
Equations Summary from Inside Cover of Morrison, 2013 

 

 
Mechanical 

Energy Balance 
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Fanning 

Friction Factor   
(pipe flow) 
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Drag Coefficient 

(sphere drop) 
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Momentum balance on a CV 
(Reynolds transport theorem) 
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Macroscopic Momentum Balance on a CV 
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Navier-Stokes equation 

(microscopic momentum balance,  
incompressible, Newtonian fluids)
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Continuity equation 

(microscopic mass balance,  
incompressible fluids) 
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Hydrostatic Pressure 
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Hagen-Poiseuille Equation 
(steady, laminar tube flow, 

incompressible) 
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Prandtl Equation             

(steady, turbulent tube flow) 
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Stokes-Einstein-Sutherland Equation 
(steady, slow flow around a sphere)
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Note this is correct; there is an 

error on the inside cover
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Total stress tensor Π̃ = −pI + τ̃

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Dynamic pressure P ≡ p+ ρgh

Newtonian
constitutive equation

τ̃ = µ
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Total molecular fluid force
on a finite surface S

F =

∫∫

S

[

n̂ · Π̃
]

at surface
dS

Stationary fluid
[

n̂ · Π̃
]

= −pn̂

Moving fluid
[

n̂ · Π̃
]

= −pn̂ + n̂ · τ̃

Total fluid torque
on a finite surface S

T =

∫∫

S

[

R×
(

n̂ · Π̃
)]

at surface
dS

Total flow rate out
through a finite surface S

Q = V̇ =

∫∫

S
[n̂ · v]at surface dS

Average velocity
across a finite surface S

〈v〉 =
Q

S
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Coordinate system surface differential dS
Cartesian (top, n̂ = êz) dS = dxdy

Cartesian (side a, n̂ = êy) dS = dxdz
Cartesian (side b, n̂ = êx) dS = dydz

cylindrical (top, n̂ = êz) dS = rdrdθ
cylindrical (side, n̂ = êr) dS = Rdθdz

spherical, (n̂ = êr) dS = R2 sin θdθdφ

Coordinate system volume differential dV
Cartesian dV = dxdydz

cylindrical dV = rdrdθdz

spherical dV = r2 sin θdrdθdφ

Coordinate system coordinates basis vectors
spherical x = r sin θ cosφ êr = (sin θ cosφêx) + (sin θ sin φêy) + cos θêz

y = r sin θ sinφ êθ = (cos θ cosφ)êx + (cos θ sinφ)êy + (− sin θ)êz
z = r cos θ êφ = (− sin φ)êx + cos φêy

cylindrical x = r cos θ êr = cos θêx + sin θêy
y = r sin θ êθ = (− sin θ)êx + cos θêy
z = z êz = êz

Divergence Theorem

∫∫

S
n̂ · F dS =

∫∫∫

V
∇ · F dV

Stokes Theorem

∮

C
t̂ · F dl =

∫∫

S
n̂ · (∇× F ) dS

Vector identities:

∇ · ∇ × F = 0 (Divergence of curl = 0)

∇×∇f = 0 (Curl of gradient = 0)

∇ (fg) = f∇g + g∇f

F · ∇F =
1

2
∇
(

F 2
)

− F × (∇× F )

∇ · (fF ) = f∇ · F + F · ∇f

∇×∇× F = ∇ (∇ · F )−∇2F

∇ · (F ×G) = G · (∇× F )− F · (∇×G)



The equations in F. A. Morrison, An Introduction to Fluid Mechanics 

(Cambridge, 2013) assume the following definitions of the cylindrical 

and spherical coordinate systems. 

 

Cylindrical Coordinate System:  Note that the  ‐coordinate swings around the  ‐axis 

Spherical Coordinate System:  Note that the  ‐coordinate swings down from the  ‐axis; 

this is different from its definition in the cylindrical system above.  



