Lecture 8: Unsteady Heat Transfer at 2/11/2020
Intermediat Biot Number
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Unsteady State Heat Transfer
Summary
Bi _ hl/.;ys
P Ay
Ssys
Quantifies the tradeoffs between the rate of
LP good for: internal heat flux (by conduction, k) and the
rate of heat delivery to the boundary (by
BiLP < O 1 convection, h)
At high Bi, the surface temperature High Bi:
When the temperature is uniform in the
body, we can do a macroscopic energy
balance to solve many problems of interest.
[l This is called a “lumped parameter analysis.”
bod
the surface. dominates
LOW Bi: no internal AT Tow Bi, the temperature is Low Bi'
. . uniform in a finite body; heat .
temperature variation = transfer is limited by rate of heat high k,
Lumped parameter analysis transfer to the surface (h). low h
(macroscopic energy balance,
unsteady); Bi;p = hV /kA < 0.1 ,
Faith A. Morrison, Michigan Tech U.
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q q hD Quantifies the tradeoffs between the rate of
Bi — Biot Number = —
e o 1 1ot Number'= k internal heat flux (by conduction, k) and the
Z Negllglble Su rface rate of heat delivery to the boundary (by
.

convection, h)

At high Bi, the surface temperature High Bi:

equalsthe bulk temperature; heat

transfer is limited by conduction in IOW k’
high h

. 1
Resistance, -

H HS At moderatgRizha Rafaci ! cato Ri.
ngh Bl- QR \When the wall temperature and the bulk

I k temperature are equal, the microscopic

ow ’ A energy balance is easier to carry out

H iform i temperature boundary conditions).
hlgh h ( p y )

transfer is limited by rate of heat
transfer to the surface (h).

At high Bi, the surface temperature

equals the bulk temperature; heat

transfer is limited by conduction in
the body.

3
© Faith A. Morrison, Michigan Tech U.

q A hD Quantifies the tradeoffs between the rate of
. e Bi — Biot Number = T2 internal heat flux (by conduction, k) and the
N egl Igl b I e S u rfa ce rate of heat delivery to the boundary (by

convection, h)

At high Bi, the surface temperature High Bi:

equalsthe bulk temperature; heat

transfer is limited by conduction in low k’
high h

. 1
Resistance, h

ngh Bl: When the wall temperature and the bulk
IOW k P temperature are equal, the microscopic

’ At owbit energy balance is easier to carry out

hlgh h uniform in (temperature boundary conditions).

transfer is limited by rate of heat
transfer to the surface (h).

At high Bi, the surface temperature

equals the bulk temperature; heat We have done many
transfer is limited by conduction in examp|es with
the body.

constant temperature
Nm [Toue — Twaul = 0 boundary conditions.
= Twau = Thuik
© Faith A. Morrison, Michigan TeAch u.
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Summary

High Bi: dominated by internal
temperature variation = solve
with temperature boundary
conditions; Bi = hD¢pqr/k

(D cpar varies with the problem)

Low Bi: nointernal
temperature variation =

Unsteady State Heat Transfer

- . hD Quantifies the tradeoffs between the rate of
internal heat flux (by conduction, k) and the
rate of heat delivery to the boundary (by
convection, h)

At high Bi, the surface temperature ngh Bi:

equalsthe bulk temperature; heat

transfer is limited by conduction in IOW k’
high h

When the wall temperature and the bulk
temperature are equal, the microscopic
) energy balance is easier to carry out
At low Bi, t|

uniform in (temperature boundary conditions).
transfer is limited by rate of he:
transfer to the surface (h).

the surface

Lumped parameter analysis
(macroscopic energy balance,
unsteady); Bi;p = hV /kA < 0.1

LP good for:
Bi;p < 0.1
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3. No Mechanism
Dominates

Moderate Bi:
nether process
dominates

At moderate Bi, heat transfer is

the surface.

affected by both conduction in the
body and the rate of heat transfer to

q . hD Quantifies the tradeoffs between the rate of
Bi — Biot Number = T2 internal heat flux (by conduction, k) and the
rate of heat delivery to the boundary (by
convection, h)
When both processes affect the outcomes, the
full solution may be necessary; for uniform

tr starting temperatures there are charts.
the vouy. | mgrre ‘

At

At moderate Bi, heat transfer is Moderate Bi:
affected by both conductionin the th
body and the rate of heat transfer to nether process

the surface. dominates

At low Bi, the temperatureis .
uniform in a finite body; heat Low Bi:
transfer is limited by rate of heat high k,
transfer to the surface (h).
low h
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3. No Mechanism

Dominates

Moderate Bi:
nether process
dominates

At moderate Bi, heat transfer is
affected by both conduction in the
body and the rate of heat transfer to

the surface.

