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Abstract. Simplified pooling designsemploy rows, columns,and principal diagonalsfrom
squareandrectangularplates.Therequirementthatevery two samplesbetestedtogetherin ex-
actly onepool leadsto a novel combinatorialconfiguration,theunionjack design.Existenceof
unionjackdesignsis settledaffirmatively whenever theorder � is aprimeand ���! #"%$'&)(+*�, .
Keywords: poolingdesign,affineplane,grouptesting

1. Introduction

Pooling experimentsare usedto screenlarge recombinantDNA libraries to isolate
clones(setsof subintervals) containinga particularDNA sequence[1, 10]. Sinceit
is not practicalto screeneachcloneindividually, subsetsof clones,calledpools, are
used. The specificationandcollectionof thesepoolsis referredto asa “pooling de-
sign”. Theprimaryobjective is to determine,for eachpool in thedesign,whetherany
of theclonesin thepool containa specified(small) subinterval. Given theresultsfor
eachpool, we want to determinewhich clonescontainthe subinterval, andto do so
unambiguously.

Clonesareoften storedandproducedon squareor rectangularplates,andhence,
performingthepoolingexperimentrequiresthemergingof materialfrom a numberof
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differentpositionsontheplate.Thisoperationisgreatlysimplifiedbydefiningthepools
to bein a pattern,andin practice,theclonesfrom anindividualplatecanbecombined
along lines suchas rows, columns,anddiagonals[9]. Thesecombinationsaresub-
poolswhich form componentsof thefinal pools.Thus,thepoolingdesignincludesthe
specificationof the templatesusedto obtainthe sub-poolsandthe way that the sub-
poolsarecombinedto obtainthefinal pools.Sincethephysicallimitationsimposedby
thetemplatesandthepresenceof experimentalerrorin thepoolingoutcomesmustalso
betakeninto account,it canbea challengeto constructpoolingexperiments[8].

Whenthe rows andcolumnsareconsidered,designsusefulfor constructingtem-
platesin pooling have beenstudiedpreviously for the designof experiments[11]. A
latticesquaredesignof order- is asetof .0/�12 arrays,each-435- andeachcontaining- 2
symbolsonce.Everypairof symbolsoccurstogetheronceeitherin a row or a column,
in exactlyoneof thearrays,anddoesnotappeartogetherin arow or columnelsewhere.
Notethattherowsandcolumnsof thearraysof a latticesquaredesignof order - form
theblocksof a resolvable 6 - 78- 2)9 - 9;:�< design[2, 4]. Hereis a latticesquaredesignof
orderthree: => ?A@B 0 1 2

3 4 5
6 7 8

CD 9 @B 0 5 7
4 6 2
8 1 3

CDFE GH .

Latticesquaredesigns,known initially asquasi-Latinsquare designs, wereoneof
thevariantsof Latin squaredesignsexaminedby Yates[12]; seealso[3, 5]. An explicit
constructionis givenin [6]. Raghavarao[11, p. 171] remarksthatsuchlatticesquare
designscanalwaysbeobtainedfrom anaffineplaneof oddorder - ; partitionthe -
I :
parallelclassesof blocksinto pairs,andform an -435- arrayfor eachpairby interpreting
blocksin oneparallelclassasrows andin theotherascolumns.This doesnot depend
on thestructureof theplaneandsoeveryaffineplaneof oddordergivesriseto at least
onelatticesquaredesign.Differentpairingsof theparallelclassescanleadto different
latticesquaredesigns,andtheenumerationof differentlatticesquaredesignsappears
to bemorecomplex thanthe (alreadydifficult) enumerationof theunderlyingplanes.
Theaffineplanecanalwaysberecoveredfrom thelatticesquaredesign,sincethe -'I :
parallelclassesfrom therowsandcolumnsof the .)/�12 arraysform sucha plane.

Naturally this approachrequirestheconstructionof anaffine planein orderto ob-
tain the latticesquaredesign,anda direct constructionmight be preferred.However,
whenever - is theorderof aknownaffineplane,- is apowerof aprime[2]. In thiscase,
thereis anaffine plane(which we definesubsequently)arisingfrom thefinite field of
order - . It is a relatively simplematterto write a directprescriptionfor anaffine plane
usingthe field, andequallystraightforward to write a prescriptionfor the arraysof a
latticesquaredesign;we leave thedetailsto theinterestedreader.

