The Equation of Continuity and the Equation of Motion in Cartesian,

cylindrical, and spherical coordinates
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Continuity Equation, Cartesian coordinates
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Continuity Equation, cylindrical coordinates
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Continuity Equation, spherical coordinates
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Equation of Motion for an incompressible fluid, 3 components in Cartesian coordinates
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Equation of Motion for an incompressible fluid, 3 components in cylindrical coordinates
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Equation of Motion for an incompressible fluid, 3 components in spherical coordinates
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Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation) 3 components in Cartesian
coordinates
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Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation), 3 components in cylin-
drical coordinates
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Equation of Motion for incompressible, Newtonian fluid (Navier-Stokes equation), 3 components in spherical
coordinates
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Note: the r-component of the Navier-Stokes equation in spherical coordinates may be simplified by adding 0 =

%V - v to the component shown above. This term is zero due to the continuity equation (mass conservation). See
Bird et. al.
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The Equation Of Energy in Cartesian, cylindrical, and spherical coordinates for

Newtonian fluids of constant density, with source term S. Source could be electrical energy due to
current flow, chemical energy, etc. Two cases are presented: the general case where thermal
conductivity may be a function of temperature (vector flux g = g/A appears in the equations); and the

more usual case, where thermal conductivity is constant.

Fall 2013 Faith A. Morrison, Michigan Technological University

Microscopic energy balance, in terms of flux; Gibbs notation
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Microscopic energy balance, in terms of flux; Cartesian coordinates
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Microscopic energy balance, in terms of flux; cylindrical coordinates
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Microscopic energy balance, in terms of flux; spherical coordinates
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Fourier’s law of heat conduction, Gibbs notation: 6_7 = —kVT
aT
~ _ka_
qx a?
Fourier’s law of heat conduction, Cartesian coordinates: C7y =| -k %
C~Iz xyz _ka_T
0z/ xyz
d
i —k =
Ir k g;
Fourier’s law of heat conduction, cylindrical coordinates: | gg =73
T e\ o
0z/ roz
d
i —k =
qr or
., . . . ~ k oT
Fourier’s law of heat conduction, spherical coordinates: | qp = ~ T3
e\
rsinf 0¢ r0¢




the Equation of Energy forsystems with constant k

Microscopic energy balance, constant thermal conductivity; Gibbs notation
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Microscopic energy balance, constant thermal conductivity; Cartesian coordinates
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Microscopic energy balance, constant thermal conductivity; cylindrical coordinates
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Microscopic energy balance, constant thermal conductivity; spherical coordinates
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Reference: F. A. Morrison, “Web Appendix to An Introduction to Fluid Mechanics,” Cambridge University
Press, New York, 2013. On the web at www.chem.mtu.edu/~fmorriso/IFM WebAppendixCD2013.pdf




A.2-11 Heat-Transfer Properties of Liquid Water, SI Units

w2 10° (8Bp)

T T (Pa-s, or k B x 10° x 107
(°C) (K) (/cg/nﬂ) (IJ/kg K) kgim-s) (Wim-K)  Np (I/K) (/K - )
0 2732 9996 4229 1786 05694 133 —0.630

156 2888 9980 4187 1131 05884 807 144 1093
26,7 2999 9964 4183 0860 06109  5.89 2.34 30.70
378 3110 9947 4183 0682 06283 451 3.24 68.0
65.6 3388 9819 4187 0432 06629 272 5.04 256.2
933 3665 9627 4229 03066 06802  1.91 6.66 642
121.1 3943 9435 4271 02381 0.6836 149 8.46 1300
148.9 4221 9179 4312 01935 06836 = 1.22 10.08 2231
2044 4776 8586 4522 01384 06611  0.950  14.04 5308
260.0 5332 7849 4982  0.1042  0.6040 0859 198 11 030
315.6 5888 6792 6322 00862 05071  1.07 315 19 260