The Equation of Continuity and the Equation of Motion in Cartesian,
cylindrical, and spherical coordinates

CM3110 Fall 2011 Faith A. Morrison

Continuity Equation, Cartesian coordinates
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Continuity Equation, cylindrical coordinates
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Continuity Equation, spherical coordinates
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Equation of Motion for an incompressible fluid, 3 components in Cartesian coordinates
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Equation of Motion for an incompressible fluid, 3 components in cylindrical coordinates
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Equation of Motion for an incompressible fluid, 3 components in spherical coordinates
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Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation) 3 components in Cartesian
coordinates
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Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation), 3 components in cylin-
drical coordinates
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Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation), 3 components in spherical
coordinates
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∂t
+ vr

∂vr

∂r
+

vθ

r

∂vr
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∂vφ
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+
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1

sin θ

∂
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Note: the r-component of the Navier-Stokes equation in spherical coordinates may be simplified by adding 0 =
2
r∇ · v to the component shown above. This term is zero due to the continuity equation (mass conservation). See
Bird et. al.

References:

1. R. B. Bird, W. E. Stewart, and E. N. Lightfoot, Transport Phenomena, 2nd edition, Wiley: NY, 2002.
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FACTORS FOR UNIT CONVERSIONS 

Quantity    Equivalent Values 

Mass      1 kg = 1000 g = 0.001 metric ton = 2.20462 lbm = 35.27392 oz 

      1 lbm = 16 oz = 5 x 10
‐4 ton = 453.593 g = 0.453593 kg 

 

Length      1 m = 100 cm = 1000 mm = 106  microns (µm) = 1010 angstroms (Å) 
              = 39.37 in = 3.2808 ft = 1.0936 yd = 0.0006214 mile 

      1 ft = 12 in. = 1/3 yd = 0.3048 m = 30.48 cm 

 

Volume     1 m3 = 1000 liters = 106 cm3 = 106 ml 

               = 35.3145 ft3 = 220.83 imperial gallons = 264.17 gal  

         = 1056.68 qt 

1 ft3 = 1728 in3 = 7.4805 gal = 0.028317 m3 = 28.317 liters 

         = 28 317 cm3 

 

Force      1 N = 1 kg.m/s2 = 105 dynes = 105 g.cm/s2 = 0.22481 lbf 

      1 lbf = 32.174 lbm
.ft/s2 = 4.4482 N = 4.4482 x 105 dynes 

 

Pressure    1 atm = 1.01325 x 105 N/m2 (Pa) = 101.325 kPa = 1.01325 bars 

                 = 1.01325 x 106 dynes/cm2 

                 = 760 mm Hg at 0˚ C (torr) = 10.333 m H2O at 4˚ C 

                 = 14.696 lbf/in
2 (psi) = 33.9 ft H2O at 4˚C 

      100 kPa = 1 bar 

 

Energy      1 J = 1 N.m = 107 ergs = 107 dyne.cm 

            = 2.778 x 10‐7 kW.h = 0.23901 cal 

            = 0.7376 ft.lbf = 9.47817 x 10
‐4 Btu 

 

Power      1 W = 1 J/s = 0.23885 cal/s = 0.7376 ft.lbf/s = 9.47817 x 10
‐4 Btu/s = 3.4121 Btu/h 

              = 1.341 x 10‐3 hp (horsepower) 

 

Viscosity    1 Pa.s = 1 N.s/m2 = 1 kg/m.s 

                = 10 poise = 10 dynes.s/cm2 = 10 g/cm.s 

                = 103 cp (centipoise)  

                = 0.67197 lbm/ft
.s = 2419.088 lbm/ft

.h 

 

Density     1 kg/m3    = 10‐3 g/cm3 

                                = 0.06243 lbm/ft
3 

      103 kg/m3 = 1 g/cm3 = 62.428 lbm/ft
3 

 

Volumetric Flow  1 m3/s= 35.3145 ft3/s=15,850.2 gal/min (gpm) 

  1 gpm = 6.30907 x 10‐5 m3/s=2.22802 x 10‐3 ft3/s=3.7854 liter/min 

  1 liter/min=0.26417 gpm 

Prof. Faith A. Morrison 
Department of Chemical Engineering 
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Temperature    5
9( ) ( ) 32o oT C T F     

    9
5( ) ( ) 32 1.8 ( ) 32o o oT F T C T C     

 

Absolute Temperature    T(K) = T(˚C) + 273.15 

    T(˚R) = T(˚F) + 459.67 

 