In this paper, we show that affine planescanalsobe usedto constructanalogous
designsin which therows, columns,front diagonals,andbackdiagonalsof thearrays
eachform a parallelclassof theplane.A front diagonal is a setof arrayentries 78J 9LKM<
satisfyingJON KQPSR 78T�UWVX- < for

R
aconstantand J 9LKZYX[ . . Similarly, aback diagonal

satisfiesJ\I K+PSR 7]T^UWVX- < .
An RCF designof order - is a setof .)/�1_ arrays,each -`3a- andcontaining- 2
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symbolsonce. Every pair of symbolsoccurstogetheroncein a row, column,or front
diagonalin exactlyoneof thearrays,anddoesnotappeartogetherin a row, column,or
front diagonalelsewhere.Hereis anRCFdesignof order5 definedon

[cb 3 [cb :=dddddd> dddddd?
@eeeeeeB
fgf : f 6 fih0fkjgff :k:g: 6 : h : j :f 6 : 6i606 h 6 j 6fgh : h 6 hih0hkjghf0j : j 6 jlh)jij0j

CnmmmmmmD 9 @eeeeeeB
fgf : 6i6 jlh : jghh0jkj : f0h : f 606: h 6 fih 6 j0jlf :j 6 f0j :0: 6 hih0f6 : hghkjgfif 6 : j

CnmmmmmmD
E ddddddGddddddH o

RCFdesignsalsoarisefrom affine planesin thefollowing manner. Form theaffine
planefromthefinitefieldasfollows(see[2] for relevantbackground).Let prqtsM78u 9wvx<�yu 9wvzY|{~} 78- <�� be the - 2 points. Define for each � 9�R�Y|{~} 78- < the line ����� �!qs�7]u 9 ��u#I R�<ay u Y�{~} 78- <�� . Furtherdefinefor each

R�Yz{~} 7]- < the line �~�^� �#qs�7 R�9�vx<�y�v�Yt{~} 78- <�� . Let � . q {~} 78- <�� s)� � denotethe projective line. Thenthe78-�I :�< - lines � ��� � with � Y � . and
RQY�{~} 78- < aretheblocksof theaffine planeof

order - . They form a resolvable 6 - 78- 209 - 9�:�< design.Theparameter� Y � . of theline� ��� � is calledtheslopeof � ��� � . For each� Y � . , theset��7�� < q�s�� ��� � ygR�Y#{~} 7]- <��
contains- lineswhichpartitionthe - 2 pointsin p . Wesaythat ��7�� < is theresolution
classof lineswith slope � . The -�I : resolutionclasses�^7w� < , � Y � . , partitionthe78-ZI :�< - linesof theaffineplane.

If - is a prime, then - P�� 78T�UWV � < , and it is easyto constructan RCF design
from theaffine plane.Partition � . into classesof sizethree,p 1 9 o;o;o 9 pX¡ .)/�1�¢]£ _ sothatp 1 q¤s)� 9 f 9�:)� . The lines with slopesin p 1 leaddirectly to an array in which the
parallelclassesform rows,columns,andfront diagonals.Now thegroup ¥ {~¦ 2 7]- < acts
3-transitively on thesetof slopes� . , andhencethereis a groupelementmappingp
§
to p 1 for eachJ , 6^¨©J~¨ª.0/�1_ . Applying thisautomorphismplacestheparallelclasses
correspondingto theslopesin p�§ in therolesof rows,columns,andfront diagonalsin
an -a3X- array, andhenceproducesthearraysrequired.Thisestablishesthefollowing.

Theorem 1.1. If - P4� 7]T^UWV � < is a prime, thenthereexistsanRCFdesignof order - .

Primalityof - is employedhereto ensurethatthelinesof slopeonein thefield are
genuinefront diagonalswheninterpretedin the -�3 - array. When - is a primepower
but not a prime, this is not guaranteed;the prime power caseis discussedin the last
section.

