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SUMMARY

Steady State Heat Transfer

Example 1:
Example 2:
Example 3:
Example 4:
Example 5:

Example 6:

Heat flux in a rectangular solid — Temperature BC

Heat flux in a rectangular solid — Newton’s law of cooling
Heat flux in a cylindrical shell - Temperature BC

Heat flux in a cylindrical shell - Newton’s law of cooling
Heat conduction with generation

Wall heating of laminarflow

Conclusion: When we can simplify
geometry, assume steady state, assume
symmetry, the solutions are easily obtained
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Steady State Heat Transfer

Example 1: Heatflux ina rectangular solid — Temperature BC
Example 2: Heatflux in a rectangular solid — Newton’s law of cooling
Example 3: Heatflux in a cylindrical shell - Temperature BC

Example 4: Heatflux in a cylindrical shell - Newton’s law of cooling

Example 5: Heat conduction with generation

What about non- Example 6: Wall heating of laminarflow
steady-state

problems (quite Conclusion: _When )
common in heat

transfer)? geometryCassume steady state, assume

symmetry, the solutions are easily obtained

3
© Faith A. Morrison, Michigan Tech U.

1D Heat Transfer: Unsteady State

Example 1: Unsteady Heat Conduction in a Semi-infinite solid

A very long, very wide, very tall slab is initially at a temperature T,. At
time t = 0, the left face of the slab is exposed to an environment at
temperature T,. What is the time-dependent temperature profile in the
slab? The slab is a homogeneous material of thermal conductivity, k,
density, p, and heat capacity, Cp

4
© Faith A. Morrison, Michigan Tech U.

11/6/2017



CM3110 Heat Transfer Lecture 3 11/6/2017

1D Heat Transfer: Unsteady State

Example 1: Unsteady Heat Conduction in a Semi-infinite solid

A very long, very wide, very tall slab is initially at a temperature 7,. At
time t = 0, the left face of the slab is exposed to an environment at
temperature T,. What is the time-dependent temperature profile in the
slab? The slab is a homogeneous material of thermal conductivity, k,
density, p, and heat capacity, Cp

This is code for:
“Newton’s law of cooling boundary conditions:”
[flux| = h|Tyuk — Twaul
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Unsteady State Heat Transfer

Example: Unsteady Heat Conduction in a Semi-infinite solid

e

;s&ss&;&?&m |

H, D, very large
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1D Heat Transfer: Unsteady State

Initial Condition:

7
© Faith A. Morrison, Michigan Tech U.

1D Heat Transfer: Unsteady State

enclosed by a surface, S.

Gibbs notation:

pép %+y-VT

—kV2T +5S

General Energy Transport Equation
(microscopic energy balance)

As for the derivation of the microscopic momentum balance, the
microscopic energy balance is derived on an arbitrary volume, V,

see handout for
component notation
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1D Heat Transfer: Unsteady State

General Energy Transport Equation
(microscopic energy balance)

convection
A source
(energy
~ (0T
2 enerated
oC | —+V-VT |=kVT+S ="
p at - per unit
\ ) volume per
Y time)
rate of change conduction (all
directions)

velocity must satisfy

equation of motion,

equation of continuity see handout for
component notation
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Equation of €NErgy for Newtonian fluids of constant density, p, and
thermal conductivity, k, with source term (source could be viscous dissipation, electrical
energy, chemical energy, etc., with units of energy/(volume time)).

CM310 Fall 1999 Faith Morrison

Source: R. B. Bird, W. E. Stewart, and E. N. Lightfoot, Transport Processes, Wiley, NY,
1960, page 319.

Note: this handout is on the web:
Gibbs notation (vector notation) www.chem.mtu.edu/~fmorriso/cm310/energy2013.pdf

[%+y-VT]: K vory S
ACp P

Cartesian (xyz) coordinates:

a +vX&+vyW+vZ§— <

oT oT oT  oT k(&1 8T 8T S
— = St ot |t =
ploxt oyt a2 ACp

Cylindrical (r6z) coordinates:

+5—+
r? 00 or?

