
The Equation of Continuity and the Equation of Motion in Cartesian,
cylindrical, and spherical coordinates

CM3110 Fall 2011 Faith A. Morrison

Continuity Equation, Cartesian coordinates
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Continuity Equation, cylindrical coordinates
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Continuity Equation, spherical coordinates
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Equation of Motion for an incompressible fluid, 3 components in Cartesian coordinates
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Equation of Motion for an incompressible fluid, 3 components in cylindrical coordinates
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Equation of Motion for an incompressible fluid, 3 components in spherical coordinates
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Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation) 3 components in Cartesian
coordinates
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Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation), 3 components in cylin-
drical coordinates
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Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation), 3 components in spherical
coordinates
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Note: the r-component of the Navier-Stokes equation in spherical coordinates may be simplified by adding 0 =
2

r
∇ · v to the component shown above. This term is zero due to the continuity equation (mass conservation). See

Bird et. al.
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FACTORS FOR UNIT CONVERSIONS 

Quantity    Equivalent Values 

Mass      1 kg = 1000 g = 0.001 metric ton = 2.20462 lbm = 35.27392 oz 

      1 lbm = 16 oz = 5 x 10
‐4 ton = 453.593 g = 0.453593 kg 

 

Length      1 m = 100 cm = 1000 mm = 106  microns (µm) = 1010 angstroms (Å) 
              = 39.37 in = 3.2808 ft = 1.0936 yd = 0.0006214 mile 

      1 ft = 12 in. = 1/3 yd = 0.3048 m = 30.48 cm 

 

Volume     1 m3 = 1000 liters = 106 cm3 = 106 ml 

               = 35.3145 ft3 = 220.83 imperial gallons = 264.17 gal  

         = 1056.68 qt 

1 ft3 = 1728 in3 = 7.4805 gal = 0.028317 m3 = 28.317 liters 

         = 28 317 cm3 

 

Force      1 N = 1 kg.m/s2 = 105 dynes = 105 g.cm/s2 = 0.22481 lbf 

      1 lbf = 32.174 lbm
.ft/s2 = 4.4482 N = 4.4482 x 105 dynes 

 

Pressure    1 atm = 1.01325 x 105 N/m2 (Pa) = 101.325 kPa = 1.01325 bars 

                 = 1.01325 x 106 dynes/cm2 

                 = 760 mm Hg at 0˚ C (torr) = 10.333 m H2O at 4˚ C 

                 = 14.696 lbf/in
2 (psi) = 33.9 ft H2O at 4˚C 

      100 kPa = 1 bar 

 

Energy      1 J = 1 N.m = 107 ergs = 107 dyne.cm 

            = 2.778 x 10‐7 kW.h = 0.23901 cal 

            = 0.7376 ft.lbf = 9.47817 x 10
‐4 Btu 

 

Power      1 W = 1 J/s = 0.23885 cal/s = 0.7376 ft.lbf/s = 9.47817 x 10
‐4 Btu/s = 3.4121 Btu/h 

              = 1.341 x 10‐3 hp (horsepower) 

 

Viscosity    1 Pa.s = 1 N.s/m2 = 1 kg/m.s 

                = 10 poise = 10 dynes.s/cm2 = 10 g/cm.s 

                = 103 cp (centipoise)  

                = 0.67197 lbm/ft
.s = 2419.088 lbm/ft

.h 

 

Density     1 kg/m3    = 10‐3 g/cm3 

                                = 0.06243 lbm/ft
3 

      103 kg/m3 = 1 g/cm3 = 62.428 lbm/ft
3 

 

Volumetric Flow  1 m3/s= 35.3145 ft3/s=15,850.2 gal/min (gpm) 

  1 gpm = 6.30907 x 10‐5 m3/s=2.22802 x 10‐3 ft3/s=3.7854 liter/min 

  1 liter/min=0.26417 gpm 

Prof. Faith A. Morrison 
Department of Chemical Engineering 
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Temperature    5
9( ) ( ) 32o oT C T F     