2. Union Jack Designs of Prime Order

Simultaneousconsiderationof rows,columns,front diagonals,andbackdiagonalsun-
derliesthefollowing combinatorialdefinition.A unionjack designof order - is a col-
lection of -«3¬- arrayswith distinct entriesfrom a set p of - 2 points suchthat ev-
ery pair of pointsappearsexactly onceamongtherows,columns,front diagonals,and
back diagonalsof the arrays.Thus, the numberof arraysin a union jack designis



30 M.A. Chateauneuf,C.J.Colbourn,D.L. Kreher, E.R.Lamken,andD.C.Torney .)®2�¯�° j -  . 2�¯ q .)/�1± . For example,hereis a union jack designof order7 definedon[�² 3 [�² :=dddddddd> dddddddd?
@eeeeeeeeB
f0fif : f 6 fghif)jlf � f �: f :0:i: 6 : h : j :�� : �6 f 6 : 6g6k6 h 6 j 6 � 6)�h0fih : h 6 hghih)jlh � h �jgfkj : j 6 j�hkj0jij � j �� f �W:³� 6 � h � j �0�i� �� f � : ��6´� h � j � � �0�

C mmmmmmmmD 9
@eeeeeeeeB
fgf :�� 6 hih : j � � j ��6� �k� jlf 6 : f 6 � hgh´j :h � j�h �W: �0� f)j : 6k6 f: j 6g6 h0fkj �i� h � : f �� hkf :i: �l6 jlh 6 j�f �g�j 6 � f � � f0h :0: 60� h0j6 : h � j0j � 6k� fif � : h

C mmmmmmmmD
E ddddddddGddddddddH
o

When - is a primeand - P h 7]T�UMV j < , wegivea constructionusingtheblocksof
theaffineplanearisingfrom thefinite field on theset p�q [ . 3 [ . . Given � 9�µ!Y � .
with �#¶q µ , define����� ·O� § to betheuniqueline in ��7w� < thatintersectstheline �5·O� ¸ in
thepair ¹ 7]J 9�µ J < if

µ ¶qS�7 f 9 J < if
µ qS� º

Let » 9�¼½9�µ©Y � . anddefine ¾Fq�¾À¿ � Á0� · to bethe - by - matrixwhoseÂ J 9ÃK0Ä -entryis¾ÅÂ J 9ÃK)Ä qÆ� ¿ � ·O� §xÇ �5Á)� ·O� ÈcqÉ7]p § È 9�Ê § È <
whereJ 9ÃK
Y [ . . Observethat

(1) everyelementof
[ . 3 [ . appearsin somecell of ¾ ,

(2) therowsof ¾ arethelinesin ��7w» < , and
(3) thecolumnsof ¾ arethelinesin ��7 ¼�< .
Theorem 2.1. Let » 9�¼½9�µÀY � . , »~¶q ¼ ¶q µ ¶q^» . Thenthefrontdiagonalsof ¾Ëq�¾ ¿ � Á0� · ,
containthelinesin ��7 µ½< andtheback diagonalscontainthelinesin ��7�Ì < , whereÌ�q�Ì ¿ � Á0� ·�q » µ I ¼�µ N�6x» ¼6 µ N`»�N ¼ o
Proof. To simplify calculations,observethat

Ì �^� Á0� · q 6 ¼ N µÌ�¿ � ��� · q 6O»ZN µÌ ¿ � Á0� � q »
I ¼6
Case1: »!¶qS� 9�¼ ¶qS� 9 and

µ ¶qS� . In thiscase,� ¿ � ·O� § q sM78p 9�Ê�<5y0Ê qË»ÍpÎI�7 µ N`» < J �
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and �~Á0� ·O� È³q s�7]p 9wÊ�<5ygÊ q ¼ p�I�7 µ N ¼Ï<ÐKO� o
Theintersectionof thesetwo linesis 7]p
§ È 9�Ê § È < wherep § ÈÑq 7 µ N ¼Ï<ÐK N�7 µ N`» < J»ZN ¼Ê § ÈÑq »�p § È~IÒ7 µ N�» < J¬q ¼ p § È5IÒ7 µ N ¼�<]K
ObservethatÓ ÊÓ p q Ê § /�1 � È /�1 N Ê § � Èp
§ /�1 � È /�1 Nap
§ � È q »

