Equations Summary from Inside Cover of Morrison, 2013

Mechanical Ap A{v)? Ws,by fluid {alaminar =05
Energy Balance 7 + 2a + 98z + Fpriction = — m Atyrbutent = 1
L (v)?
Ffriction = 4f5 + Z nin,i )
fittings;
Friclzt?c?r?ggctor =1 Farag = ApD ] Note this is correct; there is an
(pipe flow) zp(v)2 (2mRL) 2Lp(v) error on the inside cover
Drag Coefficient c Farag 49D (pvoay — P)
(sphere drop) D= = 2
2 V2 (nR?) 3pv,
Momentum balance on a CV dP
(Reynolds transport theorem) d—;+ f (A-v)prdS = Z f
Ccs on CV
Hydrostatic Pressure Ppottom = Ptop + PR
Hagen-Poiseuille Equation (py — p,)R*
(steady, laminar tube flow, Q= 8yl

incompressible)

Prandtl Equation 1 401 < 4.67 > 298
steady, turbulent tube flow — = —4.Ulog + 2.
(steady ) J7 ReJf

Stokes-Einstein-Sutherland Equation Farag = 6MRUV,
(steady, slow flow around a sphere)

Macroscopic Momentum Balance on a CV

dP #streams ACOS(@)(U)Z #streams — 075
— 4 Z [,0 1’;‘] Z [—pAﬁ]A. +R+ MCV.g {ﬁlaminar - ~-
dt . ,B A - t - Bturbulent ~ 1
=1 i =1
Navier-Stokes equation v ) = —v V2
(microscopic momentum balance, P (E tu: 9) = —Vp+uvir +pg
incompressible, Newtonian fluids)
Continuity equation V-v=0

(microscopic mass balance,
incompressible fluids)



Total stress tensor g =—-pl+1T
1?11 1:112 1:113 TiL—p T2 T13
1:[21 1:[22 1:[23 = T21 Tog — P T23
Uy 1o 1Dz / o0 T31 T32
Dynamic pressure P = p+ pgh
Newtonian . T
constitutive equation L =4/ (Vy—l— (Vo) )

Total molecular fluid force

on a finite surface S

Stationary fluid

Moving fluid

Total fluid torque
on a finite surface S

Total flow rate out
through a finite surface &

Average velocity
across a finite surface S
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ox1 + Oxrs  Oxs Oxa 2813
F= [n : ﬂ} ds
S —J at surface
o] -
-0 = piaeE

T://S [EX <ﬁ'E>Ltsurface a5
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() = &
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Coordinate system

Cartesian (side a,
Cartesian (side b,

Cartesian (top, n = ¢é,)

cylindrical (top, 1 = é,)
cylindrical (side, n = é,)

surface differential dS
dS = dxdy
n=é,) dS = dxdz
n=é,) dS = dydz
dS = rdrdf
dS = Rdfdz
dS = R?sin 0dOd¢

spherical, (n = é,)

Coordinate system volume differential dV'
Cartesian dV = dxdydz
cylindrical dV = rdrdfdz
spherical dV = r?sin Odrdfdgo
Coordinate system coordinates basis vectors
spherical r=rsinfcos¢ €& = (sinfcospé,)~+ (sinfsin ¢pé,) + cosbé,
y=rsinfsing ép = (cosfcosP)é, + (cosfsinp)é, + (—sinb)é,
z =rcosf ép = (—sin¢)é, + cos pé,
cylindrical x =rcost ér = cos e, + sinbe,
y=rsind égp = (—sinb)é, + cosbe,
z2==z €, = &,

Divergence Theorem / / n-FdsS =
S

Stokes Theorem

Vector identities:
V-VxF
VxVf

V(fg)

F-VE

V- (fE)
VXxVXxF

V. (ExG)

flf=en

féﬂﬂdl = //Sﬁ-(VXE) ds

= 0 (Divergence of curl = 0)

= 0 (Curl of gradient = 0)
= [Vg+gVf

= JV(F?) - Ex(VxF)
= [V-F+F -Vf

= V(V-E)-V’E
= G- (VXE)-E-(VxG)




The equations in F. A. Morrison, An Introduction to Fluid Mechanics
(Cambridge, 2013) assume the following definitions of the cylindrical
and spherical coordinate systems.