    9
5( ) ( ) 32 1.8 ( ) 32o o oT F T C T C     

 

Absolute Temperature    T(K) = T(˚C) + 273.15 

    T(˚R) = T(˚F) + 459.67 

 

Temperature Interval (T)  1 C˚ = 1 K = 1.8 F˚ = 1.8 R˚ 

    1F˚ = 1 R˚ = (5/9) C˚ = (5/9) K 

 

 

 

USEFUL QUANTITIES 
 

  SG   = (20˚C)/ water (4˚C) 
 

 water(4˚C)  = 1000 kg/m3 = 62.43 lbm/ft
3  = 1.000 g/cm3 

 water(25˚C)   = 997.08 kg/m3 = 62.25 lbm/ft
3 = 0.99709 g/cm3 

 

  g   = 9.8066 m/s2 = 980.66 cm/s2 = 32.174 ft/s2 

 

  µwater (25˚C)   = 8.937 x 10
‐4 Pa.s = 8.937 x 10‐4 kg/m.s  

    = 0.8937 cp  =0.8937 x 10‐2 g/cm.s  = 6.005 x 10‐4 lbm/ft
.s 

 

Composition of air:    N2     78.03% 

      O2     20.99% 

      Ar       0.94% 

      CO2       0.03% 

  H2, He, Ne, Kr, Xe       0.01% 

      100.00% 

 

  Mair    = 29 g/mol = 29 kg/kmol = 29 lbm/lbmole 

 

  Ĉp,water (25˚C)  = 4.182 kJ/kg K = 0.9989 cal/g˚C = 0.9997 Btu/lbm˚F 

 

  R  = 8.314 m3.Pa/mol.K = 0.08314 liter.bar/mol.K = 0.08206 liter.atm/mol.K 

    = 62.36 liter.mm Hg/mol.K = 0.7302 ft3.atm/lbmole.˚R  

    = 10.73 ft3.psia/lbmole.˚R 

    = 8.314 J/mol.K 

    = 1.987 cal/mol.K = 1.987 Btu/lbmole.˚R 
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Data Correlations for Examinations 
 
CM3110 Transport Phenomena I  
Michigan Technological University 
Professor Faith A. Morrison 

I. Flow	through	Smooth	Pipes	

A. All	Reynolds	numbers:		Morrison	

The correlation from Morrison (2013) fits the smooth pipe data for all Reynolds numbers; beyond 

ܴ݁ ൌ 4000 this correlation follows the Prandtl equation (see Figure 1; Morrison, equation 7.158).  This 

correlation is explicit in ݂; when flow rate is known, Δ may be found directly; when Δ is known, ܳ or 
 .must be solved for iteratively 〈ݒ〉

Morrison (2013)  ݂ ൌ ൮
0.0076 ቀ

3170
ܴ݁ ቁ

.ଵହ

1  ቀ3170ܴ݁ ቁ
. ൲ 

16
ܴ݁

 
(1)

B. ,   ࢋࡾ   ൈ :		Prandtl		

The Prandtl correlation for ݂ሺܴ݁ሻ in turbulent flow is not explicit in friction factor and must be solved 

iteratively except when ݂ is known (Morrison, equation 7.156).  This is good only for ܴ݁  4,000/ 

Prandtl  
or VonKarman‐Nikuradse 
(Denn, 1980) 

1

ඥ݂
ൌ 4.0 log൫ܴ݁ඥ݂൯ െ 0.40 

(2)

C. ,   ࢋࡾ   ൈ :		A	simplified	Correlation	

For the turbulent regime, an approximate correlation that is much simpler to work with (with a 

calculator on an exam, for example) is given here and shown in Figure 2 (Morrison, equation 7.157).  

This is good only for ܴ݁  4,000. 