Ó pzI�7 µ N`» <Ó p qÔ»^I 7 µ N`» <Ó pq »^I 7 µ N`» < 7�»�N ¼�<7 µ N ¼Ï< N�7 µ N�» < qË»�I 7 µ N�» < 7�»�N ¼Ï<»ZN ¼ q µ o
Thus,the orderedpairsthat appearon any front diagonalareon a line that hasslopeµ

. They accountfor all of thelinesin ��7 µ½< sinceeveryorderedpair in
[ . 3 [ . occurs

exactlyonceamongthecellsof ¾ . ObservethatÓ ÊÓ p q Ê §]Õ 1 � È /�1 N Ê § � Èp §]Õ 1 � È /�1 Nap § � È q »
Ó p|N�7 µ N`» <Ó p qË»ZN 7 µ N`» <Ó pq »ZN 7 µ N�» < 7�»�N ¼�<NQ7 µ N ¼�< NÆ7 µ N`» < qÔ»^I 7�»�N µ½< 7�»�N ¼�<6 µ N`»�N ¼q » µ I ¼½µ N�6x» ¼6 µ N�»ZN ¼ qÉÌ o

Thustheorderedpairsthatappearon any backdiagonalareon a line thathasslope Ì .
They accountfor all of the lines in ��7�Ì < sinceevery orderedpair in

[ . 3 [ . occurs
exactlyonceamongthecellsof ¾ .

Case2: » qS� . In thiscase,� ¿ � ·O� § q sM78J 9wÊ�<5ygÊÅYX[ . � and

and � Á0� ·O� È q s�7]p 9wÊ�<5ygÊ q ¼ p�I�7 µ N ¼Ï<ÐKO� o
Theintersectionof thesetwo linesis 7]p
§ È 9�Ê § È < wherep § ÈÑq JÊ § ÈÑq ¼ p § È5IÒ7 µ N ¼Ï<ÐK q ¼ JÖIÒ7 µ N ¼�<]K
ObservethatÓ ÊÓ p q Ê § /�1 � È /�1 N Ê § � Èp�§ /�1 � È /�1 N×p
§ � È q ¼

Ó pÎIÒ7 µ N ¼�<Ó p q ¼ I�7 µ N ¼Ï< q µ o
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Thustheorderedpairsthatappearonany front diagonalareon a line thathasslope
µ

.
They accountfor all of the lines in ��7 µ½< sinceevery orderedpair in

[ . 3 [ . occurs
exactlyonceamongthecellsof ¾ . ObservethatÓ ÊÓ p q Ê §8Õ 1 � È /�1 N Ê § � Èp §8Õ 1 � È /�1 Nap § � È q ¼

Ó p|N�7 µ N ¼�<Ó p q ¼ N µ N ¼Ó p qÒ6 ¼ N µ qËÌ o
Thustheorderedpairsthatappearon any backdiagonalareon a line thathasslope Ì .
They accountfor all of thelinesin ��7ØÌ < becauseeveryorderedpair in

[ . 3 [ . occurs
exactlyonceamongthecellsof ¾ .

Case3:
¼ qª� . This caseis thetransposeof Case2 (interchange» and

¼
andrepeat

theargumentin Case2).

Case4:
µ qS� . In thiscase,�5¿ � ·O� §ÙqtsM78p 9�Ê�<�y0Ê qË»ÍpÎI!J �

and �~Á0� ·O� È�q�s�78p 9wÊ�<�ygÊ q ¼ pzI KO� o
Theintersectionof thesetwo linesis 7]p § È 9�Ê § È < wherep
§ È q K N×J»ZN ¼Ê § È q »�p
§ È I K q »�7 K N×J <»�N ¼ I K
Observethat Ó ÊÓ p q Ê § /�1 � È /�1 N Ê § � Èp § /�1 � È /�1 Nap § � È q :Ó p q :f q µ o
Thustheorderedpairsthatappearonany front diagonalareon a line thathasslope

µ
.