When both processes affect the outcomes, the
full solution may be necessary; for uniform

tri starting temperatures there are charts.
the voay. L

Moderate Bi:
nether process
dominates

At

At moderate Bi, heat transfer is
affected by both conductionin the

body and the rate of heat transfer to
the surface.

At low Bi, the temperatureis

uniform in a finite body; heat Low Bi:
transfer is limited by rate of heat h|gh k,
transfer to the surface (h).

low h

This is the most
complicated set of
cases.
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Unsteady State Heat Transfer: Intermediate Biot Number

No Mechanism

D

Example: Measure the convective heat-transfer coefficient for heat
being transferred between a fluid and a sphere.

We need to devise an experiment

T=T(r,t)

Both internal (D /k) and external

(1/h) resistances are important
We need to match measurable

quantities with calculable
quantities

= Microscopic Energy Balance

= Uncertainty considerations

Fluid bulk
temperature= T,
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Unsteady State Heat Transfer: Intermediate Biot Number

No Mechanism
-

Example: Measure the convective heat-transfer coefficient for heat
being transferred between a fluid and a sphere.

* We need to devise an experiment

 Both internal (D /k) and external
(1/h) resistances are important

T=T(rt)

» We need to match measurable
quantities with calculable
quantities

* = Microscopic Energy Balance

* = Uncertainty considerations
Fluid bulk

temperature= Ty,
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Unsteady State Heat Transfer: Intermediate Biot Number
Example: Measure the convective heat-transfer coefficientfor heat
being transferred between a fluid and a sphere
+ We need todevise an experiment T =T(rt)
« Both internal (D/k) and external
(1/h) resistances are important
» We need to match measurable
quantities with calculable
quantities
« = Microscopic Energy Balance
* = Uncertainty considerations
Fluid bulk
Th . k . temperature= T,
1ninking ,J
* Create an unsteady state

heat transfer situation...
* Measure...?
* Compare...?

* Consider uncertainty in
measurements.. .. ? Y@ U t Fyo
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Unsteady State Heat Transfer: Intermediate Biot Number

T-couple

Initially:

=~ of

Experiment: Measure T (t) at the center of a sphere (r = 0):
Suddenly:

i

ple: Measurethe conwecive heat-ran sier coafcent br heat
ransterecibetueena fuid and 3 sphere.

- Weneed to devse an eperment

- Bohmemal () andecemal (h)
resstanses we mpartant

- Wa need to mateh measurabie
quanttes with zaiajatie
quantibes

+ = Microscepic Energy Balance

® >Uncertaintyconsideradons

t>t,
T =T(rt) =T(0,t)

y -
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Unsteady state
heat transfer
takes place.

Unsteady State Heat Transfer: Intermediate Biot Number

Initially:

Experiment: Measure T(t) at the center of a sphere (r = 0):
Suddenly:

t>t,
T =T(r,t) = T(0,t)

) -
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Excel:

t(s) |T(C)

9.50E-02 7.46E+00
2.11E-01 7.44E+00
3.09E-01 7.44E+00
4.09E-01 7.57E+00
5.24E-01 7.46E+00
6.23E-01 7.49E+00
7.39E-01 7.53E+00
8.37E-01 7.46E+00
9.54E-01 7.59E+00
1.05E+00 7.53E+00
1.15E+00 7.58E+00
1.27E+00 7.48E+00
1.37E+00 7.57E+00

2/11/2020
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Example: Measure the convective heat-transfer coefficient for heat
being transferred between a fluid and a sphere.

- We need to devise an experiment

- Bothinternal (k) and external (h)
resistances are important

- We need to malch measurable
quantities with calculable
quantities

- = Microscopiec Energy Balance
+ =Uncertainty considerations

?

