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Number Problems

» Problems where the inputs are numbers
— Prime number problem:
* Input: Integer n
« Yes/No Question: Is n prime?
— Partition problem
« Input: Set S of n numbers,{s..., s}

* Yes/No Question: Is there an S’ subset of S such
that the sum of numbers in S’ = the sum of numbers
inS-S'.

* What is the input size for these problems?




PARTITION is NP-complete

PARTITION
— Input: Set S of n numbers {s..., s}

— Yes/No Question:

¢ |s there an S’ subset of S such that the sum of
numbers in S’ = the sum of numbers in S — S'?

* 3DM <, PARTITION

Integer Programming (IP)

Instance: A set of integer variables, a set of inequalities
over these variables, a functif{m) to maximize, and
integerB.

Question: Does there exist an assignment of inseigper
such that all inequalities are true &g = B?

Example:
v;21,v,20
vl +v2<3
f(vy)=2v, ; B=3

Is Integer Programming (IP)
NP-Hard?

Theorem: Integer Programming is NP-Hard
Proof: By reduction from Satisfiability (SA‘Ep IP)

« Take an instance of SAT; includes Boolean variables and
clauses.

* The IP instance has twice as many variables, one for each
variable and its compliment, as well as the following
inequalities:

O<vi<l and kvl
l<vi+7v<1

for each clause C =v{,"V,, ...V} 1 vj+ Vot + v 21




Reduction
SAT is satisfiableff the answer to the IP problem is
affirmative
1. Left-to-Right proof:

In any SAT solution, a TRUE literal correspondsto a 1 in IP
since, if the expression is SATISFIED, at least one lifzza
clause is TRUE, so the inequality sumis > 1.

2.Right-to-Left proof:

Given a solution to this IP instance, all variables wilDbar 1.
Set the literals corresponding to 1 as TRUE and 0 as FALSE
No boolean variable and its complement will both be true, so
is a legal assignment with also must satisfy the ctause

7

Observations

* We proved the NP-hardness of a special case of IP

* The transformation captures the essence of why IP i
hard - it has nothing to do with big coefficientshig
ranges on variables; restricting to 0/1 is enough.
reduction tells us a lot about a problem.

* How easy it is to show the NP membership of IP?

The Subset Sum (SS) Problem

* Inputs:
— SetSof numbers.
— NumberT called thetarget
* Output:
— Yes, ifShas a subs@& such thaty S(i)=T.
— No, if no such subset exist.
* Brute-force solution:
— Compute all possible subsets of S and verify




Example

* Inputs:
-S={10, 9, 15, 22, 39, 5, 15}
-T=42
» Output:
— Yes, because {15, 22, 5} is a subseSaid 15
+22+5=42

Subset Sum is NP-Complete

* Subset Sum (SS) is in NP
— Whatis a certificate?
— Verifiable in polynomial time?
* 3-SAT=< p SS

3-SAT
The 3-SAT problem:
— 3-CNF formulag has:
« kclause<,, C,, ..., C;
« n propositional variables, x, ..., X,
— ¢ has the formp = C,0C,0...00C,.

¢ Each claus€, has at most three variables C =
1,0,0,, wherei # j # kandl, is a literal denoting; or
X

—X; and =x; cannot be in the same clause
— Each variable; appears in at least one clause.




Example of 3-CNF formula

¢ = C,UGLC,LC,
Cy =% 0%, 0-%g
C, = %, O-x, 0%,
Cs = X0 -x%0x;
C, =% 0%, 0%g

Polynomial Reduction from 3-SAT
(3-SAT<,SS)

* Input an instance of 3-SAT

» Output an instance of SS; i.e., a Saf numbers
and one target numb@&r

* Mapping:
— For each variable;, consider two numbers andv’;
— For each clausg; , consider two numbess ands’;
— The format of each numbenis v,C, C,

— 9 = 2( + k) numbers in base 10 each with(k)
digits

Mapping: Example

Using the same example with 3 variabtgs
X, X3 and 4 clause€,, C,, C,, C,:
¢ = C,0C,C[C,
C, = %0 %,0 %5
C, = X0 X% %5
C3 = —|X1|:| -|X2|:|X3
C, = XX, xg




Mapping Table

« Table (part 1): X% |% |G |G |G |G
« v andv, comes fromx, |'
1<i<3 "
V’l
Vs
V’Z
V3
Vi

Mapping Table

« Table (part 2): X% |% |G |G |G |G

* 5 ands|; comes fronC;,

15j<4 .