Temperature Interval (T)  1 C˚ = 1 K = 1.8 F˚ = 1.8 R˚ 

    1F˚ = 1 R˚ = (5/9) C˚ = (5/9) K 

 

 

 

USEFUL QUANTITIES 
 

  SG   = (20˚C)/ water (4˚C) 
 

 water(4˚C)  = 1000 kg/m3 = 62.43 lbm/ft
3  = 1.000 g/cm3 

 water(25˚C)   = 997.08 kg/m3 = 62.25 lbm/ft
3 = 0.99709 g/cm3 

 

  g   = 9.8066 m/s2 = 980.66 cm/s2 = 32.174 ft/s2 

 

  µwater (25˚C)   = 8.937 x 10
‐4 Pa.s = 8.937 x 10‐4 kg/m.s  

    = 0.8937 cp  =0.8937 x 10‐2 g/cm.s  = 6.005 x 10‐4 lbm/ft
.s 

 

Composition of air:    N2     78.03% 

      O2     20.99% 

      Ar       0.94% 

      CO2       0.03% 

  H2, He, Ne, Kr, Xe       0.01% 

      100.00% 

 

  Mair    = 29 g/mol = 29 kg/kmol = 29 lbm/lbmole 

 

  Ĉp,water (25˚C)  = 4.182 kJ/kg K = 0.9989 cal/g˚C = 0.9997 Btu/lbm˚F 

 

  R  = 8.314 m3.Pa/mol.K = 0.08314 liter.bar/mol.K = 0.08206 liter.atm/mol.K 

    = 62.36 liter.mm Hg/mol.K = 0.7302 ft3.atm/lbmole.˚R  

    = 10.73 ft3.psia/lbmole.˚R 

    = 8.314 J/mol.K 

    = 1.987 cal/mol.K = 1.987 Btu/lbmole.˚R 

 



1
CM

31
10

M
or
ris
on

M
ic
hi
ga
n
Te
ch

20
13

Da
ta

Co
rr
el
at
io
ns

fo
rE

xa
m
in
at
io
ns

CM
31

10
Tr
an
sp
or
tP

he
no

m
en

a
I

M
ic
hi
ga
n
Te
ch
no

lo
gi
ca
lU

ni
ve
rs
ity

Pr
of
es
so
rF

ai
th

A.
M
or
ris
on

I.
D

at
a 

Co
rr

el
at

io
ns

 fo
r 
Fl
ow

th
ro
ug
h
Sm

oo
th
Pi
pe
s

A.
Al
lR
ey
no
ld
s
nu
m
be
rs
:
M
or
ri
so
n

Th
e
co
rr
el
at
io
n
fr
om

M
or
ris
on

(2
01

3)
fit
st
he

sm
oo

th
pi
pe

da
ta

fo
ra

ll
Re

yn
ol
ds

nu
m
be

rs
;b

ey
on

d
th
is
co
rr
el
at
io
n
fo
llo
w
st
he

Pr
an
dt
le
qu

at
io
n
(s
ee

Fi
gu
re

1;
M
or
ris
on

,e
qu

at
io
n
7.
15

8)
.
Th
is

co
rr
el
at
io
n
is
ex
pl
ic
it
in

;w
he

n
flo

w
ra
te

is
kn
ow

n,
m
ay

be
fo
un

d
di
re
ct
ly
;w

he
n

is
kn
ow

n,
or

m
us
tb

e
so
lv
ed

fo
ri
te
ra
tiv

el
y.

M
or
ris
on

(2
01

3)
(1
)

B.
:
Pr
an
dt
l

Th
e
Pr
an
dt
lc
or
re
la
tio

n
fo
r

in
tu
rb
ul
en

tf
lo
w
is
no

te
xp
lic
it
in
fr
ic
tio

n
fa
ct
or

an
d
m
us
tb

e
so
lv
ed

ite
ra
tiv

el
y
ex
ce
pt

w
he

n
is
kn
ow

n
(M

or
ris
on

,e
qu

at
io
n
7.
15

6)
.
Th
is
is
go
od

on
ly
fo
r

/

Pr
an
dt
l

or
Vo

nK
ar
m
an

N
ik
ur
ad
se

(D
en

n,
19

80
)

(2
)

C.
:
A
si
m
pl
ifi
ed

Co
rr
el
at
io
n

Fo
rt
he

tu
rb
ul
en

tr
eg
im

e,
an

ap
pr
ox
im

at
e
co
rr
el
at
io
n
th
at

is
m
uc
h
sim

pl
er

to
w
or
k
w
ith

(w
ith

a
ca
lc
ul
at
or

on
an

ex
am

,f
or

ex
am

pl
e)

is
gi
ve
n
he

re
an
d
sh
ow

n
in
Fi
gu
re

2
(M

or
ris
on

,e
qu

at
io
n
7.
15

7)
.