T =T(r,t)

Fluid bulk
temperature= T,

Unsteady State Heat Transfer: Intermediate Biot Number
Experiment: Measure T (t) at the center of a sphere (rr = 0):
Initially: Suddenly:
t<ty t=ty
T=T, T =TG,t) =T(0,t)
T-couple Excel:
measures T(t) at I
the center ofthe 0,
sphere ) [TCC)
9.50€-02 7.46E400
2.11E-01 7.44E400
3.09€-01 7.44E400
4.09e-01 7.57E400
5.24g-01 7.46E400
. 6.23e-01 7.496400
M odelin g rmeor | 7si00
8.37e-01 7.46E400
9.54E-01 7.59€400
1056400 7.53E400
What are the Lzei0 | 7ami0
. 1.37E400 7.57E400
modeling
equations?
. . !
© Faith A. Morrison, Michigan Tech U.
Unsteady State Heat Tranger. di Biot Number dedﬂﬂ.N

Can we meet our objective?

¢ Deduce h

To determine h:

* Measure center-point temperature as a function of time

* Compare with model predictions, accounting for
uncertainty in measurements

14
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Unsteady State Heat Transfer: Intermediate Biot Number

Experiment: Measure T (t) at the center of a sphere (rr = 0):
Initially: Suddenly:

t<ty t=tg
T=T, T=TG,t) =T(0t)

T-couple Excel:

measures T(t) at

the center ofthe t(s T(°C
pirtink Hs) |TCO)

9.50€-02 7.46E+00
2.11E-01 7.44E+00
3.09€-01 7.44E+00
4.09€-01 7.57E+00
5.24E-01 7.46E+00
6.23-01 7.496+00
7.39€-01 7.536+00
8.37E-01 7.46E+00
9.54E-01 7.596+00
1056400 7.536+00
1156400 7.58£400
127E400 7.48E+00
1.37E400 7.57E+00

Modeling

What are the
modeling
equations?

You try.

15
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Unsteady State Heat Transfer: Intermediate Biot Number

P

Microscopic Energy Balance

Microscopic energy balance, constant thermal conductivity; Gibbs notation

pCyp (% tu- v:r) =kVT+ S
Z

Microscopic energy balance, constant thermal conductivity; Cartesian coordinates

A (e‘)T 5 ar L aT 0 aT) " 9T i 2T 3 P*T i g
Co\ i ay T lara - o Uga oo Ugiasy ) = B | s o o S
AT or Yoy Dz or? - oyr o 022

Microscopic energy balance, constant thermal conductivity; cylindrical coordinates

‘ (aT LT 0l aT) (10 ( aT) LLOPT 2T
y — — 4 =k|—-—(r— ] S
P ( ror \ or 72 002

ar v T B Uz~ P
ot “or " r 00 2 022
Microscopic energy balance, constant thermal conductivity; spherical coordinates

A (aT 3 aT+ vg OT L Ve aT) " 10 (26T> 5 1 9 ( 9£?T>+ 1 0 i
) Up o ———= Tt )l =kl S et ————— (sinf— S5y
P\ ot "Or v 00 rsin® 0o r2or or 2 sin @ 0 06 r2sin? 6 D2

www.chem.mtu.edu/~fmorriso/cm310/energy2013.pdf

16
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Unsteady State Heat Transfer to a Sphere

Indiay Suddeny

(“v” means “for all”)

Microscopic energy balance in the sphere: | &0
=a
oT 10 oT
o . 2. r?— e Unsteady
dat r?or ar _
* Solid (v =0)
*  6,¢ symmetry =
* No current, no rxn §
Boundary conditions: e
qr or 2
r=R, —=—k—=nh(T(r) =T, t>0 S
= k== h(T(") = Tyuse) :
s
A ar S
=
<
Initial condition: £
t=0, T = Tinitial vr o
17
Indiaily Suddeny.
Unsteady State Heat Transfer to a Sphere
Microscopic energy balance in the sphere: ¥ @
=Qa
oT 10 oT
= . 2. r2— e Unsteady
ot r?or or ,
* Solid (v =0)
* 6,¢ symmetry =
O No current, no rxn -ZC))
Boundary conditions: g
©
qr aT =
r =R, —=—k—=h(T(r)—-T, t>0 S
=~k = (T = Tyur) :
A or 5
=
<
Initial condition: £
©
t=0, T = Tinitiar o

2/11/2020
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Intermediat Biot Number

Indiay Suddeny

Unsteady State Heat Transfer to a Sphere

Microscopic energy balance in the sphere: &)
=a - {
a—T LA ii <T'2 a_T> * Unstead
ot pCp reor or «  Solid (vy: 0