S2

« Target value:

— Thas 1 for eack and 4 for |S2

eachC .
3
s’
Sy
Sy
Mapping Table
« Fill rows forv; andv';. X% % |G |G |G |G

— v;andv'; has 1 in column

x and 0 otherwise. w1 o |o

vi|1l |0 |0

v, |0 |1 |0

V|0 |1 |0

v; {0 |0 |1

V|0 |0 |1




Mapping Table

« Corresponding to clauses; X% |% |G |G |G |G

-V, has 1in columig; if X

appear_snﬁ:j,ando w1 o To T To o |2

otherwise.

- V' has 1 in columiC; if vi[1 o |o |o |1 |1 |0

-X appears ii€;, and 0
otherwise.

_.
-
-
-
~
~
=
=

v, |0 |1 |o |1 |1 |1 |o

C, =X 0%0-%,
C2 = —|X1[| ﬂXZD X3
C3 = —|X1[| ﬂXzD(:;
C, = XXXy

v, [0 o |1 o o |1 |2

vilo o |1 |1 1 Jo |o

Reduction from SAT (14/15)

. Forg ands’j: XX | % |G |G |G |Gy
* shas1incolumic, and [ |° | |® |1 |° |°|°
0 otherwise s, 1o [o [o [2 o |o |o
¢ s’ has 2 in columi€, and
J . 1 s, |0 [0 |0 |o |1 |0 |oO
0 otherwise

s, |0 |O O |0 |2 [0 |O

s; |0 o [o Jo o 1 [o

s, |0 |O (O |0 |O |2 |O

se |0 o [o Jo o o |1

s, |0 |O O |0 |O [0 |2

SS Instance: Example

* Interpret each row as a base 10 integer.

« S={1001001, 1000110, 100001, 101110,
10011, 11100, 1000, 2000, 100, 200, 10, 20,
1, 2}.

. T=1114444.




Reduction Correctness

e Claim:
— The 3-SAT formulag, is satisfiablef and only if
there is a subs& [0 Swhose sum i§

Left-to-Right Proof

» Suppose there is an assignatior o, ...,
X, such thatp evaluates to true

e If x; =true, then includey; in S
* If x; =falsg then include/; in S

Left-to-Right Proof: Example

¢ X% =0,%=0,x=1

o S={v/, v, v} Xi | X2 | X3 |G |G |Gy |Gy
e Zhas the sum of the AET N R R I N A
elements irS. v, [0 |1 [o 1 [1 [1 Jo
« Tisthe target. vo [0 Jo [1]o o |1 |2
* We need to find how to z 11 |1 |1 |1 |2 |3 |1
makeZ =T. T 1 1 1 (4 |4 |4 |4
@ = C,[IC,[IC,[C,

Cy=x0-%,0-x,
C, = X, 0-%x,00 =%
Cy= x,0-%,xg
Cy =X X[




Left-to-Right Proof: Example

Claim: X | % | x| Ci|ColCylCy
In Z, the digits corresponding to [ [1 [0 [o |0 |1 |1 |o
variables are 1.
v, [0 |1 |0|1 |1 |1 |O
R v; 0o [1]0 |0 |1 |1
eason:
K 1]1 (1)1 |2 |3 |1
S includesy, or V', but not both.
111 114 4 4 4
Left-to-Right Proof
Claim: 1] % | %3] Cy | Cy | Cs |Cy
In Z, the digits corresponding to clausgs
are 1, 2, or 3. Vi1 |0 1040 11 11 10
v, [0 |1 |0|1 |1 |1 |O
Reason: v; [ofo [1]0 o |2 |1
v, has 1 in columi€; if x, appears irC;,
and 0 otherwise. 2z et
Vihas 1in columi€ if -x appearsin |T |1 |1 |14 |4 4 14
C;, and 0 otherwise.
ClauseC, has 3 variables.
Left-to-Right Proof
X% | X | CyCo |C5|Cy
vi1fo [ofo |1 |1 |0
How Z can be equal t®? |v2|° |t |0|t |t |* |0
— Use “filler” variabless, |*|° % |*|° |°|* |*
to makeZ equal toT i e R S A
o Unt|| nOW T 111 114 4 4 4
—-Z=1111231