CyIindricaI Coordinate System: Note that the 6-coordinate swings around the z-axis

Spherical Coordinate System: Note that the 8-coordinate swings down from the z-axis;
this is different from its definition in the cylindrical system above.
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The Equation of Continuity and the Equation of Motion in Cartesian,
cylindrical, and spherical coordinates

CM3110 Fall 2011 Faith A. Morrison

Continuity Equation, Cartesian coordinates

IR T T) P TR
8t+<vx8m+vy8y+vzaz T\ Ty T ) T

Continuity Equation, cylindrical coordinates

dp 10(prvy)  10(pve)  O(pvy)
o v e TrTae o

Continuity Equation, spherical coordinates

dp l@(pr%r)_i_ 1 O(pvgsinb) 1 0(pvy)
ot r2  or rsin 6 00 rsinf 0¢

Equation of Motion for an incompressible fluid, 3 components in Cartesian coordinates

(%—H}%—l—v%—i—v%) = _8_P+<87-m a%yr+8%zr)+
P\t "% Ty T %0, ) T T ox or oy | a9z ) P
vy vy Oy %) __op (6‘% Iy afzy>
”(at”xax Ty T, ) T Tay T\ e Tay o ) TP
(%—l—v %-H) %—i—’u %) _ _a_P+<a%xz+a%yz+8%ZZ)+
P\ "% ar " ay T %82 ) T T8 or oy | 92 ) P9

Equation of Motion for an incompressible fluid, 3 components in cylindrical coordinates

) (81)7« ov, vy Ov, vg 81)7«)

W+UTW+T80 7‘+U28z 8r+ r  Or +r o0 _T—i_ 82)+pgr
Ovg

10P 1 0(r?%) 1079 OFp  Tor — Tro
”22;;) X <;5 o rae o o )P

opP <1 O(rf) | 107 79 O

ot "o T o0
((%Z N ov, N %sz n %)
P\t " or T 00 T 02

Ovg Ovg vy Ovg  vyUy

p ( r 00
0P, (la(mz) L Lom. 8%22> ‘o
0z r or r 00 0z ?

Equation of Motion for an incompressible fluid, 3 components in spherical coordinates

ov, ov,.  vg Ov, vy Ovp ’Ug + vi
pl —= +vr + — . -
ot or r 00  rsinf 0¢ r
0P 1 0(r*7,) 1 O(7e,sin0) 1 0Ty Too+ Tos
__E—F(ﬁ or +7“sin9 00 rsinf 0¢ - + PG
Qg Ovg  vodvg Vs Oug vty _ §e0t0
ot " or r 00  rsinf 0¢ r r
. 10P 1 8(7‘37~}g) 1 O(7ggsinh) 1 a7~'¢9 Tor — Tro T COL 0
r oo <r_3 or + rsin 6 00 rsinf O¢ * r a r +rge

ot U or + r 00  rsinf 0¢ r r

1 or 1 9(r37,4) 1 O(Fppsinb) 1 OFpy  Tor—Tre . Tepcot O
~ rsing d¢ (ﬁ or + rsin 6 00 + rsinf O0¢ * r * r + P9

(8% Ovg g Ovg vy Ovg | VU4 N VgVg COt 9>
p —_ _ R ——




Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation) 3 components in Cartesian
coordinates

<% + % + % + %) — _8_P + 821}50 + 821}50 + 821}50 +
ot " "ar "oy T %0z ) T T or TH\9x2 T2 T a2 ) TP
vy vy vy 8vy> _opP 82vy vy 0%v,
<8t+m8 Ty Ty ) T Tay T\ T oz ) TP
(8vz+ 8z+v %_H}%) . opP 82vz+82v2+82vz N
at " or "oy T %8, ) T T a2 T 8y T 822 | TP

Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation), 3 components in cylin-
drical coordinates