‘Now, Solve

Initial condition:
t=0, T = Tiitiat

(“v” means “for all”) 19

© Faith A. Morrison, Michigan Tech U.

intialy Suddenyy

Unsteady State H

Microscopic energ| Conduction Q
of Heat 1n -
Solids T e

6, ¢ symmetry

SECOND EDITION

. No current, no rxn
Boundary conditiof

CLARENDON PRESS
r= R, AT THE s t>0

r=20, Vvt
. S. CARSLAW and

J. C. JAEGER
Initial condition:

t=0, vr

© Faith A. Morrison, Michigan Tech U.
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Unsteady State Heat Transfer to a Sphere

Indiay Suddeny

£r.t) = ;:(7" ) — Tpuuk

Solution:
initial — Tbulk

Bi=— Fo =

Bi = Biot number;

Fo = Fourier number
(o]

hR at
4 R?

ri
n=1 n

where the eigenvalues 4,, satisfy this equation:

(R2) = RA
f " tanRA

Characteristic Equation

+Bi—1=0

(Carslaw and Yeager, 1959, eqn 10, p238)
Incropera and DeWitt, 7t ed, eqn 5.51a, p303

£ = T—-T, - Z o=Fo(nR)? (sin rln> (sin R/ln) ( (RA,)? + (Bi — 1)? )
T B RA,

(RA,)? + Bi(Bi — 1)

21
© Faith A. Morrison, Michigan Tech U.

Unsteady State Heat Transfer to a Sphere

intialy Suddenly.

T(r,t) — Tpuuk

Tinitiat — Touik

Solution: &(r,t) =

Depends on
material (a =

k/pC,), and heat
transfer processes at

Bi = Biot number;

surface (h) Fo = Fourier number
[ee)
T—T, . (sinrl,
= = 2Bi E e~FotnR)
§ T; =Ty :
n=

where the eigenvalues 4,, satisfy this equation:

+Bi—1=0

) = tan RA

Characteristic Equation

(Carslaw and Yeager, 1959, eqn 10, p238)
Incropera and DeWitt, 7t ed, eqn 5.51a, p303

sinRA,\ { (RA,)? + (Bi — 1)
iy >< RA, )((R/ln)z + Bi(Bi — 1))

We're interested in
T (r, t) at the center of
the sphere, r = 0.

22
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Unsteady State Heat Transfer to a Sphere

Suddeny

Let’s plot it to find
out.

(Excel)

What does this |
look like?

£(0,Fo) = -0 = 21312 o-Foyp? (SNRAY (((RA,)° + (Bi — 1)*
b T, — Ty . RA, (R4,)% + Bi(Bi— 1)
n=
where the eigenvalues 4,, satisfy this equation f(RA) =

Bi—1=
tanR/1+ ! 0

Characteristic Equation

23
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Unsteady State Heat Transfer to a Sphere

Eigenvalues are the roots of the
characteristic equation

Bi = 1.00
30
] X
X
X X
] X X
— 20 X X X
| x X X
X
"SR S SR T
= X X X &
5[5 0 TR
g X
Il
~
<
a1
e
S~
-30

Bi=—

Characteristic Equation:

f(RA) =

+Bi—1
tan RA !

* The 4, are the roots (zero
crossings) of the
characteristic equation

* They depend on Biot

number Bi

24
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Q?: /.
f- VARV

Unsteady State Heat Transfer to a Sphere
Bi hR
. 1=— @
Eigenvalues are the roots of the k
characteristic equation
Bi = 1.00
30 ] X
% o x Characteristic Equation:
x X
— 20 « x « RA
RA) = +Bi)- 1
@ ] x x % % fRY) tan RA @
10 ] P % X%
4 % N § %
< § ] \1
x| s X
g o] _ 3 & * The 4, are the roots (zero
n % \,‘ % T crossings) of the
= a0 x % ’>‘><< X characteristic equation
< ] x x % X A * They depend on Biot
] x x s x number Bi
-20 - y X %
X X
-30 1
RA
25
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Let’s plot it to find out: Bi= hR Fo = at g
what are the variables? Tk ~ RZ -
£l
Solution: —
T—T o
—1p
0,Fo) =
£(0,F0) = 3—

n=1

R2,

T—-T, 2
,Fo) = = 2Bi E —(Fo)(AnR) (
$(0,Fo) T, —Tp 2

n=1

A, (Bi) varies only with Bi and n:

