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The Newtonian Constitutive Equation in Cartesian, Cylindrical,
and Spherical coordinates

Prof. Faith A. Morrison, Michigan Technological University

Cartesian Coordinates

\% \; vy &x
L F
Txx Txy Txz av x
e Ty Tz | =k 5N o & ‘x
Tzx Tzy Tzz 5z i i

ok X )

v, a(vg) 10v, dv,. O0dv,

o ‘o  Tar\ )t o
tr fop To) =u|r=—(Z)ez (10, T} 10% 0%
ol ar roo  “\rae r 06 ' oz
& ek COrh v, avz 19v, 0ve v,
0z * r a8 +E 0z r0z

Spherical Coordinates \)x N'
frr er fr<15 J

Tor Too Tog Vi—w d"
Tor T00 60/ .94 b\f
av, d v 10v
25 =D+ w""%
Sln

d (vg 1 8v,. 10vy v, 0vg
=H rar(r)+r66 z(r a0 +7> r 06 sm9 rsmB dp

1 odv a (v sin@ d ;v 1 ov 1 dv vg cotf
— 47 ("’) — (L) + —— =7 2 i
rsin@ d¢ T r 00 \sinf/ rsinf d¢ rsin@ d¢p r r 5

These expressions are general and are applicable to three-dimensional flows. For unidirectional
flows they reduce to Newton’s law of Viscosity. Reference: Faith A. Morrison, An Introduction
to Fluid Mechanics (Cambridge University Press: New York, 2013)
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The Equation of Continuity and the Equation of Motion in Cartesian,
cylindrical, and spherical coordinates
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Continuity Equation, Cartesian coordinates
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Continuity Equation, spherical coordinates
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Equation of Motion for an incompressible fluid, 3 components in cylindrical coordinates
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Equation of Motion for an incompressible fluid, 3 components in spherical coordinates
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or incompressible, Newtonian fluid (Navier-Stokes

Equation of Motio uation) 3 components in Cartesian \J /

coordinates
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Equgtion of Motion for incompressible, Newtonian fluid (Navier-Stokes equation), 3 compogents in cylin- '
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Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation), 3 components in spherical

coordinates

p(au, dvy | vg Aur vp O v§+vg,>

8t+ or +_39+rsin98¢ T
_ 0P 9 (138 /, 1 8 /. ,Ovu 1 %,
- or i (37' (7'2 or (T UT)) ¥ 72 sin 6 90 (S’”BFH') % rzsinQOW
2 2 3'U¢

¢ (vgsin@) — >+
T 12sin000 *° r2sinf 9o Par

Ovg Ovg g Ovg vy Ovg  vpvg U% cot @
<8t+"37‘+7 89+7'sin93¢+_r_“ r
_ 18P 19 (,0u) 18 /(1 8 1 &y
+ <r2 or (r 5:) + 7298 (eme o0 (Dgein 9)) * r2sin% @ 9¢?
2 Ov,  2cot @ vy

T Tr o0
+ﬁ5§'m%)+f’%

vy Ov ¢ vg Ovg vy Ovy . VUp | VpvgCOLE
(315 +Ur M - r 00  rsinf 0¢ o T * r )
1 1 02%

..._L..._af_*. .l_i (7-2%>+_];.§_ ( ( g)) e
rsin@ O¢ F\7ar or 7286 \5in6 50 *°? sin r2sin?§ O0¢?
2 av, 2cot 6 ng)

+r2 sinf 0¢ 7‘2 m25inf O¢ P3s

Note: the r-component of the Navier-Stokes equation in spherical coordinates may be simplified by adding 0 =
fV v to the component shown above. This term is zero due to the continuity equation (mass conservation). See
Bird et. al.
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