Simplified Turbulent 
(White, 1974)  ݂ ൌ

1.02
4

ሺlog ܴ݁ሻିଶ.ହ		  (3)
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Figure 1: Equation 3 captures smooth pipe friction factor as a function of Reynolds number over the 
entire Reynolds‐number range (Morrison, 2013) and is recommended for spreadsheet use. Also shown 
are Nikuradse's experimental data for flow in smooth pipes (Nikuradse, 1933). Use beyond ܴ݁ ൌ 10  
is not recommended; for Re>4000 equation 3 follows the Prandtl equation. 

 

Figure 2:  For turbulent flow, the simplified (equation 3) or Prandtl (equation 2) correlations may be used.  
For work with a calculator, the simplified correlation is perhaps the easiest to work with. 
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II. Flow	Around	a	Sphere	

A. All	Reynolds	Numbers:	Morrison	

The correlation from Morrison (2013) fits the flow around a sphere for all Reynolds numbers (Figure 3; 

Morrison equation 8.83); beyond ܴ݁ ൌ 10 this correlation follows the curve shown in Figure 3.   

Morrison (2013)  ܥ ൌ
24
ܴ݁


2.6 ቀ

ܴ݁
5.0ቁ

1  ቀܴ݁5.0ቁ
ଵ.ହଶ 

0.411 ቀ
ܴ݁

263,000ቁ
ି.ଽସ

1  ቀ ܴ݁
236,000ቁ

ି଼. 
0.25 ቀ

ܴ݁
10ቁ

1  ቀ ܴ݁10ቁ
 

(4)

	

Simplified	Correlations	

The correlations below (Morrison, 2013; equation 8.82) are simpler relationships more suitable to 

calculator/exam work.   

ܴ݁ ൏ 2  ܥ ൌ
24
ܴ݁

  (5)

0.1  ܴ݁  1,000  ܥ ൌ
24
ܴ݁

ሺ1  0.14ܴ݁.ሻ  (6)

1,000  ܴ݁  2.6 ൈ 10ହ 
ܥ ൌ 0.445 

(7)

2.8 ൈ 10ହ  ܴ݁  10 
log ܥ

ቀ ܴ݁10ቁ
ൌ 4.43 log ܴ݁ െ 27.3  (8)
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Figure 3: Equation 4 captures flow around a sphere as a function of Reynolds number over the entire 
Reynolds‐number range (Morrison, 2013) and is recommended for spreadsheet use. Also shown are 
experimental data from White (1974). Use beyond ܴ݁ ൌ 10  is not recommended. 
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Professor Faith A. Morrison  

December 4, 2008 

References  

1. (FR) R. M. Felder, and R. W. Rousseau, Elementary Principles of Chemical Processe, 2nd Edition 
(Wiley, NY: 1986).  

2. (G) C. J. Geankoplis, Transport Processes and Unit Operations, 3rd Edition (Prentice Hall: 
Englewood Cliffs, NJ, 1993).  

1. Closed System (note:  = final - initial )  

•  Ek +  Ep + U = Qin + Won (FR)  
• Is it adiabatic? (if yes, Qin=0)  
• Are there moving parts, e.g. do the walls move? (if no, Won=0)  
• Is the system moving? (if no,  Ek=0)  
• Is there a change in elevation of the system? (if no, Ep = 0 )  
• Does T, phase, or chemical composition change? (if no to all, U=0)  

2. Open System (the fluid is the system) (note:  = out - in )  
   

1. Is it a Mechanical Energy Balance (MEB) problem?  
(turbulent, =1; laminar, =0.5; F= total frictional loss)  

•  + v2 + g z + F =  (FR)  

• + v2 + g z + F = -Ws,by fluid (G)  

The mechanical energy balance is only valid for systems for which the following is true:  

i. single-input, single output  
ii. small or zero Qin  

iii. incompressible fluid (  = constant)  
iv. small or zero T  

2. Is it a regular open system balance?  
  Ek +  Ep +  H = Qin + Ws,on (FR)  
 Is it adiabatic? (if yes, Qin=0)  
 Are there moving parts, e.g. pump, turbine, mixing shaft? (if no, Ws,on=0)  

 Does the average velocity of the fluid change between the input and the output? 