They accountfor all linesin ��7 µ½< sinceeveryorderedpair in
[ . 3 [ . occursexactly

onceamongthecellsof ¾ . ObservethatÓ ÊÓ p q Ê §8Õ 1 � È /�1 N Ê § � Èp §8Õ 1 � È /�1 Nap § � È q »
Ó pÚN :Ó p qË»�N :Ó pq »ZN »ZN ¼6 q »^I ¼6 qËÌ o

Thusthe orderedpairsthat appearon any backdiagonalareon a line that hasslopeÌ . They accountfor all lines in ��7ØÌ < becauseevery orderedpair in
[ . 3 [ . occurs

exactlyonceamongthecellsof ¾ .

To constructa unionjack designsof primeorder - , we needmatrices¾ § q�¾ ¿�Û � Á Û � · Û
for J�q :09 6 9 o�o;o 9 7]-4I :�< ° j sothat s0sM» § 9�¼ § 9�µ § 9 Ì § �gy J�q :g9 6 9 o;o�o 9 7]-4I :�< ° j � partitions� . , where ÌÙ§�qÉÌ�¿ Û � Á Û � · Û . For eachÜ Y � . , Ì Õ�Ý �ÃÞß � ß�à Þß�á Þ qâ1 ÕÍÝ1�/ Ý . Thusfor eachÜ Y � . ,



Pooling,LatticeSquare,andUnionJackDesigns 33¾ Ý qË¾ ÕÍÝ � Þß � ß�à Þß�á Þ handlesthesetof slopesã Ý qäs�N«Ü 9 1Ý 9 Ý /�1ÝxÕ 1 9 1 ÕÍÝ1�/ Ý � . Thecondition

that - P h 7]T�UMV j < implies that N : is not a squaremodulo - . Thus, ã Ý consistsof
four distinct elements.When Ü�qå� , this set is ã � qrs�� 9 f 9�:09 N :)� . Considerthe

subgroupæaq�ç\è � 7]p < q �Ùé /�1Õ é / � y � Y � .Ùê of ¥ {~¦ 2 7]- < . Thissubgroupis transitiveon� . , becauseè�Õ�ÝÖ7L� < qÆÜ . Furthermore,è Ý 7%ã�� < q s�è Ý 7Ã� <�9 è Ý 7 f <�9 è Ý 7 :�<�9 è Ý 7ØN :�<��q ¹ N«Ü 9 :Ü 9 Ü#I :Ü×N : 9 : N×Ü: I!Ü º q�ã Ý o
Thustheorbit of ã � underæ is s;ãÙÝ y Ü Y � . � . Thestabilizerof ã � in æ isë qts�è)� 9 è�¸ 9 è 1 9 è Õ 1 � q

¹ prìíîp 9 påìí N :p 9 p�ìí : I�p: Nap 9 prìí p|N :pÎI : º o
Hencethenumberof distinctitemsin theorbit s;ã Ý y Ü Y � . � is ï æÀï ° ï ë ï)qÔ78-�I :�< ° j .
Thetransitivity of æ showsthatthey partition � . . As aresult,wemaychoose7]-5I :�< ° j
elementsÜ 1 9 Ü 2 9 o;o�o 9 Ü�¡ .0/�1Ø¢Ð£ ± Y � . sothatthe 78-�I :�< ° j matrices¾�Ý formaunionjack
designof order - , when - P h 78T�UWV j < . Consequently, wehave:

Theorem 2.2. If - P h 78T�UWV j < is a prime, thenthere existsa union jack designof
order - .

3. A Dual Formulation

Supposealatticesquare,RCF, or unionjackdesignof order - exists.Eachdefinesaset
of -^I : resolutionclasses�Z¸ 9 o�o;o 9 � . on - 2 pointssothateverypairof pointsoccurs
in exactly one block of exactly one class;hencethe designis an affine plane. The
associationof resolutionclasseswith the arraysfrom which they arosepartitionsthe
setof resolutionclasses�Z¸ 9 o�o;o 9 � . into .)/�1ð setsof ñ resolutionclasseseach,whereñ'q�6 9 h , or 4, dependingon whethertheunderlyingdesignis a latticesquare,RCF, or
unionjackdesign.