R, +Bi—1=0
tanR4,

Characteristic Equation

26
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. L
= 2Bi § ¢ ~Fo(nR)? <SlnR/1”)<(Rln) + (Bi— 1)
b

(R1,)? + Bi(Bi — 1)>

Exponential decay with Fo (scaled time)
[o0]

bunch of terms )
that vary with Bi and A,,(Bi)

If we choose a fixed Bi,
then & only varies with Fo

>

13
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[o2]

T;

n=1

[o0]

n=1

\

If we choose a fixed Bi, Bi = h_R Fo =
then & only varies with Fo Tk N
For a fixed Bi:

T—T
§(0,Fo) = Tb = 2Bi Z e~Fo(nR)® (
—1p

b q — 2
,Fo) = = 2B E (Fo)(AnR) (
$(0.Fo) T, —Tp ' L°

sinRA,\ [ (RA,)? + (Bi — 1)2
RA, )((Ran)z + Bi(Bi — 1))

Exponential decay with Fo (scaled time)

bunch of terms )
that vary with Bi and A,,(Bi)

J

Y

An infinite sum of decaying exponentials

* whose argument is Fourier number scaled by
something that depends on Biot number and n

» with a prefactor that also depends on Biot number

andn
27
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If we choose a fixed Bi, Bi= hR . at : =
then € only varies with Fo "= °=%2 -

For a fixed Bi:

£(0,Fo) = Z fne—A%RZFo
n=1

An infinite sum of decaying exponentials

+ (,depends onn through 4,,
* A, are calculated (numerically)
from the roots of this equation:

f(RA) = tan RA

+Bi—1=0

Let’s plot £(0, Fo)

28
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Unsteady State Heat Transfer to a Sphere

Solution:

ey
J pd

eo
g oo

(10

first term only Fo=10.2

sum of 9 terms

—nine
terms

—first
term

T(0,t) — Thuik
Tinitiar — Touik
©
2

0.01

£(0,Fo)

0.001

0.0 0.2 0.8

1.0

29
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Unsteady State Heat Transfer to a Sphere

Solution:
m A o
first term only Fo =02 e
terms
sum of 9 terms | —first
term
1 / — ! X
O \ * Plotted log-linear, the
B | solution is linear for
SIS . T —
ol 3 0.1 * The slope exhibited at
9: *§ high Fo depends only
= = on Biot number
1l
~ 0.01 hR
(=) ] = —
B Bi =+
(e}
< L _
Bi ~ nr
0.001
0.0 0.2 0.4 0.6 0.8 1.0
_at
Fo = ﬁ

30
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Transfer to a Sphere

Unsteady State Heat Transfer to a Sphere w——
Solution: G -
first term only Fo=10.2 —nine
terms
sum of 9 terms —first
K/ term
1 — ;
< = J \ * Plotted log-linear, the
s 2 ' solution is linear for
Fo > 0.2
L 01 E— -
ol v * The slope exhibited at
> 2 \ .
S| aVa high Fo depends only
= i
I Above Fo = 0.2, there is no on Biot number
< 001 1 difference between using just one —— Bi= hR
B term n = 1 and all the terms of 1=
N the infinite sum!
Ivos i Bi _k
0.001 ! ! ! L hR
0.0 0.2 0.4 0.6 0.8 1.0
at Note: .
Fo = 7z Dcpar =R in
this case
© Faith A. Morrison, Michigan Tejcih u.
Unsteady State Heat

1.4
1.2
SIS
EIRE 1.0
l3e
11 0.8
NEE
= -
8 § 0.6
=~ [
1 0.4
)
23 0.2
=)
—
YOS 0.0
0.2
0.4
0.6

contributing to the solution?