Th
is
is
go
od

on
ly
fo
r

.

Si
m
pl
ifi
ed

Tu
rb
ul
en

t
(W

hi
te
,1
97

4)
(3
)

2
CM

31
10

M
or
ris
on

M
ic
hi
ga
n
Te
ch

20
13

Fi
gu
re

1:
Eq

ua
tio

n
3
ca
pt
ur
es

sm
oo

th
pi
pe

fr
ic
tio

n
fa
ct
or

as
a
fu
nc
tio

n
of

Re
yn
ol
ds

nu
m
be

ro
ve
rt
he

en
tir
e
Re

yn
ol
ds

nu
m
be

rr
an
ge

(M
or
ris
on

,2
01

3)
an
d
is
re
co
m
m
en

de
d
fo
rs
pr
ea
ds
he

et
us
e.
Al
so

sh
ow

n
ar
e
N
ik
ur
ad
se
's
ex
pe

rim
en

ta
ld
at
a
fo
rf
lo
w
in
sm

oo
th

pi
pe

s(
N
ik
ur
ad
se
,1
93

3)
.U

se
be

yo
nd

is
no

tr
ec
om

m
en

de
d;

fo
rR

e>
40

00
eq

ua
tio

n
3
fo
llo
w
st
he

Pr
an
dt
le
qu

at
io
n.
(M

or
ris
on

,2
01

3,
p5

32
)

Fi
gu
re

2:
Fo
rt
ur
bu

le
nt

flo
w
,t
he

sim
pl
ifi
ed

(e
qu

at
io
n
3)

or
Pr
an
dt
l(
eq

ua
tio

n
2)

co
rr
el
at
io
ns

m
ay

be
us
ed

.
Fo
rw

or
k
w
ith

a
ca
lc
ul
at
or
,t
he

sim
pl
ifi
ed

co
rr
el
at
io
n
is
pe

rh
ap
st
he

ea
sie

st
to

w
or
k
w
ith

.(
M
or
ris
on

,
20

13
,p
53

1)

0.
00

1

0.
010.
11 1.

E
+

02
1.

E
+

03
1.

E
+

04
1.

E
+

05
1.

E
+

06
1.

E
+

07

N
ik

ur
ad

se
 (d

at
a)

La
m

in
ar

 fl
ow

P
ra

nd
tl 

(R
e>

4,
00

0)

S
im

pl
ifi

ed
 (R

e>
4,

00
0)

La
m

in
ar

 fl
ow

Tu
rb

ul
en

t f
lo

w

f

R
e

10
2

10
3

10
4

10
5

10
6

10
7

Sm
oo

th
 p

ip
e

P
ra

nd
tl 

C
or

re
la

tio
n 40.0

R
e

lo
g

0.4
1

f
f

R
e

16
f

Si
m
pl
ifi
ed

Co
rr
el
at
io
n:



3
CM

31
10

M
or
ris
on

M
ic
hi
ga
n
Te
ch

20
13

II
.

D
at

a 
Co

rr
el

at
io

ns
 fo

r 
Fl
ow

Ar
ou
nd

a
Sp
he
re

A.
Al
lR
ey
no
ld
s
N
um

be
rs
:M

or
ri
so
n

Th
e
co
rr
el
at
io
n
fr
om

M
or
ris
on

(2
01

3)
fit
st
he

flo
w
ar
ou

nd
a
sp
he

re
fo
ra

ll
Re

yn
ol
ds

nu
m
be

rs
(F
ig
ur
e
3;

M
or
ris
on

eq
ua
tio

n
8.
83

);
be

yo
nd

th
is
co
rr
el
at
io
n
fo
llo
w
st
he

cu
rv
e
sh
ow

n
in
Fi
gu
re

3.