+—=
ACp

ar LT vpoT | aT _ k (10(aT) 18T T} s
o Tar roo o pC,

" \rarl"ar

Spherical (r0¢) coordinates:

Ty T Yol Y O K (10(a0T), 1 0f,0T), 1
ot "or r 80 rsind og _pép 2orl or ) 2sing 90 06)" sin?
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1D Heat Transfer: Unsteady State

Example 1: Unsteady Heat Conduction in a Semi-infinite solid

time t = 0, the left face of the slab is exposed to an environment at
temperature T;. What is the time-dependent tem

density, p, and heat capacity, C,
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Newton’s law of cooling BC’s:

lax| = hAlTbulk - Tsurface

A very long, very wide, very tall slab is initially at a temperature 7,. At

rature profile in the
slab? The slab is a homogeneous material of thermal conductivity, k,
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1D Heat Transfer: Unsteady State

Microscopic Energy Equation in Cartesian Coordinates

oT oT oT  oT  k (é°T & &T

S

—_— +Vy—+Vy—+V,—= + +
y oz pCplox® oy* o7
O=——=—= thermal diffusivity

what are the boundary conditions? initial conditions?

_I_
pCp

~
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1D Heat Transfer: Unsteady State

Example 7: Unsteady Heat Conduction in a Semi-infinite solid

Initial Condition:
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1D Heat Transfer: Unsteady State

Semi-Infinite Slab

Initial condition:

X
X

Unsteady State Heat Conductionin a

a
ot

S
b
i
o
e

K [(FT)_ [
ox?

pép x>

t=0T =T, VX

Boundary conditions:

0 g,=hAT-T) Vvt>0
o, T=T, Vt
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1D Heat Transfer: Unsteady State

Unsteady State Heat Conduction in a
Semi-Infinite Slab

Boundary conditions:

X=0, T=T,

o (Fr)_ (e
ot pC,l o ox°
Initial condition: t= O, T = TO Y X

x=0 g, =hAT-T) Vvt>0

bbb

k!

bits?
ettt

“for all t”
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1D Heat Transfer: Unsteady State

Unsteady State Heat Conduction in a
Semi-Infinite Slab

oT

Initial condition:

Boundary conditions:

The solution is
obtained by
combination

of variables. B

x=0, gq=hAT-T) Vt>0
X=o0, T=T, Vt

hfat o X
k

k (67T T
T a2 | T a2
ot pCphl ox OX

t=0,T=T,Vx

2Jat

16
© Faith A. Morrison, Michigan Tech U.




CM3110 Heat Transfer Lecture 3 11/6/2017

1D Heat Transfer: Unsteady State

Unsteady State Heat Conductionin a
Semi-Infinite Slab

Solution:

o
o
ekt S
1 — e
e
Pt

— 9 = erfc{ — eP@HB) erfe (7 + B)
T, =T

Geankoplis 4t ed., eqn
ﬁ _ hﬂa t é’ = X 5.3-7, page 363
Tk 2at

complementary — 1
error function of y erfc(y) = 1 — erf(y)

y
2
error function of y erf(y) = \/__f e—(yl)z dy'
T
0
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1D Heat Transfer: Unsteady State Heat Conduction in a Semi-Infinite

Solution:

T —T

— 9 = erfc{ — eP@HB) erfe(7 + B)
Ty =Ty

_hjat oo X o e
p= K ZM
To make this solution
easier to use, we can

complementary — 1 p|0t it.
error function of y erfc(y) = 1 — erf(y)

y
2 2
error functionof y  erf(y) = f e~ 0" dy'
s
0

kL
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1D Heat Transfer: Unsteady State Heat Conduction in a Semi-Infinite S|a

This:
T—T,
T, — Ty

= erfc{ — ePZ+B) erfc(¢ + B)
. X
Versus this:| ¢ VT

At various values of this:

ﬂEhJ;Tt

To make this solution
easier to use, we can
plot it.
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1D Heat Transfer: Unsteady State Heat Conduction in a Semi-Infinite Slab

