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Microscopic Balances

We have been doing a microscopic
control volume balance; these are

specific to whatever problem we
are solving.

il
! dy

We seek equations for microscopic mass,
momentum (and energy) balances that

are general.

eequations must not depend on the
: choice of the control volume,

eequations must capture the
appropriate balance
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Arbitrary Control volume in a Flow

© Faith A. Morrison, Michigan Tech U.

Mass Balance

On an arbitrary control volume:

( rate of

(details in

of mass

(just as we did with
the individual control

increase of mass
in control volume

net flux of )

mass into C.V.

the book) fff%(p)dvz _fffv - (pv)dV
v v

Rate of increase Net convection

in

Microscopic mass
volume balance) balance for any flow

© Faith A. Morrison, Michigan Tech U.
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Continuity Equation Microscopic mass balance
written on an arbitrarily
dS shaped control volume, V,

enclosed by a surface, S

ov
a’O+vx a'0+vy a'O+vz a’O:—,o aVX+ vy N
ot OX oy 0z ox oy oz
Gibbs notation: 6p+ Vo = 74
T2 Vp=—pl-1)

Microscopic mass balance is a 5
scalar equation. © Faith A. Morrison, Michigan Tech U.

Momentum Balance

On an arbitrary control volume:

(details in (rate of increase) (net flux of) (sum of forces)
= +

the book) of momentum momentum onC.V
inC.V. intoC.V. Y

fvf %(py)dvz—fvﬂv.(pyy)dv+gfpgdv_gfv.zdv

Rate of increase Net convection Force due to Viscous forces
of momentum in gravity and pressure
forces

U

(just as we did with Mlcroscoplc
the individual control momentum balance
volume balance)
for any flow

© Faith A. Morrison, Michigan Tech U.
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Equation of Motion

Microscopic momentum
balance written on an
arbitrarily shaped control
volume, V, enclosed by a
surface, S

Gibbs notation:

v .
plo-tv-Vu|=-Vp+V-T+pg

general fluid

Gibbs notation: p (6_1_7 +v- Vy) =—Up

Newtonian fluid

+uv?v +pg

Microscopic momentum
balance is a vector equation.

Navier-Stokes Equation

7
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Continuity Equation

Continuity Equation, Cartesian coordinates

dp dp ap dp

Continuity Equation, cylindrical coordinates

9p . 18(prv,) | 18(pvo)
ot v Or r 00

Continuity Equation, spherical coordinates

ot 12 or ! Tsind a0

www.chem.mtu.edu/~fmorriso/cm310/Navier.pdf

(And Non-Newtonian Equation) on the FRONT

The Equation of Continuity and the Equation of Motion in Cartesian,
cylindrical, and spherical coordinates

—+( b T —)+ (%‘Favy a”“) ~ 0
at r uyﬁy r P\ bz dy 0z

(pv.)
+ Oz -0 _

dp 1 3prie) 1 6(pvgsin-9)l 1 Blpws) 0

Equation of Motion for an incompressible fluid, 3 components in Cartesian coordinates

Bu, B, Oue v or The one
P (ﬁ Vg Vg, ”’E) ™ with “T” is
(%,v%w%,v%):,@,_ for non-
ot * or ¥ oy "oz dy N .
ov, v, v, O, op ewtonian
P(E“’za“’ﬂ?y”@) - et fluids

rsinfl  dg

8

© Faith A. Morrison, Michigan

9/26/2016



Fluids Lecture 6-7 Morrison CM3110

dv )
P E“—"V‘—’ =—-Vp+uV<v+pg

Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation) 3 components in Cartesian
coordinates

(%M%M%M %) 0P (P | Bus | Pes)

P "ar "ay " ex ) T o M\ Gar Ty T a2 ) TP
duy v, Dy v\ aP PP, P, 0y,

'D( ot b s Oz by Oy Fo, Oz ) a dy # Oz ! y? f 022 F Py

P\ar T Ty Te) T TE T\ B T e ) e

Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation), 3 components in cylin-
drical coordinates

v, v,  wpdv, v e W < 8 1d(re,) L(’??v, 20y N v, N
e ar or 2o T 2on a2 )

10P a (10(rvg) 1 6%y 2 v, Oy
a7 tH = - pgo

T Or

o e v T T
p(ﬁvg vy 1)_,9% Vpllp %)

— + vp—

T A A

) o roe | r U o0 o \r ar
(«%,, e Do, N vfgﬂvfz L (’?v,,) B 7@ N 33 (15)1;72) iaﬂvz N %, 4 e
a e o o a: M\rar\"or ) e a2 ) TP

9
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Problem-Solving Procedure — solving for velocity and
stress fields

amended: when using the —
1. sketch system microscopic balances

2. choose coordinate system
3. simplify the continuity equation (mass balance)