—T=1114444




Left-to-Right Proof

X | % |% |G |G |G |Cy
+ 5 has 0 in digits from R L e A
variables. s, 1o [o [o [2 o |o |o
* s has 1 or2in digits from
clauses. =0 OO o o0
* We can add botg ands); sz |0 |0 [0 |0 2 |0 |0
s; [0 [0 [0 |o |o |1 |o
s, |0 |O (O |0 |O |2 |O
s, [0 [0 |0 |0 |0 |0 |1
s, |0 |O [0 |0 |O [0 |2
Left-to-Right Proof
1. Add\_/i to S which are in the X% | %] C|ColCslcy
solution tog. v, |1 ]o [ofo |1 |1 |o
2. Use filler variables v, (0|1 o1 |1 |1 |o
v; [0]0 |1]0 |0 |1 |1
S ={1000110, 101110, 10011, (S, |0 |0 |0 |1 |0 |O |O
1000, 2000, 200, 10, 1, 2} sy, [0 o [o]2 o |o |o
Z=T s, 0|0 |O|O |2 (O |O
S; [0|0 |O|O |0 |1 |O
S, |[0|0 |O|O |O |O
Q.E.D. Quod erat s Tolo ToTo To o ;
demonstranduin > 11 112 12 12 12
T 1|1 (11]4 |4 |4 |4

Right-to-Left Proof

» Suppose there is a subSef] Sthat sums

toT.

—Tis written as 1's followed byk 4's
» Claim: There exists a truth-value

assignment tg, that satisfiesp




Right-to-Left Proof

* Then most significant X | X [ X |G |G
digits of Tare 1 Vie |1 |0 0
(remembefT is Vi, |1 |0 0
1111...4444). Vi 0 |1 0

« Thus subse§ includes |40 [t |0
eitherv, orv' fori=1,2, |V [0 [0 |1
.n Vig |0 O |1

' T (1 |1 |1 |4 |4
Right-to-Left Proof

Truth-value assignment:
. ifv,0S

-x=1
« Ifv,OS

-x%=0
* Claim:

— This assignment satisfigs

Right-to-Left Proof

In thek least significant X% |% |G |G |G |G
digits of T s; |0 |o [0 |1 |o |0 |o

« The “filler” variables sum [s1{% 10 [0 12 |0 0 10
up at most to 3 S2 |0 10 |0 0 |1 JO JO

- s, |0 [0 [0 |O [2 |0 |O

« Thus, the digit s o Jo Jo [o o [t |o
corresponding t&€ in T, [, To [0 [0 o o |2 |o
must include at least onve s, [0 [0 |0 |0 |o |o |1
orv,. s, o [o o Jo o [o |2

T 1 1 1 4 4 4 4




Right-to-Left Proof

If \ [0S then X1 | X [ X | Cia [ |G
x=1 and(:j is satisfied since |y, o [1]o |o [1 |o
(:j:(___[lxi 0..) Filer [0 |0 |0 |3 |3 |3
T 1|1 |1 |4 |4 |4

Right-to-Left Proof

Ifv;O0Sthenx =0 and(:j X1 |% | %1 |G |G |G
is satisfied sinc€; = vi o 1 ]o fo [1 ]o
(...0-x0..) Filer [0 [0 |o |3 |3 |3
QED T 1 1 1 4 4 4

Knapsack Problem

0-1 Knapsack optimization problem
— Input
« Capacity K
« nitems with weights yand values v
— Yes/No Question
« Find a set of items S such that
— the sum of weights of items in S is at most K
— the sum of values of items in S is maximized
We gave a polynomial-time dynamic
programming solution for this problem
Show that Partitior: , Knapsack

Is this a contradiction?




Definining subproblems

* Define P(i,w) to be the problem of choosing
a set of objects from tHest i objects that
maximizes value subject to weight
constraint of w.

— Impose ararbitrary ordering on the items

* V(i,w) is the value of this set of items

* Original problem corresponds to V(n, K)

Recurrence Relation/Running Time

e V(i,w) = max (V(i-1,w-w) + v, V(i-1, w))
— A maximal solution for P(i,w) either
« uses item i (first term in max)
« ordoes NOT use item i (second term in max)

* V(0,w) =0 (no items to choose from)

* V(i,0) = 0 (no weight allowed)

* What is the running time of this solution?
— Number of table entries:
— Time to fill each entry:

Example

Items

1
-
B
o

>
@
(¢}
o
m

$0| $0 |$100 | $100 | $100
$40 | $40 | $100 | $100 | $100
$40 | $50 | $140 | $140 | $140
$40 | $50 | $150 | $150 | $150
$40 | $90 | $150 | $150 | $150
$40 | $90 | $190 | $195 | $195
$40 | $90 | $190 | $195 | $195
$40 | $90 | $190 | $235 | $235
$40 | $90 | $190 | $245 | $245
$40 | $90 | $190 | $245 | $245
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Weak NP-completeness

« An NP-complete problem is called “weakly NP-
complete” if it has in its description one or more
integer parameters and the corresponding problem
where these parameters are represented in unary i
in P.

