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A
��� �����
	�����

design is a pair
�� �����

where:

� �
is a

�
-element set of points;� �

is a family of
	
-elements subsets of

�
, called blocks;� every

�
-element subset � � �

is contained in exactly
�

blocks.

Example:

A 2-(7,3,1) design
�� �����

is given by:� � ������������ ��"!#�$��&%('� � �)�* (�����*�+!#��� ,$��
 +!�%��"!-$������.$�%��
��%��('
6 34

15

0

2

NOTE: / � 01���� ��"!��2���3�
%��
$-�4�5���3�$(�2� ��"!��76
�

899999: 99999;
< � �
���2���=�2��(�2� (�2�"!��2�$(�2�
%�����3�
 ��"!��>�?�3�
%��$(����3�@!#� (�>�?�3�$A�
%�����3�
$(�>�B ��"!�����3�C%��>����"!���$��C%��>���� (�

DE99999F99999G
is an obvious automorphism group.
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A permutation H on a set I is a one to one function H JKI LM I .

An automorphism of a design
� I �����

is a permutation that pre-
serves the blocks.

For example:H � N � � �  ! $ % % � ! � � $ O � ���� ��"!��2�?���
%��$(�
is an automorphism of the 2-(7,3,1) design�P�. �*��!�, �$ +!�%��!Q$�*$(%���(%

H� M
 +!�%����!�*��!��!Q$�P�. �*$(%�, �$
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Orbits of�
–sets

Orbits of	
–sets
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Given integer
� [ �\[ 	][ �

,
�
-set

�
and/ ^ _ X*` �B� �

let:

� a b � a c �edfdede� a g�h be the orbits of
�
-subsets;� iPb � i(c �ededede� i g�j be the orbits of

	
-subsets;� k5lnm2opa q � i�r�s � tu��v w i�r J v x � ' , � w a q fixed.

Example: / � 0"�?�3�"!P�$(�2����
���
%����?�B���
%(�2��!P�$(�f6
123
340
136
356
350
234

124
450
156

125
140
146
456
150
245

126
240
560

120
460
160
256
250
246

134
345
135

130
346
235 145

236
230
360 260y

12 40 16 56 50 24 z 1 1 1 1 1 0 0 0 0 0y
13 34 35 z 2 0 0 0 0 2 1 0 0 0y
14 45 15 z 0 1 2 0 0 1 0 1 0 0y
10 46 25 z 0 0 2 0 2 0 1 0 0 0y
23 30 36 z 2 0 0 0 0 0 1 0 2 0y
26 20 60 z 0 0 0 1 2 0 0 0 1 1{ { {
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Kramer and Mesner 1973

A
�
-
�����
	�����

design exists with / ^ _ X.` �B� �
as

an automorphism group if and only if there is a (0,1)-
solution | to the matrix equationk lnm | � �Q}.�
where:

} � o �3�������3�ededede��� s�~ .
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“The method”� Choose parameters
�
,
	
,
�
, and

�
;� Find a candidate for an automorphism group / ;� Generate the incidence matrix k l�m ;� Solve the system of equations k l�m | � �Q}

for one, some
or all (0,1)-vectors | ;� Check for any special properties you may require of the
found solutions;� Apply any known recursive methods to the solutions found
to construct more designs.

Almost every known
�
-design with

�\� %
was either found this

way
or obtained from a design found this way.
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Solving k lnm | � �Q}
Find a (0,1)-vector U such that:

� � �k lnm ���Q} � � | � � � ���� | �
...�
�����

Such | gives a
�C�������
	�����

design with
automorphism group / .
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Method:

Let
�

be the set of columns of

� � �k5lnm ���Q} � .

Let � � _�� T.� ������� �����#�

Then: U
� ���� | �

...�
� ��� is a short vector of � ,

tnt
U
tnt�[ � .

Conversely, if
���� | �

...�
� ��� w � , with | a

������=�
–vector,

then k lnm | � ` �Q}
for some integer

`
and

a
�
–
�����
	�� ` ���

design is found.
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Find transformations � � �
so that the vectors in � have
shorter length.

�

� ���
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Tools:

(1) � � algorithm, [Lagarias and Odylzko 1982]

Given a basis
�

of lattice � w ��¡
produces

a reduced basis
� �

of � , such that:

i. � � uses at most ¢ � �-£ � arithmetic operations.

ii. ¤ � is almost orthogonal (integer approx. to
Gram-Schmidt orthogonalization).

iii.
� �

contains short vectors.

proved:
Shorter than

���*¥
(length of shortest nonzero vector in � .

practice:
Much much better!!!

