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Continuity Equation, Cartesian coordinates
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Continuity Equation, cylindrical coordinates
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Continuity Equation, spherical coordinates
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Equation of Motion for an incompressible fluid, 3 components in Cartesian coordinates
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Equation of Motion for an incompressible fluid, 3 components in cylindrical coordinates
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Equation of Motion for an incompressible fluid, 3 components in spherical coordinates
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Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation) 3 components in Cartesian
coordinates
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Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation), 3 components in cylin-
drical coordinates
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Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation), 3 components in spherical
coordinates
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Note: the r-component of the Navier-Stokes equation in spherical coordinates may be simplified by adding 0 =
2

r
∇ · v to the component shown above. This term is zero due to the continuity equation (mass conservation). See

Bird et. al.
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1 
 

The Equation of Energy in Cartesian, cylindrical, and spherical coordinates for 
Newtonian fluids of constant density, with source term ܵ.  Source could be electrical energy due to 
current flow, chemical energy, etc.  Two cases are presented:  the general case where thermal 

conductivity may be a function of temperature (vector flux ݍ෤പ ൌ  appears in the equations); and the ܣ/പݍ

more usual case, where thermal conductivity is constant. 

Fall 2013 Faith A. Morrison, Michigan Technological University 

Microscopic energy balance, in terms of flux; Gibbs notation 
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Microscopic energy balance, in terms of flux; Cartesian coordinates 
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Microscopic energy balance, in terms of flux; cylindrical coordinates 
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Microscopic energy balance, in terms of flux; spherical coordinates 
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Fourier’s law of heat conduction, Gibbs notation: ݍ෤പ ൌ െ݇ܶ׏ 
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Fourier’s law of heat conduction, cylindrical coordinates:  ൭
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Fourier’s law of heat conduction, spherical coordinates:  ቌ
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2 
 

The Equation of Energy for systems with constant ࢑ 

 

Microscopic energy balance, constant thermal conductivity; Gibbs notation 
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Microscopic energy balance, constant thermal conductivity; Cartesian coordinates 
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Microscopic energy balance, constant thermal conductivity; cylindrical coordinates 
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Microscopic energy balance, constant thermal conductivity; spherical coordinates 
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Reference:  F. A. Morrison, “Web Appendix to An Introduction to Fluid Mechanics,” Cambridge University 

Press, New York, 2013. On the web at www.chem.mtu.edu/~fmorriso/IFM_WebAppendixCD2013.pdf  
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Table 1:  Emissivity 𝜺 of solids (300K)

Material  𝜺 
Aluminum foil  0.04 

Asbestos board  0.96 

Polished brass  0.03 

Cast iron, turned and heated  0.60‐0.70 

Concrete  0.85 

Ice, smooth  0.966 

Ice, rough  0.985 

Plaster  0.98 

Roofing paper  0.91 

Sand  0.76 

Steel, Oxidized  0.79 

Wrought Iron  0.94 

Reference:  Engineering Toolbox, www.engineeringtoolbox.com/emissivity‐coefficients‐d_447.html  

Table 2:  Thermal diffusivity 𝜶 ൌ 𝒌/𝝆𝑪෡𝒑 of solids 

Material   Thermal diffusivity  Thermal diffusivity 

(m²/s)  (mm²/s) 