M
or
ris
on

(2
01

3)
(4
)

Si
m
pl
ifi
ed

Co
rr
el
at
io
ns

Th
e
co
rr
el
at
io
ns

be
lo
w
(M

or
ris
on

,2
01

3;
eq

ua
tio

n
8.
82

)a
re

sim
pl
er

re
la
tio

ns
hi
ps

m
or
e
su
ita

bl
e
to

ca
lc
ul
at
or
/e
xa
m

w
or
k.

(5
)

(6
)

(7
)

(8
)

4
CM

31
10

M
or
ris
on

M
ic
hi
ga
n
Te
ch

20
13

Re
fe
re
nc
es

M
.D

en
n,
Pr
oc
es
sF

lu
id
M
ec
ha
ni
cs

(P
re
nt
ic
e
Ha

ll,
En

gl
ew

oo
d
Cl
iff
s,
N
J,
19

80
)

F.
A.

M
or
ris
on

,A
n
In
tr
od

uc
tio

n
to

Fl
ui
d
M
ec
ha

ni
cs

(C
am

br
id
ge

U
ni
ve
rs
ity

Pr
es
s,
N
ew

Yo
rk
,2
01

3)
.

F.
M
.W

hi
te
,V

isc
ou

sF
lu
id
Fl
ow

(M
cG

ra
w

Hi
ll,
In
c.
:N

ew
Yo

rk
,1
97

4)
.

Fi
gu
re

3:
Eq

ua
tio

n
4
ca
pt
ur
es

flo
w
ar
ou

nd
a
sp
he

re
as

a
fu
nc
tio

n
of

Re
yn
ol
ds

nu
m
be

ro
ve
rt
he

en
tir
e

Re
yn
ol
ds

nu
m
be

rr
an
ge

(M
or
ris
on

,2
01

3)
an
d
is
re
co
m
m
en

de
d
fo
rs
pr
ea
ds
he

et
us
e.
Al
so

sh
ow

n
ar
e

ex
pe

rim
en

ta
ld
at
a
fr
om

W
hi
te

(1
97

4)
.U

se
be

yo
nd

is
no

tr
ec
om

m
en

de
d.
(M

or
ris
on

,2
01

3,
p6

25
)



    16 April 2014 

The Newtonian Constitutive Equation in Cartesian, Cylindrical, 

and Spherical coordinates 

Prof. Faith A. Morrison, Michigan Technological University 

     

Cartesian Coordinates 
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Cylindrical Coordinates 
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Spherical Coordinates 
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These expressions are general and are applicable to three‐dimensional flows.  For unidirectional 
flows they reduce to Newton’s law of Viscosity.  Reference:  Faith A. Morrison, An Introduction 
to Fluid Mechanics (Cambridge University Press: New York, 2013) 



hydraulic diameter ሺgeneralሻ, 𝐷ு ≡
4𝐴௫௦
𝑝

 

Po ൌ Re஽ಹ𝑓஽ಹ  

1

ඥ𝑓஽ಹ
ൌ 4.0 logቌ

Re஽ಹඥ𝑓஽ಹ
Poduct

16  
ቍ െ 0.40 

 

Geometry  Po 

Circle  16 

Equilateral triangle  13.33 

Slit  24 

Ellipse (a,b)  32𝜋ଶ

𝑝
ሺ𝑎ଶ ൅ 𝑏ଶሻ 

 

 

void fraction, ε ൌ
empty bed volume
total bed volume

 

𝑎௩ ൌ
total partical surface area

particle volume
 

superficial velocity,𝑣଴ ൌ
𝑄
𝒱/𝐿

 

hydraulic diameter for packed bed, 𝐷ு ൌ
4𝜀

ሺ1 െ 𝜀ሻ𝑎௩
 

Reynolds number for packed bed ൌ
𝜌ሺ𝑣଴/𝜀ሻ𝐷ு

𝜇
 

friction factor for packed bed ൌ ൬
Δ𝑝
𝐿
൰ ቆ
𝐷ு𝜀ଶ

2𝜌𝑣଴
ଶቇ 
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