(if no,  Ek=0); remember <v> = vav = v = , where  ) 

 
 Is there a change in elevation of the system between the input and the output? (if 

no,  Ep = 0 )  
 Does T, phase, chemical composition, or P change? (if no to all, H=0)  

Calculating Internal Energy  

1. Constant T, P changes only  
(a) real gases => look it up in a table (e.g. steam, Tables B4, B5, B6)  
(b) ideal gases => =0 
(c) liquids, solids => =0  

2. Constant P, T changes only  
(a) real gases => look it up in a table (e.g. steam),  

or, if V is constant,  =  (T) dT 

(b) ideal gases =>  =  (T) dT                                                                                                 

also, p= v + R  

(c) liquids, solids  =  (T) dT                                                                                    

also p  v  
3. Constant T, P, phase changes  

(a) real gases => look it up in a table (e.g. steam)  
(b) liquid to vapor =>  = vap(T) - P vap  vap - RT  
(c) solid to vapor =>  = sub(T) - P sub   sub - RT  
(d) solid to liquid =>  = melt(T) - P melt  melt  

4. Constant T, P, mixing occurs  
(a) gases =>  =0  
(b) similar liquids =>  =0  
(c) dissimilar liquids/solids =>  = solution, Table 8.5-1, FR page 380  

Note: be careful with units, solution [=]   

5. Constant T, P, reaction occurs:   
 

 
 

Calculating Enthalpy  

1. Constant T, P changes only (Note: Since T is constant, Û does not change.)  
(a) real gases - look it up in a table (e.g. steam, Tables B4, B5, B6)  
(b) ideal gases   

  =  Û + P      (1)

   =  Û + RT     (2)

 ( 2 - 1)  =  (Û2 - Û1) +  R(T2-T1)     (3)

  =  Û  =  0     (4)

(c) liquids, solids  
   

   =  Û + P      (5)

    =  (P )     (6)

    constant wrt P     (7)

    =  (  P)     (8)

2. Constant P, T changes only  
(a) real gases => look it up in a table to be most accurate (e.g. steam),  

otherwise   =   (T) dT  

(b) ideal gases =>   =    (T) dT  

(c) liquids, solids =>   =   (T) dT  

3. Constant T, P, phase changes  
(a) liquid to vapor =>  = vap(T)  

Note:   =   Clapeyron equation  

(b) solid to vapor =>  = sub(T)  
(c) solid to liquid =>  = melt(T)  

4. Constant T, P, mixing occurs  
(a) gases =>  =0  
(b) similar liquids =>  =0  
(c) dissimilar liquids/solids =>   =   solution, Table 8.5-1, FR page 380  

Note: be careful with units,  solution [=]                                                               

 Constant T, P, reaction occurs:: 

 

  



Problem-Solving Strategies  

for Energy Balances  

1. Write down neatly everything you are doing so that you and the grader both understand better 
what you are thinking.  
   

2. Draw your flow sheet Large. Leave yourself plenty of room to add information to the 
drawing. Draw it over if it becomes too crowded.  Do not erase; start a new sheet. You may want 
to come back to the original information.  
   

3. Always write complete units with quantities, e.g., for mole fraction A the units are  

quantities are meaningless without the units.  

   
4. What are you looking for? What balance can help you find it?  

a. Is a mass balance necessary?  
b. Is it an open or a closed system?  
c. Is it a mechanical energy balance problem? 

   

5. Convert inconvenient units, e.g., convert volumes and volume fractions into moles or masses, 
since mass is conserved and volume is not. Also, convert dew points and other similar 
information (e.g. percent humidity, molal saturation, etc.) to compositions if possible.  
   