A.2-11 Heat-Transfer Properties of Liquid Water, English Units

p ¢ p X 10° k (gBp/ut)

T ( ib,, ) ( btu ) ( Ib,, ) ( btu > B x 10* X 1076
(°F) i ib,,-°F ft-s heft-°F Np, (I/°R) (1/°R- )

32 62.4 1.01 1.20 0.329 13.3 -0.350

60 62.3 1.00 0.760 0.340 8.07 0.800 17.2

80 62.2 0.999 0.578 0.353 5.89 1.30 483
100 62.1 0.999 0.458 0.363 4.51 1.80 107
150 61.3 1.00 0.290 0.383 2.72 2.80 403
200 60.1 1.01 0.206 0.393 1.91 3.70 1010
250 58.9 1.02 0.160 0.395 1.49 4.70 2045
300 57.3 1.03 0.130 0.395 1.22 5.60 3510
400 53.6 1.08 0.0930 0.382 0.950 7.80 8350
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A.3-3 Physical Properties of Air at 101.325 kPa (1 Atm_Abs), SI Units
% 107
T T p <, (Pa-s,or k B x 10} gBp*u’
(°C) (K) (kg/m®y (ldtkg-K) kg/m-s) (Wmn-K) Ne, (IVK) (I/K - 1%
-17.8 255.4 1.379 1.0048 1.62 0.02250 0.720 3.92 2.79 x 10°
0 2732 1293 10048 172 002423 0715 365  204x10°
10.0 283.2 1.246 1.0048 1.78 0.02492 0.713 3.53 1.72 x 108
37.8 311.0 1.137 1.0048 1.90 0.02700 0.705 322 1.12 x 108
65.6 338.8 1.043 1.0090 2.03 0.02925 0.702 2.95 0.775 x 10°
93.3 366.5 0.964 1.0090 2.15 0.03115 0.694 2.74 0.534 x 10%
121.1 3943 0.895 1.0132 2.27 0.03323 0.692 2.54 0.386 x 10°
148.9 422.1 0.838 1.0174 2.37 0.03531 0.689 2.38 0.289 x 108
176.7 4499 0.785 1.0216 2.50 0.03721 0.687 2.21 0.214 x 10°
204.4 477.6 0.740 1.0258 2.60 0.03894 0.686 209  0.168 x 108
232.2 505.4 0.700 1.0300 2.7 0.04084 0.684 1.98 0.130 x 10*
260.0 533.2 0.662 1.0341 2.80 0.04258 0.680 1.87 0.104 x 108
A.3-3 Physical Properties of Air at 101.325 kPa (1 Atm Abs), English Units
p cp k
T ( by, ) ( beu ) @ ( btu ) g% 10° gBpYu’
(°F) e b, -°F ) (centipoise) \h-ft-°F Np, (I7°R) (I7°R - f£)
0 0.0861 0.240 0.0162 0.0130 0.720 2.18 4.39 x 108
32 0.0807 0.240 0.0172 0.0140 0.715 2.03 3.21 x 10°
50 0.0778 0.240 0.0178 0.0144 0.713 1.96 2.70 X 108
100 0.0710 0.240 0.0190 0.0156 0.705 1.79 1.76 x 10¢
150 0.0651 0.241 0.0203 0.0169 0.702 1.64 1.22 x 108
200 0.0602 0.241 0.0215 0.0180 0.694 1.52 0.840 x 108
250 0.0559 0.242 0.0227 0.0192 0.692 1.41 0.607 % 108
300 0.0523 (0.243 0.0237 0.0204 0.689 1.32 0.454 X 10°
350 0.0490 0.244 0.0250 0.0215 0.687 1.23 0.336 x 108
400 0.0462 0.245 0.0260 0.0225 0.686 1.16 0.264 X 10°
450 0.0437 0.246 0.0271 0.0236 0.674 1.10 0.204 x 108
500 0.0413 0.247 0.0280 0.0246 0.680 1.04 0.163 X 108

Source: National Bureau of Standards, Circular 461C, 1947 364, 1955: NBS-NACA. Tahles of Thermal Properties of Gases, 1949,
F.G. Keyes. Trans. A S.M.£., 73,390, 397 (1931): 74, 1303 (1952); D. D. Wagman, Selected Values of Chemical Thermodynamic Propertics.
Washington, 0.C.: National Bureau of Standards, 1933




Table 1: Emissivity € of solids (300K)

Material £
Aluminum foil 0.04
Asbestos board 0.96
Polished brass 0.03

Cast iron, turned and heated 0.60-0.70

Concrete 0.85
Ice, smooth 0.966
Ice, rough 0.985
Plaster 0.98
Roofing paper 0.91
Sand 0.76
Steel, Oxidized 0.79
Wrought Iron 0.94

Stephan-Boltzman Constant:

BTU

= 0.1712 X 1078 ———
? h ft2R*

W
— -8
o=5676%x10 W

Reference: Engineering Toolbox, www.engineeringtoolbox.com/emissivity-coefficients-d 447.html

Table 2: Thermal diffusivity @ = k/pC,, of solids

Material Thermal diffusivity Thermal diffusivity
(m?/s) (mm?/s)

Silver, pure (99.9%) 1.6563 x 107* 165.63
Gold 1.27 x 1074 127
Copper at 25°C 1.11 x 1074 111
Aluminum 8.418 x 107> 84.18
Steel, stainless 304A at 27°C 42 x 107° 4.2
Steel, stainless 310 at 25°C 3.352 x 107° 3.352
Iron 2.3 x 1073 23
Silicon 8.8 x 107° 88
Quartz 1.4 x 107° 1.4
Water at 25°C 0.143 x 107° 0.143
Water vapor (1 atm, 400 K) 2.338 x 107° 23.38
Air (300 K) 1.9 x 107° 19

Reference: Wikipedia, en.wikipedia.org/wiki/Thermal diffusivity
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FIGURE 5.3-3.  Unsteady-state heat conducted in a semi-infinite solid with sur-
face convection. Calculated from Eq. (5.3-7)(S1).

Geankop bs, Y*h gon .
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Unsteady Macroscopic Energy Balance

accumulation =

input — output

Q;n = Heat into the chosen macroscopic control volume

d
— (Usys + Exsys + Epsys) = —AH — AE,

- AEp + Qin + M/s,on

Qin ¥ X Qin,i cOMes from a variety of sources:
* Thermal conduction: g;, = —kAZ—i
* Convection heat xfer: q;, = hA(T, — T)
* Radiation: q;, = go-A(Tsirroundings - Ts4urface)
* Electric current: q;, = I?RgjecL

* Chemical Reaction: qin = SyxnVsys

energy
time volume

S[=1

© Faith A. Morrison, Michigan Tech U.

Unsteady Macroscopic Energy Balance

d
dt

(Usys + Ek,sys + Ep,sys
—AH — AEy — AE, + Wi on

Qin = Xi qin,i comes from a variety of sources:

. dr
* Thermal conduction: q;, = _kAE

e.g. device held by bracket; a solid phase that extends through

boundaries of control volume

 Convection heat xfer: q;,, = hA(T}, —

T)

e.g. device dropped in stirred liquid; forced air stream flows past,
natural convection occurs outside system,; phase change at boundary

P _ 4 _ 4
* Radiation: din = gdgA (Tsurroundings Tsurface) S-B constant:

e.g. device at high temp. exposed to a gas/vacuum; hot enough to o= 5-6‘; 6 X

produce nat. conv.=possibly hot enough for radiation 1078 oy

* Electric current: q;, = I’R,j..L

e.qg. if electric current is flowing within the device/control volume/

system

Chemical Reaction: q;, = S;xnVsys

e.g. if a homogeneous reaction is taking place throughout the

device/ control volume/system

2
© Faith A. Morrison, Michigan Tech U.
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