%_1_ 8vr+v98vr_ﬁ+ ov, B _8_P 0 <18( )) ia%,,_z&)g_i_avr .
at " or 00 1+ "% T T or ar \r _or 2002 200 a2 ) P
Ovg Ovg vgOvg  vrvp Ovg B 10P 0 /1 8(7‘2}9)) 1 0%v9 2 0v, D%y
<at+”Ta T e T +”Zaz> - o0 <8r<r ar ) e Tizae a2 ) TP
((%Z o Ov, n %(%Z n %) B _8_P n 13 <T8fuz> N i(‘?%z N 9%, n
ot " or T e %0z ) T T TH\rar\'ar ) T2aer T a2 ) TP

Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation), 3 components in spherical
coordinates

%4_ %4_1}_@8%4_ Vg avr_v§+v§
at " or r 00  rsinf 0¢ r

__8_P_|_ 2(1 9 (7‘2’0 )>+L3 (Sin@a%’)—k#@

~ o T H\or 2o ! r2sinf 00 00 r2sin? 0 O¢?

2 8 . 2 8’U¢
 r2sinf 60 (v sin ) — 72 sinﬂa—qﬁ) +Pgr

Qg Ovg  wgdvg | vs Oug | vrvg _ U e0t0
ot " or r 00  rsinf 0¢ r r

N 89 r2 Or or r200 \sinf 90 * ° r2 r2sin2 0 9¢>

4 20v  2c0th %) +
r2 00  r2sinf ¢ pge

<8”¢+ vy v Ovy Vg Ovy | Uiy U¢vgcot9>
ot "or " r 90 ' rsind 0p r

’
S Y .0 ) e o
~ rsinf 0¢ K72 or or 200 \sinf0f * ¢ r2sin? § O¢?
. 2 %4_ 200‘59%)_1_
r2sinf d¢  r2sinf d¢ PIe
Note: the r-component of the Navier-Stokes equation in spherical coordinates may be simplified by adding 0 =

%V - v to the component shown above. This term is zero due to the continuity equation (mass conservation). See
Bird et. al.

References:

1. R. B. Bird, W. E. Stewart, and E. N. Lightfoot, Transport Phenomena, 2"¢ edition, Wiley: NY, 2002.

2. R. B. Bird, R. C. Armstrong, and O. Hassager, Dynamics of Polymeric Fluids: Volume 1 Fluid Mechanics,
Wiley: NY, 1987.



Prof. Faith A. Morrison
Department of Chemical Engineering

FACTORS FOR UNIT CONVERSIONS Wrﬂﬂh
Quantity Equivalent Values
Mass 1 kg = 1000 g = 0.001 metric ton = 2.20462 lb,,, = 35.27392 oz
11b, =16 0z=5x 10 ton = 453.593 g =0.453593 kg
Length 1 m =100 cm = 1000 mm = 10° microns (um) = 10" angstroms (&)
=39.37in =3.2808 ft = 1.0936 yd = 0.0006214 mile
1ft=12in.=1/3yd=0.3048 m=30.48 cm
Volume 1 m?®=1000 liters = 10° cm® = 10° ml
= 35.3145 ft> = 220.83 imperial gallons = 264.17 gal
= 1056.68 qt
1ft> = 1728 in® = 7.4805 gal = 0.028317 m® = 28.317 liters
=28317 cm’
Force 1N =1 kgm/s® = 10° dynes = 10°> gcm/s” = 0.22481 lb;
1 lbs=32.174 b, ft/s* = 4.4482 N = 4.4482 x 10° dynes
Pressure 1 atm = 1.01325 x 10° N/m? (Pa) = 101.325 kPa = 1.01325 bars
=1.01325 x 10° dynes/cm”
=760 mm Hg at 0" C (torr) = 10.333 mH,0 at4° C
= 14.696 lbs/in® (psi) = 33.9 ft H,0 at 4°C
100 kPa =1 bar
Energy 1J=1Nm=10"ergs = 10’ dynecm
=2.778 x 10”7 kW'h = 0.23901 cal
=0.7376 ftb; = 9.47817 x 10 Btu
Power 1W =1J/s=0.23885 cal/s = 0.7376 ftlb¢/s = 9.47817 x 10 Btu/s = 3.4121 Btu/h
=1.341 x 10 hp (horsepower)
Viscosity 1Pas=1Ns/m?=1kg/ms
= 10 poise = 10 dynes's/cm” = 10 g/cm's
= 10’ cp (centipoise)
=0.67197 |by,/ft's = 2419.088 lb,/fth
Density 1kg/m*® =10°g/cm?