I Fo=10.2
— X S
- —
term n=1 ) irst term
i - ——second term
5 ——third term
\ — % ——fourth term
—fifth term
sixth term
seventh term
(sum of 9 terms) eighth term
ninth term
Kterm n=3
{ —— T —
()/ o1 02 0/3 04 Fo= a_t
| | ~ R2

What are all those higher order terms

ed Bi
fixed Bi

= fixed h, R, k

© Faith A. Morrison, Michigan Tech U.
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Unsteady State Heat Transfer to a Sphere

T(0,8) — Thuue
Tmltlal - Tbulk

£(0,Fo)

=
i

=
N

=
[=}

o
o0

o
)

o
IS

I
N

0.0

-0.2

-0.4

-0.6 -

Fo=10.2

B3

Fo=10.2
- o 0 @@ = Biot numbers
—first term
T For Fo > 0.2, the higher-order
L / terms make no contribution to
] ~ ' the solution
sixth term
result seventh term
(9 terms) | eighth term
ninth term
{K\ — I —
()/ 0/1 0:2 0.3 G4 Fo= (Z_t
] ~ R2

33
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Unsteady State Heat Transfer to a Sphere

T(0,8) — Thuik
Tlmtlal - Tbulk

£(0,Fo)

o
o

o
o

I
i

o
)

o

.
o

-0.4

-0.6

Fo = 0.2

_amp—

Vi

[

result ’ \

(9 terms)

~_

ﬁ*/

0.1 0.2 0.3 0

C

Fo = 0.2

34
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The higher-order terms are
working to get the solution right
for shorter and shorter times
(low Fo)

= Biot numbers

—first term

Suetery

the solution

sixth term
seventh term
eighth term

\

For Fo > 0.2, the higher-order
terms make no contribution to

<5
T

2/11/2020
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Unsteady State Heat Transfer to a Sphere

B3

Fo = 0.2
1.4

=Biot numbers

_m—

~ -
_an '

—first term —
For Fo > 0.2, the higher-order
terms make no contribution to

the solution

S sixth term

3 =2

.8 seventh term
&= 0.6 reSUIt E|ghth term

([ (9 terms)
S| 3 04
Sl =

The higher-order terms are '
working to get the solution right

We already know the short- for shorter and shorter times

time behavior, T is constant

(low Fo)
at the initial temp; we thus 0.2 03 0,4
concentrate on long times to ' ' :
fit the data (and therefore o |
need only one term of the YA
summation) —
Fo = 0.2
35
© Faith A. Morrison, Michigan Tech U
Unsteady State Heat Transfer to a Sphere
_ hR >
. Bi=— @
Eigenvalues are the roots of the k
characteristic equation —
Bi = 1.00
30 ] %
y " x Characteristic Equation:
] X X
— 20 1 x x x
RA) =
@ 8 x x X fRY tan RA
1 X X X X
10 X X X X
< 1 ¥ X X % . .
sE ‘%& % %’ % * The 1, eigenvalue is
8 o 4 1
i ] % ’% % 0 ’% b the one that
< ] % X X g % dominates at long
& 10 » % % % X .
g ] X X );( t|me
X X
20 1 . x . * The value of 4;
1 X -
x x depends on Biot
30 number Bi
RA

36
© Faith A. Morrison, Michigan Tech U.
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Unsteady State Heat Transfer to a Sphere - w——
t 9 y OQ :
(10 . _ —
first term only Fo=10.2 - —nine
i terms
sum of 9 terms —first
term
1~ | .

o2 \ * Plotted log-linear, the
S S " ~— solution is linear for
o 3 0.1 * The slope exhibited at
S § high Fo depends only
I on Biot number

1]
~ 001 Py
o ] = —
= Bi = .
(==}
fvod I
0.001 L
0.0 0.2 0.4 0.6 0.8 1.0
at
Fo = F
37
© Faith A. Morrison, Michigan Tech U.
Unsteady State Heat Transfer to a Sphere hR
. Bi=—
No Mechanism k
Dominates I
Summary 0=122

*For a fixed Bi the results are only a function of Fo.
So, actually, it
turns out all we

*Solution is an infinite sum of terms.

*Each term corresponds to one eigenvalue, 4,

*The first term n = 1 (1) is the dominant term

*The n > 1 terms alternate in sign (positive and negative)
*Higher terms are “fixing” the short time behavior

*At fixed Biot number, the time-dependence is an
exponential decay (for Fo > 0.2); this is linear on a log-
linear plot versus Fo

need are those
slopes as a
function of Biot
number.

Question: How do various values of Biot

number affect the heat transfer that occurs?