T1 = To

Geankoplis 4t ed., Figure
5.3-3, page 364

T-T,
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1D Heat Transfer: Unsteady State Heat Conduction in a Semi-Infinite Slab

With modern tools, we can plot the solution directly (evaluated on Mathcad)
Unsteady State Heat Conduction in a Semi-Infinite Slab
h=k=a=1
t=0.1,0.2,0.5,1,5, 10, 50, 100
1 1 1 1 1

increasing time, t

Tl - To

0.6— —

0 2 4 6 8 X 10
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1D Heat Transfer: Unsteady State Heat Conduction in a Semi-Infinite Slab

How could we use this solution?
Example: Will my pipes freeze?

The temperature has been 35°F for a while now, sufficient to chill the
ground to this temperature for many tens of feet below the surface.
Suddenly the temperature drops to -20°F. How long will it take for
freezing temperatures (32°F) to reach my pipes, which are 8 ft under
ground? Use the following physical properties:

ho20 BTY_
h ft° °F
2
a, =0.018 L
h
ksoil ZO5£
h ft °F
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1D Heat Transfer: Unsteady State Heat Conduction in a Semi-Infinite Slah

r-T1
% —erfc{ — eP@B erfc(( +B)
T]_ - TO :::+++++++++
SR
X
{=—r— | Both¢
quat and B T =9
depend o —:
ha t on time T =?
= k T =?
N
T—-T, .
T =Ty
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1D Heat Transfer: Unsteady State Heat Conduction in a Semi-Infinite Slab

1 e ]

0.80

SR :

—X —
0_40 \\ \\ N, ‘3-\ ﬁ—_-—-
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5.3-3, page 364 é/ - 2 ot
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1D Heat Transfer: Unsteady State Heat Conduction in a Semi-Infinite Slah

T—T o
— 2 —erfc{ —eP@ P erfe((+p) T E
Ty —To

Answer:

t = 480 hours = 20 days

o

ettt
e

Pt
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1D Heat Transfer: Unsteady State

Example 8: Unsteady Heat
Conduction in a Finite-sized solid

—

*The slab is tall and wide, but of
thickness 2H
elnitially at T,

the sides is changed to T,

eat time t = 0 the temperature of L

—2H —
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1D Heat Transfer: Unsteady Heat Conduction in a Finite Solid

Unsteady State Heat Transfer

Use same microscopic energy balance eqn as before.

convection

A source
J__(energy
el generated

2
PC,| —+V-VT [=kVT +5 per unit

\ ot ) Y volume per
conduction (all time)

rate of change directions)

see handout for
component notation
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1D Heat Transfer: Unsteady Heat Conduction in a Finite Solid

Microscopic Energy Equation in Cartesian Coordinates

oT  oT oT  oT  k (é°T & &T LS

~

+Vy—+V,—+V,— = + +
ot ox Yoy e pChlaxt oy a?) pC,

O = —=— = thermal diffusivity

pCp

what are the boundary conditions? initial conditions?
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1D Heat Transfer: Unsteady Heat Conduction in a Finite Solid

Example 8: Unsteady Heat
Conduction in a Finite-sized solid

—2H —

29
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1D Heat Transfer: Unsteady Heat Conduction in a Finite Solid

Unsteady State Heat Conduction in a Finite Slab

or k(o7 T

—_— = — a
ot pC,l o ox°
Initial condition: t= O, T = TO Y X

Boundary conditions:

X:O, T=T1

x=2H, T=T, vt>0

30
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1D Heat Transfer: Unsteady Heat Conduction in a Finite Solid

equation?

Q: How can two completely different situations give the same governing

A: The boundary conditions make all the difference

For more solutions to this
equation see Carslaw and
Jeager, Conduction of Heat in
Solids, 2nd Edition, Oxford,
1959

X
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1D Heat Transfer: Unsteady Heat Conduction in a Finite Solid

Unsteady State Heat Conduction in a Finite Slab

variables.

The solution is
obtained by
separation of

a__k (2T)_, (2T
a pCylon ox°

Initial condition: t= O' T= TO Y X
Boundary conditions:
X= 0, T = Tl

X=2H, T-=T, } vit>0
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1D Heat Transfer: Unsteady Heat Conduction in a Finite Solid

variables

Unsteady State Heat Conduction in a Finite Slab: solution by separation of

T,-T, El

Guess: Y = X(X)@(t)

Initial condition:
t=0T=T,¥x=Y =1
Boundary conditions:
x=0, T=T=Y=0] _,
x=2H, T=T,=Y=0

et YE(Tl_Tj N _,

&
ox?

>0

33
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1D Heat Transfer: Unsteady Heat Conduction in a Finite Solid

Unsteady State Heat Conductionin a
Finite Slab: soln by separation of
variables

Y = X (x)O(t) o
ot

NCaa
ox?

do(t)

dt
a(t)

o 0
= :E(x (0O(1)= X (x)— =
v o _ X
o (X(x)e(t))= »

az\g _ d2X§X) o)

oX dx
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1D Heat Transfer: Unsteady Heat Conduction in a Finite Solid

oY oY
— = —2
ot OX
2
Substituting: X (X) d®(t) = d’X (X) @(t)
dt dx’
1 de() 1 d*X(x)
o d X o = =4
The function of constant
two variables is \ Y \ Y /
separable into function of time function of position
two functilons of (t) only (x) only
one variable.

35
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1D Heat Transfer: Unsteady Heat Conduction in a Finite Solid

Separates into two ordinary differential equations:

1 do@ _,
o) dt
1 d’X(x)
The function of X (X) dxz -
two variables is »
separable into olve.
two functions of
one variable. Apply BCs.
Apply ICs.
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1D Heat Transfer: Unsteady Heat Conduction in a Finite Solid

Temperature Profile for Unsteady State
Heat Conduction in a Finite Slab

2 2
-rat ~Frlat
h-T) 4 o 4% gin X 1o a7 3 X

Sl
T-T,) = 2H ' 3 2H

—Brlat 57 %
T a2 . 7T
+=e 4H" sin=—/—+
5 2H

Geankoplis 4t ed., eqn 5.3-6, p363
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We use solutions like this in CM3215 to back
calculate h from non-steady data:

eMa215 (it T
of i gineering L ¥ =
" bekance inihe: e
=a
aT (kN1 ( 1zir))
LA

t @P r2ar ar =
- 8 symreay s
5
No asrend, no on F
= ar 3
| r=z &= =T ) >0 £
Professor Faith Momison e l r=n, % _y (u\‘ §
Depatment of Chewmica Engineesng o A vy 5
Mictigan = Iniiol condlion: ~ <
@ FailhA_Manisan, Mchigen Tich UL =0 T=Tostaa \»= ) =
(" mears ke o) o

P——

‘ . Unsteady State Heat Transiertn a
Conduction Spere

Solution, 70 ) = T

ol Heat in D=y Tom =
soli . _hR _at
Solids welh o

FCOND EIMTION (Bt ke FeFouier mivker)

_T-Ty _ s ot (S0 (in Ry (RA)? + (Bi — 1)2
_ g R i me

where [z
e b i L2 mi 1
I % CARSLAW and BnPl !

1. CIAEGER e

(Carskawy and Yeager. 1959, p237) P ——
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1D Heat Transfer: Unsteady State

Microscopic Energy Balance — is the correct physics
for many problems!

Tricky step:

solving for T field; this can be mathematically difficult

epartial differential equation in up to three variables
eboundaries may be complex

emultiple materials, multiple phases present

emay not be separable from mass and momentum
balances

Strategy:

* Look up solution in literature

¢ solve using numerical methods
(e.g. Comsol)

% ok %k %k Or kokokok

* Develop correlations on complex systems by
using Dimensional Analysis
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Fluid Mechanics: What did we do?

« Turbulent tube flow 1. Find a simple problem that allows

. ) us to identify the physics
* Noncircular conduits

Nondimensionalize
» Drag on obstacles

Explore that problem

Take data and correlate

o & 0D

Solve real problems

Solve. Real. Problems.

Powerful.

40
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