(2) Improvements by Kreher and Radziszowski 1986.

(3) Improvements by Schnor and Euchner 1988/1991.
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The L � Algorithm
A reduced basis algorithm

The following algorithm can be found in the 1982 paper of Lenstra,
Lenstra, and Lovasz It is often called the L � or Lovasz algorithm.

Step 0 Let
� � o U b � U c �ededede� U � s be a basis for lattice � .

Step 1 Let
�§¦¨� o U ¦ b � U ¦c �ededede� U ¦� s be the GRAM–SCHMIDT or-

thogonalization of
�

.
U ¦ b � U bª©U ¦c � U c � « b¬c U ¦ b ©

...U ¦r � U r � rB® bqp¯ b « q°r
U ¦q (1)

...

where
« q°r � U ¦q ¥ U rtnt U ¦q tnt c for ± [ ²

.

Step 2 For
²³� �

to �
do

899: 99; For ± � ²´� �
down to

�
do

8: ;
U r¶µ U r � ·« q°r U q �
where

·« q°r is the integer closest to
« q°r d

recompute
« q°r d

Step 3 If
tnt U ¦r � b�¸ « r ¬ r � b U ¦r tnt c [ �£ tnt U ¦r tnt c for some

²
,

interchange

U r and

U r � b and return to step 1.
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The basis reduction algorithm to find a solution tok | � ¹
for a

������)�
–valued vector | . Where k and

¹
are integer valued

matrices.

Step 0

Set
� � � � º�k ��¹ � � and »� � � � º�k k } � ¹ � �

Step 1 Consider the lattice � ����� where
�

is the matrix given
above.

Step 2 Find a reduced basis
� �

of � ����� .
Step 3 Check if

� �
contains a column of the form op¼ | � º� s

with | w �ª�����)' �
. If so stop; | solves equationk | � ¹

.

Step 4 Repeat Steps 1 to 3 with
�

replaced with »� . If a
vector op¼ | � º� s with | w �ª���½�)' �

. is found as column
of the new reduced basis, then

}¾� | solves k | �¹
. Otherwise, stop. No solution has been found.
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Size-Reduction� � � � º�k ��¹ � � M � ��¿
and

� ��¿� M � � ¿

h ******************

� �
Multiply row h byW � À ÁÃÂ q tnt U q t�t c

Delete row h and

column j
h 0000000000000*0000

j
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Weight-Reduction

Find
ºU b � ºU c �ededÄde� ºU m w �

so that

(1)
tnt ºU b tnt ^ tnt ºU c tnt ^ deded½t�t ºU m tnt and

(2)
º�Å� Æ b ºU b ¸ Æ c ºU c ¸ ¥e¥e¥ ¸ Æ m ºU m has length

tnt º�Qtnt*[ t�t ºU m tnt
Replace

ºU m by
º�
.

Use
Æ q w � ¸ ���e�Ç�È'

A necessary condition is

m ® br"¯ b tnt º
U q t�t c [ qÊÉ¯-r t º

U q ¥ ºU r t .
Consider the complete graph on

�
Label the edge

� ºU q � ºU r ' by
t ºU q ¥ ºU r t

Keep only those edges that exceed some threshold

Search for
	
-cliques — they give good candidates.
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Basis reduction algorithm
of Kreher and Radziszo wski

Input basis
�

;� J � L � ����� ;� J � Size-Reduction
�����

;
currentWeight := ËÌÎÍeÏ tnt ºU tnt c

;

repeat
oldWeight := currentWeight;� J � Weight-Reduction

�����
;

Sort the vectors in
�

into order of non-decreasing
tnt?¥.t�t

;� J � L � ����� ;
currentWeight := ËÌÎÍeÏ t�t ºU tnt c

;

until currentWeight = oldWeight or solution found;
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Available ingredients

��� �A� 
Latin squares, transversal designs, orthogonal ar-
rays of strength 2 and 3, rich source of 2 and 3
homogeneous groups, recursive constructions, ge-
ometry, coding theory..��� !P�$
a few 4 and 5 homogeneous groups, union of orbits
under other groups, coding theory.�§� %
union of group orbits,
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Ð.ÑÓÒVÔ½Õ�ÐKÖ ×?Õ"×ÄØ
designsÐ�Ù ×

