Lecture 4 Dimensional analysis in steady heat

transfer

To understand and more
complex heat transfer
units, we turn now to...

Dimensional

Analysis
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CM3110: Momentum and Heat Xfer

Complex Heat Transfer - Dimensional Analysis

Experience with Dimensional Analysis (momentum):

+Flow in pipes at all flow rates (laminar and turbulent)
Solution: Navier-Stokes, Re, Fr, L/D,
dimensionless wall force = f; f = f(Re,L/D)

+Rough pipes Solution: add additional length scale; then
nondimensionalize

+Non-circular conduits Solution: Use hydraulic diameter as the length
scale of the flow to nondimensionalize

+Flow around obstacles (spheres, other complex shapes
Solution: Navier-Stokes, Re, dimensionless
drag = Cp; Cp = Cp(Re)

*Boundary layers Solution: Two components of velocity
need independent lengthscales
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Heat Transfer: Steady vs. Unsteady

What is our usual strategy for complex phenomena?
Answer: Dimensional Analysis

CM3110: Momentum and Heat Xfer

Complex Heat Transfer  Di Analysis

Experience with Dimensional Analysis (momentum):

Let’
*Flow in pipes at all flow rates (laminar and turbulent) e S

Solution: Navier-Stokes, Re, Fr, L/D,
dimensionless wall force = f; f = f(Re,L/D)

L
*Rough pipes Solution: add additional length scale; then rev I ew

nondimensionalize

*Non-circular conduits Solution: Use hydraulic diameter as the length
scale of the flow to nondimensionalize
Flow around obstacles (spheres, other complex shapes
i Navier-Stokes, Re, di i
drag = Cp; Cp = Cp(Re)
*Boundary layers Solution: Two components of velocity
need independentlengthscales
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Complex Heat Transfer (CM3110) CM3110
REVIEW

How do we handle complex geometries,
complex flows, complex machinery?

T
cold | | less cold
!
T,
hot
Process
scale
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transfer

Complex Heat Transfer — Dimensional Analysis CM3110
(Answer: Use the same techniques we — iiacla
have been using in fluid mechanics) 4 ‘

Engineering Modeling (complex systems)

*Choose an idealized problem and solve it Process

scale

*From insight obtained from ideal problem, identify
governing equations of real problem

*Nondimensionalize the governing equations; deduce
dimensionless scale factors (e.g. Re, Fr for fluids)

*Design experiments to test modeling thus far

*Revise modeling (structure of dimensional analysis,
identity of scale factors, e.g. add roughness lengthscale)

*Design additional experiments

e|terate until useful correlations result
5
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Complex Heat Transfer — Dimensional Analysis CM3110
REVIEW

Experience with Dimensional Analysis (momentum):

*Flow in pipes at all flow rates (laminar and turbulent)
Solution: Navier-Stokes, Re, Fr, L/D,
dimensionless drag = f; f = f(Re,L/D)

*Rough pipes Solution: add additional length scale; then
nondimensionalize

*Non-circular conduits Solution: Use hydraulic diameter as the length
scale of the flow to nondimensionalize

*Flow around obstacles (spheres, other complex shapes

Solution: Navier-Stokes, Re, dimensionless
drag = CD' CD = CD(Re)

*Boundary layers Solution: Two components of velocity
need independent lengthscales
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Turbulent flow (smooth pipe)
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Turbulent flow (smooth pipe)
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Heat Transfer: Steady vs. Unsteady CM3110
REVIEW

How did Dimensional Analysis work for steady
heat transfer?

Answer: Here’s the method:

*Choose an idealized problem and solve it

*From insight obtained from ideal problem, identify
governing equations of real problem

*Nondimensionalize the governing equations; deduce
dimensionless scale factors (e.g. Re, Fr for fluids)

*Design experiments to test modeling thus far

*Revise modeling (structure of dimensional analysis,
identity of scale factors, e.g. add roughness lengthscale)

*Design additional experiments

elterate until useful correlations result
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Complex Heat Transfer — Dimensional Analysis CM3110
REVIEW
Complex Heat transfer Problems to Solve:
*Forced convection heat transfer from fluid to wall
Solution: ?

*Natural convection heat transfer from fluid to wall
Solution: ?

<Radiation heat transfer from solid to fluid Nondimensionalize

Solution: ? h and produce data
correlations

bulk fluid  solid wall &| = BTy — |
T(x) — A bulk wall

Tbulk

Toutk = Twan

T(x) in solid

X
10
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Complex Heat Transfer — Dimensional Analysis CM3110
_ REVIEW

Complex Heat transfer Problems to Solve:

*Forced convection heat transfer from fluid to wall
Solution: ?

<Natural convection heat transfer from fluid to wall
Solution: ?

<Radiation heat transfer from solid to fluid
Solution: ?

» The functional form of h will be
different for these three situations
(different physics)

* Investigate simple problems in each
category, model them, take data,
correlate

11
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Complex Heat Transfer — Dimensional Analysis CM3110
_ REVIEW

Complex Heat transfer Problems to Solve:

*Forced convection heat transfer from fluid to wall
Solution: ?

*Natural convection heat transfer from fluid to wall
Solution: ?

<Radiation heat transfer from solid to fluid

Solution: ?
Let’s look at forced
* The functional form of h will be convection in a pipe.
different for these three situations There are three pieces
(different physics) to the physics:
* Investigate simple problems in each Pipe flow
category, model them, take data, Energy
correlate Boundary conditions
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Forced Convection
Heat Transfer

CM3110
- REVIEW

Pipe flow

z-component of the Navier-Stokes Equation:

D = characteristic length

D/V = characteristic time

ov, ov., v, 0v, ov,
pl —=+v, 24 L=y
ot or r 06 0z
__8_P+ li(ravzj+L82vz+82vz N
Oz # ror\_ or) r’o6* oz G
Choose: « Choose “typical” values (scale factors)

V = characteristic velocity °

pV? = characteristic pressure

» Use them to scale the equations
Deduce which terms dominate
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Forced Convection
Heat Transfer

CM3110
- REVIEW

Pipe flow

Choose “typical” values (scale factors)
Use them to scale the equations
Deduce which terms dominate

non-dimensional variables:
driving
time: position: velocity: force:
.tV s T £V . P
[ =— yro=— v, =+ P = :
D D V pV
* z * 1% *
zZ =E—| vy = X g. = g:
D V g
* v
%
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Forced Convection
Heat Transfer

CM3110
- REVIEW

Energy

Microscopic energy balance:

o (0T, 0T vedT  aT
Pee\ ot "o T 96 T 22

—k 10 oT +162T+62T +s
~ T\ror Tar r200%2 0z2

non-dimensional variables:

Choose:
T —use a

position: temperatu
T —
T =
T —

*

r

re: source: characteristic
interval (since
]; S distance from

= absolute zero is not
TO SO part of this physics)
S — use a reference

N
1]
TN Tl =

source, S,
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Complex Heat Transfer — Dimensional Analysis

Forced Convection _(ﬁ}' CM3110
Heat Transfer REVIEW

CM3110
REVIEW

+ Use themto scale the equations
« Deduce which terms dominate

Bipe flow non-dimensional variables:
driving
time: position: velocity: force:
-tV . Y " P
t=—||r=—||v.==%| |P = .
D" "Dl *Tw e Substitute all these
ML B I/ c_8 T
z =E— =— ===
D"y &7 definitions,
- Vy
v, =24
14 ( * * * * *
+ Choose ‘“typical’ values (scale factors) t ) r ) Z ) p ) g )

vy, v, v;, T", S¥)

Energy

Microscopic energy balance:

Forced Convection _W CM3110
Heat Transfer REVIEW

into the governing
equations and

ror\"or) Tr2002 T 922

L (0T T wvgdT = T 10 ( oT\ 10°T 0°T
P\t ar 79 T g, =k|= t=omto5 | +S

simplify...

non-dimensional variables: Choose:
T —usea

position: temperature: source:
« T-T,

T = L S

(-7,

interval

Llw

part of this

characteristic

distance from
absolute zero is not

S — use a reference
source, S,

(since

physics)
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Complex Heat Transfer — Dimensional Analysis CM3110
REVIEW

Non-dimensional Energy Equation

[

oT*  AT* wyaT* aT*

+ + i oo +62T* +5*
ac " or T 00 ' oz 2 962 ' 972
C,u pVD
Non-dimensional Navier-Stokes Equation Pe =PrRe = e PTE
U
*
DVZ . é
Dt* Pr =222
k
Non-dimensional Continuity Equation
* * *
Ov,  Ov, Ov,
r+—5+—=+=0
X Oy Z
17
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Complex Heat Transfer — Dimensional Analysis CM3110
REVIEW

How do we get to
the “engineering Complex Heat Transfer — Dimensional Analysis
quantities of S REVIEW
on-dimensional Energy Equation
interest’ ? <6T‘ ar*  v;aT” ar*) !{1}:(1 ) ( JT‘) 19%T" azr‘)
+v; L —(r s*

3 e T e Y as) Sk \Uar ) T et Yo
What are the Non-dimensional Navier-Stokes Equation Pe =PrRe = %%
“engineering lz)vi*z : ey,
quantities of ! 2
interest” ? Non-dimensional Continuity Equation

6Vi+av{+6vi+:0
ox Oy Oz
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Microscopic Energy Balance Review—Boundary Conditions CM3110

The interface between the solid and the fluid REVIEW
calls for a new type of boundary condition,
Newton’s Law of Cooling.

1
bulk fluid | solid wall
<|1

T(x) .

Thuik !

I

|

1

Touik — Twau :

1

Q=q,
is the engineering

quantity of interest

q
Zx| = Ty — Twaul

19
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Forced Convection _( @_’ CM3110
Heat Transfer REVIEW

Linear driving force model Ax
| = hiry = o]

Apply at the surface:

(2rRL) () (T, — To)=Q = f f e, - 4]
S

—Jsurface

Rdzd@

=R

21w L
oT
(2rRL)(R) (T, —Tp)=Q = —k—

Now, non-dimensionalize
this expression as well.
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Complex Heat Transfer — Dimensional Analysis

CM3110
REVIEW

0 0 1/2
Nusselt number, Nu L
(dimensionless heat- N _ N T*
transfer coefficient) u=1mnu ’ B

one additional /

dimensionless group

© Faith A. Morrison, Michigan Tech U.
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Complex Heat Transfer — Dimensional Analysis

2111

CM3110
REVIEW

DR
%4)76& do

This is a function of Re and

Pr through fluid v distribution

and energy balance
*
dz df

"=1/2

Nusselt number, Nu
(dimensionless heat-
transfer coefficient)

« L
Nu=NuT ,—
u u D

bl
one additional /

dimensionless group
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Complex Heat Transfer — Dimensional Analysis CM3110
REVIEW

According to our dimensional analysis calculations, the
dimensionless heat transfer coefficient should be found to
be a function of fodr dimensionless groups:

three
no free surfaces
Peclet number L
pe = PCVD _ ot pvD Nu = Nu| Re, Pr, Fr,—
= T e D

Prandtl number
Cokt Now, do the experiments.

Pr k

23
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Complex Heat Transfer — Dimensional Analysis
_( O" CM3110
REVIEW

Now, do the experiments.

Forced Convection Heat Transfer

» Build apparatus (several actually, with different D, L)

* Run fluid through the inside (at different v; for different fluids p, u, C,, k)
* Measure Ty, on inside; T,,4;; ONn inside

* Measure rate of heat transfer, Q

* Calculate h: |Q| = hA|Tpu — Twaul

* Report h values in terms of dimensionless correlation:
hD

L
Nu=—= (Re, Pr, —)

k D It should only be a function of

these dimensionless numbers
(if our Dimensional Analysis is
correct.....)
24
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Complex Heat Transfer — Dimensional Analysis CM3110

i R KAl EERaR R REVIEW
- fn‘ 1 1 | | -

- HHH— - e
-1 l-ﬁ HjiI{J‘..'_L A ] l_:;;::,:nmnlll

Sieder and Tate

: 1 | & Yoot s eston
equation = ¢ sﬁw‘-«‘vﬁ;ﬂr"
B v i :
(turbulent flow) % = i
“-‘ii T NEEERL
Et “‘,
5\1; | I
= ==|
# Il o 1]
ey [ — J/?
FAH 3%"‘—:-‘%—‘ bl gl | Tresaant | | 1111
F } ] _i- ISR jg_iﬂ?}’:%@;étg—‘—!—g
INN { o - . T r T T
R :
Sieder and Tate :
ti « Effect of
equ-a on < viscosity
(laminar flow) ratio
25
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Complex Heat Transfer — Dimensional Analysis

Correlations for Forced Convection Heat Transfer Coefficients
If qlmensmnal analysis is CM3110
right, we should get a

single curve, not multiple Yo 014
different curves Nu =0.027Re"* Pr{bj

REVIEW

M,

depending on: D, L, u, etc.

-
Z 100 DY\
Nu :1.86(RePr—J [ﬁj Sieder and Tate equation
L 7%
) g (turbulent flow)
Sieder and Tate equation
10 1 (laminar f|0W)/
Pr = 8.07 (water, 60°F)
viscosity ratio = 1.00
L/D = 65
1 T T T T
10 100 1000 10* 10° R 10°
Sieder & Tate, Ind. Eng. Chem. 28 227 (1936) © 2%

Geankoplis, 4t ed. eqn 4.5-4, page 260
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Complex Heat Transfer — Dimensional Analysis

Correlations for Forced Convection Heat Transfer Coefficients

If dimensional analysis is (cM3110]
REVIEW

right, we should get a
single curve, not multiple p

| 0.14
different curves Nu=0.027Re" Pf{bj
: 4,
depending on: D, L, u, etc.

>
Z 100 A

1 0.14
Nu :1.86(Repr%j3[ﬁj Sieder and Tate equation
H (turbulent flow)

Sieder and Tate equation |

10 1 (laminar flow) . .
_—  Dimensional

Analysis
o 10 w0 WINS AGAIN!

Sieder & Tate, Ind. Eng. Chem. 28 227 (1936)
Geankoplis, 4t ed. eqn 4.5-4, page 260

1
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Complex Heat Transfer — Dimensional Analysis ’CM3110
Forced convection HEMIENY Physical Properties
Heat Transfer in Laminar flow in pipes evaluated at:
haD D % HUp 014 Tb,in + Tb,out
Nu, = = 1.86 (RePr—) — S
k L) \uy, 2

Sieder-Tate equation (laminar flow)

May have to be

Forced convection )
estimated

Heat Transfer in Turbulent flow in pipes

ho D R
Ny, =~ = 0.027Re®8Pr3 2 bin T Thout
k Uw 2

Sieder-Tate equation (turbulent flow)
bulk mean

Fine print temperature

«all physical properties (except p,,) matters!
evaluated at the bulk mean temperature

eLaminar or turbulent flow
28
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Complex Heat Transfer — Dimensional Analysis CM3110

REVIEW
Heat transfer data correlations from the

literature (real, complex systems)

Example of partial summary of correlations from the literature

Re<2100, (RePrD/L)>100,
Laminar WD DAL e | horonalpies e 4.5, CM3110
. _nD MMy page 238; all properties
fowin | M -ALovsren (L) pemimene || REVIEW

. the bulk fluid except p,, which
pipes isevaluated at the wal
temperature.

Re>6000, 0.7 <Pr <16,000,
L/D>60 , eqn 4.5-8, page 239;

Turbulent 5D 17 N4 | all properties evaluated at the
fl ; Nu,, = 2m2 _ 0,027 Re"® pro| £ mean temperature of the bulk
ow in "k u, fluid except 1, which is
smooth evaluated at the wall
h temperature. The mean is the
pipes average of the inlet and outlet

bulk temperatures; not valid

e Smeie=— (studied in

Air at 1atm -

k D
fllgvtvui:]b:ligzts s 0.5V</': /5)" C M 31 1 0)

Im D(ﬁ)ol
: 0% 4 < T(°C)<105, equation 4.5~
Water in By, =1429(1+ 0.0146T(”C))% 10, page 239
turbulent , (mo)x
flowin pipes | 4, ~1so(1+o0o0nr(F) L)
D(fH)

29
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Complex Heat Transfer — Dimensional Analysis

3120 Trani pertiunit Opwa foni 2 [ Transs

To understand and more
complex heat transfer
units, we turn now to...

Dimensional QN
Analysis

SiederandTate
equation
(laminar flow)

Seder & Tate, hd. Eng. Chem. 28 227 (1538)

L
Nu =N (R,P,—)
u u(Re rD

Summary

» Dimensional analysis works as well in heat transfer as
in momentum transfer

* We should use it (and probably also in mass transfer, but...)
+ These dimensionless numbers are stacking up (and...)
» What do they really mean? 30
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Dimensional

Analysis

Dimensionless numbers from the

Non-dimensional Navier-Stokes Equation

Eq uations of Cha nge (microscopic balances)

These numbers tell us about
the relative importance of the

terms they precede.

momentum

6UZ*+ ) = BP*_h
9 ¢ V2 | = T o

Non-dimensional Energy Equation

>
o
=
(5]
fey
[

mass

. Re — Reynolds

Fr — Froude

Pe — Péclet, = RePr
Pr — Prandtl

Pe — Péclet,, = ReSc
Sc — Schmidt

31
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Dimensionless numbers from the
Equations of Change

Re — Reynolds = e _ VP
u v
VZ
Fr — Froude = —
gb .
Pe — Péclet;, = RePr = VD _ %
Pe — Péclet,, = ReSc = 2
Dap
Pr — Prandtl = 2£ = ¥
k a
__H v

Sc — Schmidt = LePr =
pDap  Dap
Le — Lewis = —

DaB

N

J

Dimensionless Numbers

These numbers tell us about
the relative importance of
the terms they precede in the
microscopic balances
(scenario properties).

These numbers compare the
magnitudes of the diffusive
transport coefficients
v, a, D,p (material properties).

32
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Dimensionless numbers from the
Equations of Change

pVD VD N

Re — Reynolds = — = —
u v

VZ

Fr — Froude = —
gb .
Pe — Péclet, = RePr = LI %

Pe — Péclet,, = ReSc = ;—D

AB /

(o
Pr — Prandtl = 2£ =¥
k a v

Sc — Schmidt = LePr = 24— = L
pPDap  Dap

. a
Le — Lewis = —
Dy

Dimensionless Numbers

Transport coefficients

These numbers tell us about
the relative importance of
the terms they precede in the
microscopic balances
(scenario properties).

These numbers compare the
magnitudes of the diffusive
transport coefficients
v, a, D, (Material properties).

33
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These numbers are defined to
help us build transport data
correlations based on the
fewest number of grouped
(dimensionless) variables
Dimensionless numbers from the (scenario property).
Engineering Quantities of Interest
€ Dimensionless Force on the Wall (Drag) (Fanning) :F
3 B cf,;? N _ . .
g B \.f; Y /L‘ Friction Factor f= drag
£ |“ETRlke ) Df <7) e ~ — Aspect Ratio (l VZ) A 5
g =3 D 2 p [ -
3
- Newton’s Law of Cooling 'E
8 [=- | T}\f"?ij::af R Nu — Nusselt hD g
2 (xS FFED a0 : Nu=— 5
T fu oo Ol 5 Aspect Ratio k é
c
. Dimensionless Mass Transfer Coefficient 8
< [ 1‘%\";}@}” (-2 Sh — Sherwood opy = KmD 5
D | ShE b -4 d6dz" L . = s
g |emab N ol — — Aspect Ratio Dyp <
=
34 i
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transfer

momentum

energy Dimensionless Numbers

mass

Re — Reynolds = e _ ¥
u v

VZ
Fr — Froude = —
gD

C,pVD
Pe — Péclet), = RePr = 222 = %
Pe — Péclet,, = ReSc = 12
Dyap
¢
Pr — Prandtl = 2£ =2
k a
Sc — Schmidt = LePr = —£
. PDaB
Le — Lewis = —
Dagp
. s Tdrag
f — Friction Factor = ———
(3ov2)ac

Nu — Nusselt = hb
K D
Sh — Sherwood = 2=

Dap

sl

These numbers from the governing
equations tell us about the relative
importance of the terms they precede
in the microscopic balances
(scenario properties).

These numbers compare the
magnitudes of the diffusive
transport coefficients v, @, D5
(material properties).

These numbers are defined to help
us build transport data correlations
based on the fewest number of
grouped (dimensionless) variables
(scenario properties).
35
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Unsteady State Heat Transfer: Dimensional Analysis

Question: What now?

NEW
STUFF!

Answer: Let’s apply Dimensional Analysis to something new,
unsteady state heat transfer, to sort out the various effects.

Heat Transfer: Steady vs Unsteady

What are the various cases that are seen?

« If hyis large, the wall temp
is justthe bulk temp {fast
convection)

« If kis large, the temp profile
is straight (quasi-steady
state in the slab) and the
convection works to keep up
{heatxfer limited by k;; fast
conduction in slab)

+ If neither mechanism

dominates, it's complicated! B x

Engineering Modeling (complexsystems)

*Choose an idealized problem and solve it

*From insight obtained from ideal problem, identify
governing equations of real problem

*Nondimensionalize the governing equations; deduce
dimensionless scale factors (e.g. Re, Fr for fluids)

*Design experiments to test modeling thus far

*Revise modeling (structure of dimensional analysis,
identity of scale factors, e.g. add roughness lengthscale)

*Design additional experiments

«Iterate until useful correlations result

36
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