6. Do you have a piece of information you do not know what to do with? What is its definition? 
Look it up in the index, if necessary. Write it with its proper units and try to interpret how it 
impacts the problem.  
   

7. What has remained constant in the problem? Is it isothermal (T constant)? Isobaric (P constant)? 
Constant V or ? Adiabatic (Q=0)? Is the mass flow constant? Is the volumetric flow constant? Is 
the heat flow constant or known?  
   

8. Remember that if a system is saturated, you know a great deal about it:  

a. If it is a pure component, you only need to know the phase (i.e. solid, liquid, vapor) and 
one of the following to know everything about the stream: T, P, , Û, .  

b. If it is a mixture, Raoult's law applies to each component, yiP = xiPi
*(T).  

9. When looking for Û, , or , always take it from a table, if it is available. It is available in a table 
for water/steam:  

a. Table B.4, FR page 628, “Properties of Saturated Steam,” sorted by Temperature  
b. Table B.5, FR page 630, “Properties of Saturated Steam,”' sorted by Pressure  

c. Table B.6, FR page 636, “Properties of Superheated Steam,” presented in a grid of 
pressure and temperature. Saturated steam properties are also presented in the first two 
columns of Table B.6, but the steps in pressure are large, and therefore Tables B.4 and 
B.5 are more accurate for saturated steam properties at lower T and P.  

10. If the problem is complex, break it down into smaller pieces and draw separate flow-sheets which 
correspond to the smaller pieces.  
   

11. Name unknown streams, compositions, and enthalpies or internal energies. See if there are few 
unknowns which can be solved for. Try different methods of naming the unknowns if the first 
way you think of does not turn out to be convenient.  
   

12. Check for forgotten relations:  

a. mass balance  
b. mole fractions and mass fractions sum to 1.  
c. If a stream is just split, with no special process unit present, the mole or mass fractions 

are the same in all streams before and after the split.  
d. For a fixed, closed system, V, , and mass are constant.  

13. The last step is to answer the question. Always present your answer with the correct number of 
significant figures and a box around it.  
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The Equation of Energy in Cartesian, cylindrical, and spherical coordinates for 
Newtonian fluids of constant density, with source term ܵ.  Source could be electrical energy due to 
current flow, chemical energy, etc.  Two cases are presented:  the general case where thermal 

conductivity may be a function of temperature (vector flux ݍപ ൌ  appears in the equations); and the ܣ/പݍ

more usual case, where thermal conductivity is constant. 

Fall 2013 Faith A. Morrison, Michigan Technological University 

Microscopic energy balance, in terms of flux; Gibbs notation 

መܥߩ ൬
߲ܶ
ݐ߲

 പݒ ⋅ ൰ܶ ൌ െ ⋅ പݍ  ܵ 

Microscopic energy balance, in terms of flux; Cartesian coordinates 
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Microscopic energy balance, in terms of flux; cylindrical coordinates 
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Microscopic energy balance, in terms of flux; spherical coordinates 
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Fourier’s law of heat conduction, Gibbs notation: ݍപ ൌ െ݇ܶ 

Fourier’s law of heat conduction, Cartesian coordinates:  ቌ
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Fourier’s law of heat conduction, cylindrical coordinates:  ൭
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Fourier’s law of heat conduction, spherical coordinates:  ቌ
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The Equation of Energy for systems with constant  

 

Microscopic energy balance, constant thermal conductivity; Gibbs notation 
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Microscopic energy balance, constant thermal conductivity; Cartesian coordinates 
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Microscopic energy balance, constant thermal conductivity; cylindrical coordinates 
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Microscopic energy balance, constant thermal conductivity; spherical coordinates 
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Reference:  F. A. Morrison, “Web Appendix to An Introduction to Fluid Mechanics,” Cambridge University 

Press, New York, 2013. On the web at www.chem.mtu.edu/~fmorriso/IFM_WebAppendixCD2013.pdf  
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