Volumetric Flow

=0.06243 |b/ft?
10% kg/m® = 1 g/cm’® = 62.428 Ib/ft®

1 m?/s= 35.3145 ft*/s=15,850.2 gal/min (gpm)
1 gpm = 6.30907 x 10®° m*/s=2.22802 x 107 ft*/s=3.7854 liter/min
1 liter/min=0.26417 gpm
Ver. 21-Sep-2011



Temperature T(°C)= %[T (°F) —32]
TCF)=2T(°C)+32=1.8T(°C) +32

Absolute Temperature T(K) =T(°C) + 273.15
T(°R) = T(°F) + 459.67

Temperature Interval (AT) 1C°=1K=18F =18R’

°

1F° = 1R" =(5/9) C" = (5/9) K

USEFUL QUANTITIES

SG = p(20°C)/p water (4°C)

Pwater(4°C) = 1000 kg/m? = 62.43 Ib,,/ft> = 1.000 g/cm’
Puwater(25°C) = 997.08 kg/m’ = 62.25 Ib,/ft> = 0.99709 g/cm?

g =9.8066 m/s’ = 980.66 cm/s” = 32.174 ft/s*

Huater (25°C) =8.937 x 10™ Pa's = 8.937 x 10™* kg/m's
= 0.8937 cp =0.8937 x 102 g/cm's = 6.005 x 10 Iby/ft's

Composition of air: N, 78.03%
o)) 20.99%

Ar 0.94%

CO, 0.03%

H,, He, Ne, Kr, Xe 0.01%

100.00%

M.ir =29 g/mol =29 kg/kmol = 29 Ib,,/Ibmole
(A:plwater (25°C) =4.182 klJ/kg K =0.9989 cal/g"C = 0.9997 Btu/lb,,"F

R =8.314 m*Pa/molK = 0.08314 literbar/molK = 0.08206 literatm/molK
=62.36 litermm Hg/molK = 0.7302 ft>atm/Ibmole°R
=10.73 ft3'psia/lbmole'°R
=8.314 J/molK
=1.987 cal/mol'K = 1.987 Btu/Ibmole°R

Ver. 21-Sep-2011



The Newtonian Constitutive Equation in Cartesian, Cylindrical,
and Spherical coordinates

Prof. Faith A. Morrison, Michigan Technological University

Cartesian Coordinates

) vy v, N vy, vy N v,
p p p 0x dy O0x 0z Ox
e v, 0v, dv, v, dv,
T T T = + 2
Jroyy s # dy  Ox dy dz  0dy
Tzx Tzy Tzz xyz \avx N v, avy N ov, ) ov, /
dz 0dx 0z Oy 0z x
VZ
Cylindrical Coordinates
v, ri(v_g) lavr av, N dav,
# P # or or\r r 00 dz  Or
o fre o 3 d (179) N 10v, , (1 vy L ) 10v, N vy
f@r Tee sz H rar r r 06 radd r rdf 0z
zr "20 zz7r6z v, N v, 10v, N vy v,
dz  Or rdd 0z 0z r0z

Spherical Coordinates

‘Err fre frd)
Tor Too Tog
Tor Too Too/ 44

av, d (vg 1 dv, 1 Jv, 0 (Vg
= o () + 77 o ag o (7
Jd vy 1dv, 10vg v, sinf 0 , vy 1 OJvyg
| 5 (50 +7) 756 5ng) * 75 09
1 odv, a sinf 0 ;v 1 ov 1 Jdvy v, wvgcoth
. +r—(-2) —(Z2)+———2 2(——— L+ L+
rsin@ d¢ or\r r 00 \sin@/ 1rsinf d¢ rsinf d¢p r r 96

These expressions are general and are applicable to three-dimensional flows. For unidirectional
flows they reduce to Newton’s law of Viscosity. Reference: Faith A. Morrison, An Introduction
to Fluid Mechanics (Cambridge University Press: New York, 2013)

16 April 2014
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