4. simplify the 3 components of the equation of motion (momentum
balance) (note that for a Newtonian fluid, the equation of motion is the
Navier-Stokes equation)

5. solve the differential equations for velocity and pressure (if
applicable)

~ T
6. apply boundary conditions g ‘u(VZ + (VZ) )

7. calculate any engineering values of interest (flow rate, average
velocity, force on wall)

10
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EXAMPLE I: Flow of a
Newtonian fluid down an
inclined plane

Revisited
g, =gsin g
g,=gcosp
g g,) (gsing
g: gy = 0
g, gcos g

11
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EXAMPLE I: Flow of a Newtonian fluid down an inclined plane

Revisited

(see hand notes)

12
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As with balance we performed with a control volume
we selected, we made modelling assumptions along
the way that we can collect and associate with the
final result:

Model Assumptions: (laminar flow down an incline, Newtonian)

0
no velocity in the x- or y-directions (laminar flow) = <O>
well developed flow
no edge effects in y-direction (width) v, # f(y)
constant density
steady state
Newtonian fluid
no shear stress at interface

NGO EWDNR

no slip at wall

13
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| EXAMPLE II:
Pressure-driven flow
cross-section A: of a Newtonian fluid

in a tube:
r
I

(Poiseuille flow)

esteady state
econstant p

swell developed

elong tube

epressure p, at top
epressure p;, at bottom

fluid

14
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The Equation of Continuity and the Equation of Motion in Cartesian,
cylindrical, and spherical coordinates

CM3110 Fall 2011 Faith A. Morrison

Continuity Equation, Cartesian coordinates

dp dp dp dp v, vy v,
ar+( ar+"$‘§+’az)+‘"(ar+a +87) 0
Continuity Equation, cylindrical coordinates
Op  10(prv,) | 10(pug) | O(pv:)
T S TR
Continuity Equation, spherical coordinates
ap ‘ 1 d(priv.) | 1 9(pvpsingd) I 1 dpvg) 0
ot or rsinf a6 rsind ¢
Equation of Motion for an incompressible fluid, 3 components in Cartesian coordinates
vy vy Dy, dug\  OP OTpy | OTys | O
(ax gy Ty +“zaz) = @1‘+(()‘:r oy T o )”'g*
Oy, vy vy, duyy OGP (07 0T, 0Ty
(m s Ty '“az) - 83.;'(8.7; "y ! 53)""9“

((’) +w Ot +7Jd + v 0%) 7% (dTm+afW+af{z)+
Mo " mae Pvay P e ) T e P Tay Pas ) e
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Navier-Stokes:

Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation) 3 components in Cartesian

coordinates
up v Doy Ou op (O O Oy
”(az*-‘a Ty, +Z3z) = o Pl T e ) TP
vy v, Dy v\ aP PP, P, 0y,
”(ar Fe gy '”95 '”Zaz) = oy T B e e ) e
v, v, v, _g Pv, 0%, 0w, i
o™ e ay ) = e tel e o o ) e

Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation), 3 components in cylin-
drical coordinates

v, 100 du, N vp 8o ﬁ . e W < N 8 1d(re,) L(’??v, 20y 6211, N
o o Tr e Tz T Tar M \ar\var 2o 2an T2 )t
(6‘1;5 | % | v v 61;5 Vpllp , %) N 1:’3P a (18(7‘?)9)) lt’?‘zvg | 261), I iz |
Pac e Tree e e ) T T ar \r or o2 ' 2ap a2 ) P
(61"2+’U (’iv,,Jrvgﬂ'u . (’?v,,) B 7@+ lﬂ( f)v)+i62v,,+f?vz N
Plac "™ ar " v ae "oz g M\ror\"ar ) T2 e ) P
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Poiseuille flow of a Newtonian fluid:

See hand notes

17
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List of Commaon Integrals

Braf. Faith Muorrison, Michigan Technokogical Usiversity
CM3L10 Transpon Processes |
CAMS0 Polymer Rheclogy

sin by = beosbu) + €

Ja"‘m\bu = (bainbu + acosbu) + £
{aF + 57

J!L:n s
_|’..¢.._"Tr—c
J’..‘.f %-c

J[f"dll e+
jlr_ndu:u:nx wel

[edu=(gg)at o

Isunu du==cosu+C

jm:!:::nk-r

Jc‘r.m.d-._

[

#“(sinu + cosu)

+€

tepration by parts

[udrmsn[ra

Hote: Many more imegrals can be sohved with these
formulas by uting substieution. For xample, evaluste I

i |r|| 2a) dx
Levu = (1 = 2x); then
du_ .
== de=-2dx
Substitiating inte the integral, we obitain
1 Byt
I= _.jn-.fu:( Sis+¢
SubstmAtng Back (ERmInaTAg 1] ghves the answer

1
Iz==(l=l)+C
5

29 Apei 2004

List of Common
Integrals

www.chem.mtu.edu/~fmorriso/cm310/
2014Commonlntegrals.pdf
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Poiseuille flow of a Newtonian fluid:

cross-section A:

What is the force on the walls in this flow?