Silver, pure (99.9%)   1.6563 ൈ  10ିସ   165.63 

Gold   1.27 ൈ  10ିସ   127 

Copper at 25°C   1.11 ൈ  10ିସ   111 

Aluminum   8.418 ൈ  10ିହ   84.18 

Steel, stainless 304A at 27°C   4.2 ൈ  10ି଺  4.2 

Steel, stainless 310 at 25°C   3.352 ൈ  10ି଺   3.352 

Iron   2.3 ൈ  10ିହ   23 

Silicon   8.8 ൈ  10ିହ   88 

Quartz   1.4 ൈ  10ି଺   1.4 

Water at 25°C   0.143 ൈ  10ି଺   0.143 

Water vapor (1 atm, 400 K)   2.338 ൈ  10ିହ   23.38 

Air (300 K)   1.9 ൈ  10ିହ   19 

Reference:  Wikipedia, en.wikipedia.org/wiki/Thermal_diffusivity  

𝜎 ൌ 0.1712 ൈ 10ି଼
𝐵𝑇𝑈

ℎ 𝑓𝑡ଶ𝑅ସ

𝜎 ൌ 5.676 ൈ 10ି଼
𝑊

𝑚ଶ𝐾ସ

Stephan-Boltzman Constant:
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Unsteady Macroscopic Energy Balance
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𝑈௦௬௦ ൅ 𝐸௞,௦௬௦ ൅ 𝐸௣,௦௬௦ ൌ െΔ𝐻 െ Δ𝐸௞ െ Δ𝐸௣ ൅ 𝑄௜௡ ൅𝑊௦,௢௡

𝑄௜௡ ൌ ∑ 𝑞௜௡,௜௜ comes from a variety of sources:

• Thermal conduction:  𝑞௜௡ ൌ െ𝑘𝐴 ௗ்

ௗ௫

• Convection heat xfer:  𝑞௜௡ ൌ ℎ𝐴 𝑇௕ െ 𝑇

• Radiation:  𝑞௜௡ ൌ 𝜀𝜎𝐴 𝑇௦௨௥௥௢௨௡ௗ௜௡௚௦
ସ െ 𝑇௦௨௥௙௔௖௘

ସ

• Electric current:  𝑞௜௡ ൌ 𝐼ଶ𝑅௘௟௘௖𝐿

• Chemical Reaction:  𝑞௜௡ ൌ 𝑆௥௫௡𝑉௦௬௦

𝑆ሾൌሿ
energy

time volume

𝑄௜௡ ൌ Heat into the chosen macroscopic control volume

accumulation ൌ
input െ output 

1

Unsteady Macroscopic Energy Balance

© Faith A. Morrison, Michigan Tech U.

• Thermal conduction:  𝒒𝒊𝒏 ൌ െ𝒌𝑨𝒅𝑻

𝒅𝒙

• Convection heat xfer:  𝒒𝒊𝒏 ൌ 𝒉𝑨 𝑻𝒃 െ 𝑻

• Radiation:  𝒒𝒊𝒏 ൌ 𝜺𝝈𝑨 𝑻𝒔𝒖𝒓𝒓𝒐𝒖𝒏𝒅𝒊𝒏𝒈𝒔
𝟒 െ 𝑻𝒔𝒖𝒓𝒇𝒂𝒄𝒆

𝟒

• Electric current:  𝒒𝒊𝒏 ൌ 𝑰𝟐𝑹𝒆𝒍𝒆𝒄𝑳

• Chemical Reaction:  𝒒𝒊𝒏 ൌ 𝑺𝒓𝒙𝒏𝑽𝒔𝒚𝒔

2

e.g. device held by bracket; a solid phase that extends through 
boundaries of control volume

e.g. device dropped in stirred liquid; forced air stream flows past, 
natural convection occurs outside system; phase change at boundary

e.g. device at high temp. exposed to a gas/vacuum; hot enough to 
produce nat. conv.ൌpossibly hot enough for radiation

e.g. if electric current is flowing within the device/control volume/ 
system

e.g. if a homogeneous reaction is taking place throughout the 
device/ control volume/system

𝑸𝒊𝒏 ൌ ∑ 𝒒𝒊𝒏,𝒊𝒊 comes from a variety of sources:

𝒅
𝒅𝒕

𝑼𝒔𝒚𝒔 ൅ 𝑬𝒌,𝒔𝒚𝒔 ൅ 𝑬𝒑,𝒔𝒚𝒔

ൌ െ𝚫𝑯 െ 𝚫𝑬𝒌 െ 𝚫𝑬𝒑 ൅ 𝑸𝒊𝒏 ൅𝑾𝒔,𝒐𝒏

S‐B constant:  
𝜎 ൌ 5.676ൈ
10ି଼

ௐ

௠మ௄ర
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