* An NP-complete problem is strongly NP-complete
if the problem is still NP-complete even if integer
parameters are encoded in unary

Select the Right Source Problem
3-SAT: The old reliable. When none of the other prolsle
seem to work, this is the one to come back to.

Integer Partition: A good choice fonumberproblems.

3-Partition: A good choice for provingstrond NP-
completeness farumberproblems.

« Strongly NP-completeA problem that remains NP-complete

even if its numerical parameters are bounded by a polynomiali

input size
Vertex Cover: A good choice foselectionproblems.

Hamiltonian Path: A good choice foorderingproblems.

=

=]

Minimum Set Cover

Problem: Given a family of subsets §,, S,, ..., S} of a
universal set = {u,, u,, ..., u} and an integek, is it
possible to choose onkyelements of such that the
union of these elementslis

* NP membership?

« given a subset of sets, we can count them, and show that a
elements olJ are included.

* NP-hardness?

*What problem should we choose to reduce this time?42




State of Knowledge
(assuming ENP)

NP
NP-

@ complete

If P#NP then NPl = NP — (PINP-complete¥ ¢
NPl is the class of problems having intermediataexity

Class of NPI Problems

¢ Assuming PENP

« Any language in NP that is not known to be in
P and there is not NP-hardness proof for it yet

« Certain problems that have withstood the test
of time

* Graph Isomorphism
« Composite numbers
« Linear programming

GRAPH ISOMORPHISM (Gl)

+ INSTANCE: Graphs G=(V, E) and G'=(V, E))
* DECISION:
* Are G and G’ isomorphic?

¢ Is there a one-to-one function f: VV such
that (u, V)OE if and only if (f(u), f(v))O E'?

* NP membership?
¢ NP-hardness?




SUB-GRAPH ISOMORPHISM
(SGI)

INSTANCE: Graphs G1=(V1, E1) and G2=(V2,
E2)

DECISION:

* Does G1 have a sub-graph isomorphic to G2?

NP membership?

NP-hardness?

¢ CLIQUE is a special case of SGI!
¢ Thus SGI is NP-hard!

GRAPH ISOMORPHISM (Gl)

+ INSTANCE: Graphs G=(V, E) and G'=(V, E))
* DECISION:
* Are G and G’ isomorphic?

¢ Is there a one-to-one function f: VV such
that (u, V)OE if and only if (f(u), f(v))O E'?

« After so many years, we do not yet know whether
Glis in P or NP-complete.

*« Whatis it about GI?




GRAPH ISOMORPHISM (Gl)

« Gl is much more constrained than already known

NP-complete problems

* When reducing a known problem to an unknown
problem, we seem to need some redundancy in thg
target problem

¢ Gl lacks such a redundancy!

* For example, in SGI, adding new edges to G1
does not affect the fact that G1 includes (or
does not include) a subgraph isomorphic to G2

* We do not have such a leeway with Gl!

Complement Problems

« The complement of a problem is the problem with
reverse answers to the decision problem

« E.g., whatis the complement of SAT, CLIQUE,
VERTEX COVER, etc.

« co-NP: class of all problems whose complement
isin NP

« co-P: class of all problems whose complement is
in P

* What is co-NP-complete?

NP vs. co-NP
NP
/ NP-
co-NP- """""""" complete

complete

Conjecture: co-NB NP
If co-NP# NP then BENP

If the complement of an NP-complete problem is P, khen
co-NP = NP. Why?




COMPOSITE NUMBERS

INSTANCE: Positive integer K

DECISION:

« Are there integers x and y such that K = x. y?
What is the complement of COMPOSITE?

* PRIMES

Both are in NP!

Unlikely that COMPOSITE is NP-complete!
COMPOSITE was consider to be an NPI problem
until 2002.

In fact, now that we know PRIMES is in P,
COMPOSITE is in P as well!

Summary:
Polynomial or Exponential?

P NP-Complete
Shortest Path Longest Path
Eulerian Circuit Hamiltonian Cycle

Edge Cover Vertex Cover
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