Total
wetted
area

Inside
surface
of tube

19
© Faith A. Morrison, Michigan Tech U.

- _ force _ kg m/s® (kg)(m/s) Momentum
yz

~ area area (s)(area) Flux
f
9 stresses o
at a point _— é,
in space

(@@ [ =A(Ty,8, + Tyy 8, +1),8,)

stress on a y-surface==> in the z-direction

— =

yz

A surface in the y-direction <= flux of z-momentum
whose unit

normal is in the
y-direction (See discussion of sign convention of stress; 20

this is the tension-positive convention, #;;) ~ © Faith A. Morrison, Michigan Tech U.
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Poiseuille flow of a Newtonian fluid:

cross-section A:
What is the shear stress in this flow? r

i dv,
rz —
or
Stress on an r surface ; L
in the z direction in(r)
fuid—f
&

21
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Poiseuille flow of a Newtonian fluid:

Force on the walls:

See hand notes

22
© Faith A. Morrison, Michigan Tech U.
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Poiseuille flow of a Newtonian fluid:

—(po — 1)
p(z) = +Z -
" _ —(pgL +p, —pL)
Trz(r) = oL T
R%*(pgL + po — p1) \2
v(r) = 4ul 1= (E)
© Faith A. Morrison, Michigan gFgech u.
Engineering
Quantities of
Interest P—
(tube flow) average 0.y = I3 " fy vprdrde
veloci 7
! [ [ rdrde
2w R
volumetric
flow rate

Q) =Of Ojvzrdrdé? = R*(v,)

z-component

L r2m
of force on E, = j f frz| RdOdz
the wall o Jo =R

Must work these out for each problem in the coordinate
system in use; see inside back cover of book.

24
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Engineering
Quantities of

Interest .
volumetric _ ~
(any flow) flow rate Q= fj (Tl lj)ds
S

average _ -US (n-v)dS Q
velocity (vz) = = —
[f, a4 %

Z-component

of force on Fz = éz . jj [ﬁ : (_pi + i )]Surfaceds
S

the wall

For more complex flows, we use the Gibbs notation

. o g -
versions (will discuss soon). © Faith A. Morrison, Michigan Tech U.

Poiseuille flow of a Newtonian fluid:

Volumetric Flow Rate:

volumetric _ ~
flow rate Q= _[j (n ) 1_7)d5
S

Let’s try

See hand notes

26
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Poiseuille flow of a Newtonian fluid:

2m R
Q =-O]- E)fvz(r)rdrde

21T R

R%(pgL + v, — ;) r\2
_ R(pgL +p, pij(l—(—))rdrdG
4ul R
0 O

4
_ R*(pgL + po — pL) Hagen-Poiseuille
8,uL Equation**

Q

27
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Poiseuille flow of a Newtonian fluid:
27zR
v, = [[v,(r)rdrde
00
2 27R 2
_R (Lpg+P,—R) ” 1—(L) rdrd @
4ul 7% R
_ RZ(LIOg + I:)o B PL)
- 8ulL
. Vz,max
2
© Faith A. Morrison, Michigan gng)ech u.
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Pressure-driven flow
of a Newtonian fluid
in a tube:

Poiseuille flow

Bullet shaped; flow
down an incline was a
parabola cross-section,
but a sheet in 3d.

Poiseuille flow of a Newtonian fluid:
P — P
Po— P
-0.5 ~——
-1 \
0 0.25 0.5 075 Z 1
L
27 Velocity maximum is twice the average
v, (for incline it was 2.5 X the average)
Va 15
1 \
05
0 T T
0 0.25 05 075 1 L
R 29
© Faith A. Morrison, Michigan Tech U.
EXAMPLE II:

- 15

A os

i,

il
AN

il

o%

O

30
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Example Ill: Pressure-driven flow of a Newtonian fluid in a
rectangular duct: Poiseuille flow

What is the steady state velocity profile
for laminar flow of an incompressible
Newtonian fluid flowing down a long
duct of rectangular cross section? The
duct height is 2H and the width is 2.
The pressure at an upstream position is
po and a distance L downstream the
pressure is p,. What is the force on the
walls?

See hand notes

31
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(Example 7.11, p549)

Can this modeling method work for complex
flows?

Answer' yes. (with some qualifiers)

T

w110 IMichigamTech,

Transport |
Partk: Fhiid Mechanics

Complex Flows

Profuss or Faith ibuis on
Depariment of Chemical Enginesring ‘ﬁ
iversty == =

Michigan Technological Uni
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