: exist if and only if
Ô¶Ú Û*ÒÝÜßÞ.à�á>Ø

.Ð�Ù á
: exist if and only if

Ô¶Ú ×
or â ÒÝÜ�Þ.à�ã>Ø . (Kirkman 1847)Ð�Ù â : exist if and only if

Ô¶Ú á
or ä ÒÝÜ�Þ.à�ã>Ø . (Hanani 1960)Ð�Ù ä : Only ones known have:Ô¶Ù ×2×

(Carmichael 1937, Witt 1938);Ô¶Ù á â Õ äæå and çªâ (Denniston 1976);Ô¶Ù å × (Mills 1978) ;Ô¶Ù ×ÄÛ å (Grannell and Griggs 1991).
Ô§Ù × â × (Mathon 1991)

Smallest unsettled parameter set is 4-(17,5,1).Ð�Ù è
: Only ones known have:Ô¶Ù ×fá

(Carmichael 1937, Witt 1938);Ô¶Ù á ä Õ äæç and ç�ä (Denniston 1976);Ô¶Ù å á (Mills 1978);Ô¶Ù ×ÄÛ ç (Grannell and Griggs 1991).
Ô§Ù × â á (Mathon 1991)

Smallest unsettled parameter set is 5-(18,6,1).Ð�é ã
: None are known.

Smallest unsettled parameter set is 6-(19,7,1).
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Ð.ÑÓÒVÔ½Õëê�Õ"×ÄØ
designs,

êíìÙ ÐKÖ ×
.Ð�Ù ×

: exist if and only if
Ô¶Ú Û*ÒÝÜßÞ.à�ê�Ø

.Ð�Ù á
: For all

ê
there is a

Ô
î
such that for all

Ô�ïðÔ
î
there exists a

áPÑ�ÒVÔ½Õñê�Õ"×ÄØ
whenever

Ô2ÒVÔ Ñ ×ÄØ-Ú Û*ÒÝÜßÞ.à�ê�Ø
and

ÒVÔ1Ñ]×�ØQÚ Û*ÒÝÜßÞ.àKÒòê Ñ]×�Ø�Ø
(Wil-

son 1975).

Smallest unsettled parameter set is 2-(46,6,1).Ð�Ù â : Only ones known have:ÒVÔ½Õòê?Ø�Ù Ò�ó�ô�Ö ×�Õ�ó�Ö ×�Ø
, õ é]á

,
ó

a prime power;ÒVÔ½Õòê?Ø�Ù ÒòáªáKÕòã>Ø
(Carmichael 1937, Witt 1938);ÒVÔ½Õòê?Ø�Ù ÒòáªèKÕÎèæØ
(Denniston 1976)

Smallest unsettled parameter set is 3-(42,6,1).Ð�Ù ä : Only ones known have:ÒVÔ½Õòê?Ø�Ù Òòá â Õ å Ø (Carmichael 1937, Witt 1938);ÒVÔ½Õòê?Ø�Ù Òòá å Õòã>Ø (Denniston 1976)

Smallest unsettled parameter set is 4-(42,6,1).Ð�Ù è
: Only ones known have:ÒVÔ½Õòê?Ø�Ù Òòá ä Õ ç Ø (Carmichael 1937, Witt 1938);ÒVÔ½Õòê?Ø�Ù Òòá ç Õ å Ø (Denniston 1976)

Smallest unsettled parameter set is 5-(43,7,1).Ð�é ã
: None are known.

Smallest unsettled parameter set is 6-(29,8,1).
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Ð.ÑÓÒVÔ½Õ�ÐKÖ ×?Õñö2Ø
designs,

ö÷ìÙ ×
.Ð�Ù ×

: exist if and only if
ÔÄöøÚ Û*ÒÝÜßÞ.à�áæØ

.Ð�Ù á
: exist if and only if

Ô2ÒVÔ Ñ ×ÄØùö�Ú Û*Ò�Ü�Þ.à â Ø and
ÒVÔ1Ñ]×�ØùößÚ ÒñÛKÜßÞ.à�á>Ø

(Hanani 1961, 1975).Ð�Ù â : The necessary conditions are know to be sufficient when:öøÙ á
(Hartman and Phelps);ößÚ Û.ÒÝÜ�Þ=à â Ø and

ö5ú¾Ô Ñ â (Teirlinck 1984);
for all

ö
when

Ô\Ù è\û"á ô
(Etzion, Hartman 1990).

Other sporadic results are also known.
Smallest unknown is 3-(25,4,4).Ð�Ù ä : The only known infinite families are:ä Ñ]Ò ä Ö ç?ü ÕòèÃÕ ä�ü Ø for all ü ï Û
(Teirlinck 1989, plus Kreher and Radziszowski 1986)ä Ñ]ÒVÔ½ÕëèÃÕñö2Ø

for all
Ô\Ú ä ÒÝÜßÞ.à½ö2Ø where

öøÙ á2ã ä × ç Û å è ä Ûªáªá ä (Teir-
linck 1987)
Sporadic examples are also known.
Smallest unknown is 4-(15,5,2).Ð�Ù è

: The only known infinite families known are:èýÑ]ÒòèýÖ ç?ü ÕñãæÕ ä�ü Ø for all ü ï Û
(Teirlinck 1989, plus Kreher and Radziszowski 1986)èÃÑ ÒVÔ½ÕëãæÕòö2Ø

for all
ÔýÚ è=ÒÝÜ�Þ.à½ö>Ø

where
öøÙ å�äÃâ Û2Û çªâ2å Û2ã çªç ÛªÛ2ÛªÛªÛ2ÛªÛ2ÛªÛªÛ2Û

(Teirlinck 1987)
Sporadic examples are also known.
Smallest unknown is 5-(16,6,2).
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Ð�Ù ã
: The only known infinite families are:ã¨Ñ]Òñã¨Ö ç?ü Õ å Õ ä�ü Ø for all ü ï Û

(Teirlinck 1989, plus Kreher and Radziszowski 1986)ã¨Ñ]ÒVÔ½Õ å Õñö2Ø)þªÔ¶Ú ã.ÒÝÜ�Þ.àªö2Ø
,öøÙ × â>ÿ�å�ä Û�è2è=× å á äÃå ×fÛ ä ã ç á2Û âªâ × èªá>Û�ÛªÛ2ÛªÛ�Û2ÛªÛ�Û2ÛªÛªÛªÛ

(Teirlinck 1987)
Seven other examples are known. (Betten et al. 1995)
Smallest unknown is 6-(15,7,3).Ð�é å : The only known infinite family is:Ð?Ñ÷ÒVÔ½Õ�ÐÄÖ ×?Õñö2Ø

for all
Ô\Ú Ð ÒÝÜßÞ.à�ö2Ø

where
öøÙ ÒVÐ�Ö ×ÄØ �������	�

(Teirlinck
1987)
Seven other examples are known. (Betten et al. 1995)
No other

Ð.Ñ]ÒVÔ½ÕVÐ*Ö ×�Õñö2Ø
designs are known.

Smallest unknown is 7-(16,8,3).



Ð.ÑÓÒVÔ½Õëê�Õñö2Ø
designs,

ö÷ìÙ ×
,
êíìÙ ÐKÖ ×

.Ð�Ù ×
: exist if and only if

ÔÄöøÚ Û*ÒÝÜßÞ.à�ê�Ø
.Ð�Ù á

: For all
ê�Õëö

there is a
Ô î

such that for all
Ô ï Ô î

there exists a
á ÑÒVÔ½Õòê½Õëö2Ø

whenever
ö�Ô2ÒVÔ.Ñø×ÄØ�Ú Û*ÒÝÜßÞ.à�ê�Ø

and
ö*ÒVÔ.Ñø×ÄØQÚ Û*Ò�Ü�Þ.àKÒòê.Ñ×ÄØ�Ø

(Wilson 1975).

Smallest unsettled parameter set is 2-(22,8,4).Ð�Ù â : Several infinite families and many sporadic examples are known.

Smallest unsettled parameter set is 3-(16,7,5).Ð�Ù ä : There are TWELVE or so infinite families known,
(Alltop 1972, Bierbrauer 1989, Hubaut 1974, Driessen 1978 Magliveras
and Plambeck 1987, Van Trung 1984 & 1986);
Many sporadic examples.

Smallest unsettled parameter set is 4-(12,6,6).Ð�Ù è
: There are SIX infinite families known.,

(Alltop 1972, Magliveras and Plambeck 1987, Van Trung 1984 & 1986);
Many sporadic examples are known.

Smallest unsettled parameter set is 5-(13,7,6).Ð�Ù ã
: The only known infinite family is:

ã�Ñ´Òòá â Ö ×fã�
 Õ ç Õ ä Ò�
 Ö ×ÄØ
Ò�×fã�
 Ö× å Ø for

 é]Û

, (Kreher 1992).
thir ty five other examples are known.
Smallest unsettled parameter set is 6-(16,8,15).
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Ð�Ù å : No infinite family is known.
Ten examples are known.
Smallest unsettled parameter set is 7-(18,9,5).

Ð�é ç : None are known.
Smallest unsettled parameter set is 8-(20,10,6).