38

© Faith A. Morrison, Michigan Tech U.
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Lecture 8: Unsteady Heat Transfer at
Intermediat Biot Number

Unsteady State Heat Transfer to a Sphere
Ei are the roots of the
characteristic equation
w Bi = 1.00
; Characteristic Equation:
. _hR T S FED = s E)-1
Bi = T ® , ik
¥ X
=B L % *The 1, eigenvalue is
s - L the one that
é o ““% ,% 3 dominates at long
14.0 2 - time
20 * The value of A;
w XK XXX depends on Biot
12.0 4——H L LU LT s X T 30 number Bi
X RA
XX XXX XX XXX XX XX XX /14'
10.0 }
- \
= 80 Az
i * The 4, are the roots of the
6.0 Y LILLLL characteristic equation
pi .
[ aut® Ay high Bi is * They depe.nd on Biot
40|llll| EEEEEEEE ‘ low k, high h number Bi
»M“#““ * At low (Bi < 0.1) and high
I e .
20 |[Towsiis high it Pyl Bi (Bi > ?0) the solution .
k, low h ot becomes independent of Bi
‘0
00 deldaklioeelt ‘
0001 001 01 1 10 100 1000
Biot Number 2
© Faith A. Morrison, Michigan Tech U.

Low Bi:
high k,
low h

1000

Unsteady State Heat Transfer to a Sphere
. hR
i=—
k
14.0 \
i \ it l St
XX XX XX XX >\><>< XXXX /14’
0.0 }
\
8.0 ‘ . Az
|
6.0 At low Bi, the temperature is
uniform in the sphere; heat
o |rmnmrmmnEa==E transfer is limited by rate of heat
transfer to the surface (h).
0 || lowBiis high +* Ll /11 L
k, low h / oot
‘0
0.0 ...o‘i“”} I J
0. 001 /o1 1 10 100
Biot Number

40
© Faith A. Morrison, Michigan Tech U.

Characteristic Equation:

R4,
tan RA,

* The A, are the roots of the

+Bi—1=0

characteristic equation
* They depend on Biot

number Bi
* At low (Bi < 0.1) and high

Bi (Bi > 10) the solution

becomes independent of Bi

2/11/2020
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Lecture 8: Unsteady Heat Transfer at
Intermediat Biot Number

Unsteady State Heat Transfer to a Sphere

At high Bi, the surface
temperature equals the bulk
temperature; heat transfer is

High Bi:
low k,
high h

Characteristic Equation:

RA
tan RA,

X 4+ Bi—1=0

* The A, are the roots of the

characteristic equation

limited by conduction in the \
sphere. / XfoXXXX
12.0 =
X
XX XXX XX XXX XX XX X/X 14
10.0 }
- \
= 80 Az
6.0 .--..llllll
L |
Laedt Az high Bi is
40 FEEEENEEEENEN ‘ |0Wk,h|ghh
s90 009
’o“‘ L
2.0 H low Biis high .\‘ Aq
k,low h ‘0”
PR |
0.0 A...‘o“ /

0.001 0.01 0.1 1

Wooo
Biot Number

* They depend on Biot
number Bi

* At low (Bi < 0.1) and high
Bi (Bi > 10) the solution

becomes independent of Bi

41
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Unsteady State Heat Transfer to a Sphere

heat transfer to the surface.

At moderate Bi, heat transfer is affected by
both conduction in the sphere and the rate of

Moderate Bi:
nether process
dominates

14.0 /
12.0

XX XX ></>< X
10.0

8.0

RA,

6.0

4.0 \

2.0 || lowBiishkh
k,low h

high Bi is
low k, high h

*
0.0 AQQ.‘L“’\'O.

0.001 0.01 0.

Characteristic Equation:

RA,
tan RA,

+Bi—1=0

* The A, are the roots of the

characteristic equation
* They depend on Biot

number Bi

* At low (Bi < 0.1) and high

Bi (Bi > 10) the solution

becomes independent of Bi

42
© Faith A. Morrison, Michigan Tech U.
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Lecture 8: Unsteady Heat Transfer at
Intermediat Biot Number

What were we trying to do?

Example: Measure the convective heat-transfer coefficient for heat
being transferred between a fluid and a sphere.

Where are we in the
process?

v" We have the model

* We need the measured center-point
temperature as a function of time

* We need to compare the two to

Flid bulk
temperature=T,,

Can we meet our objective?

To determine h:
« Measure center-point temperature as a function of time

* CompareQith model predictions, accounting for

uncertainty in measurements

deduce h. * Deduce
43
© Faith A. Morrison, