblocks{{(:,0), (4, 1), (i — 4,2)}:4,j €

Z,}.Equivalently this trans\ersaldesignis the oneobtainedrom the additiontableof

thecyclic groupZ,,. In thesamemannerthedualof asinglearrayin aunionjackdesign
is isomorphicto onewith pointsZ,, x {0, 1,2, 3}, groupsZ,, x {i} fori € {0,1,2, 3},

andeOCkS{{(ia 0)7 (.77 1)7 (Z - j) 2)7 (7’ + j7 3)} : 7’7.7 € Zn}

If anaffine planeis to underliean RCFor unionjack design,a necessargondition
is thatthe correspondind’D(n + 1,n) containa T'D(3,n) isomorphicto the cyclic
one. Immediatelywe seethat the planesarising from the finite field cannotunderlie
suchdesignswhentheir orderis a prime power but not a prime. Indeed,in this case,
everyTD(3,n) intheT D(n + 1,n) whenn = p* is isomorphicto thatarisingfrom
Zp x Zp x -+ x Lp, theelementaryAbeliangroup,ratherthanfrom the cyclic group
L.

Thereexist numerouplaneof primepower orderwhichdonotarisefrom thefinite
field,andsoit is possiblehatsomeotherclassof affine planescouldbeusedto produce
RCForunionjack designsWe do not know of ary otherexamplesof affine planesthat
canbe used,but we cannotexcludethe possibility sincethe classificationof all such
planesis not complete.Neverthelesspnenaturalclassof planesto explore,the trans-
lation planescanbe eliminatedfrom consideratiorusingbasicfactsabouttherelation
betweertranslationplanesand‘quasifields’(se€e[7]). All translationplanesarisefrom
quasifieldsandall quasifieldshave an additive groupwhich is elementaryAbelian. It
follows directly thatthe correspondin@”D(n+1,n) cannotcontainaT D(3,n) of the
cyclic type,andhencehattranslatiorplanesionotunderlieRCFor unionjack designs.
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