Giventheaffineplaneonelementsp with lines ò , defineadualdesign7Ðó 9 ô^< whereóËqts�õ)ö y0÷�Y ò � and
ô q�s�ø^ù y u Y p � , byplacingõ)ö in block ø^ù whenever u Yú÷ .

(Elementsof the affine planebecomelines of the dualandlines of theplanebecome
elementsof thedual.)So ï ø ù ïgqÒ-
I : for all u Y p . Moreover, from eachresolution
class ��§ , we candefinea group of points û'§Qqrs�õ ö y¬÷üY ��§ � . Two pointsfrom
thesamegroupdo not appeartogetherin a block of

ô
, but two pointsfrom different

groupsappeartogetherin exactlyoneblockof
ô

. Hence7Ðó 9Øô�< is a transversaldesigný ø#7]-�I :09 - < (see[2] for anextensivediscussionof transversaldesigns).
Thepartitionof resolutionclassesinto setsof size ñ correspondsto apartitionof the

groupsof
ý ø#78-�I :g9 - < , andhenceto a collectionof

ý ø#7Lñ 9 - < s. Eachsuch
ý ø#7Lñ 9 - <

mustbe obtainedby applyingthe samedualizationto a singlearray from the lattice
square,RCF, or unionjack design.

Thereis essentiallyonly one
ý ø#7L6 9 - < , andhenceevery

ý ø#78-#I :g9 - < admitsa
partition into appropriate

ý ø#7L6 9 - < s. However, whenwe turn to RCFandunion jack
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designs,the pictureis morecomplex. For RCF designs,a carefulexaminationof the
dualof a singlearrayshows that it is a

ý ø#7 h 9 - < isomorphicto onewith points
[ . 3s f 9;:g9 6 � ; groups

[ . 3�s�J � for J Y s f 9;:g9 6 � , andblocks sgs�7]J 9 f <�9 7 Kg9�:�<�9 78J�N Kg9 6 <��gy J 9ÃKúY[ . � .Equivalently, this transversaldesignis theoneobtainedfrom theadditiontableof
thecyclic group

[ . . In thesamemanner, thedualof asinglearrayin aunionjackdesign
is isomorphicto onewith points

[ . 3 s f 9;:g9 6 9 h � , groups
[ . 3#s�J � for J Y s f 9;:g9 6 9 h � ,

andblocks s0s�7]J 9 f <�9 7 K09�:�<�9 78JÏN Kg9 6 <�9 78J\I Kg9 h <��Qy J 9LK
Y [ . � .
If anaffineplaneis to underlieanRCFor unionjack design,a necessarycondition

is that the corresponding
ý ø#7]- I :09 - < containa

ý ø#7 h 9 - < isomorphicto the cyclic
one. Immediatelywe seethat the planesarisingfrom the finite field cannotunderlie
suchdesignswhentheir orderis a primepower but not a prime. Indeed,in this case,
every

ý ø#7 h 9 - < in the
ý ø�78-�I :09 - < when -�qÒþ�ÿ is isomorphicto thatarisingfrom[�� 3 [�� 3�������3 [�� , theelementaryAbeliangroup,ratherthanfrom thecyclic group[ ���

.
Thereexist numerousplanesof primepowerorderwhichdonotarisefrom thefinite

field,andsoit is possiblethatsomeotherclassof affineplanescouldbeusedto produce
RCForunionjack designs.We do not know of any otherexamplesof affine planesthat
canbe used,but we cannotexcludethe possibility sincethe classificationof all such
planesis not complete.Nevertheless,onenaturalclassof planesto explore,the trans-
lation planes,canbeeliminatedfrom considerationusingbasicfactsabouttherelation
betweentranslationplanesand‘quasifields’(see[7]). All translationplanesarisefrom
quasifields,andall quasifieldshave anadditive groupwhich is elementaryAbelian. It
followsdirectly thatthecorresponding

ý ø#78-�I :09 - < cannotcontaina
ý ø#7 h 9 - < of the

cyclic type,andhencethattranslationplanesdonotunderlieRCFor unionjackdesigns.
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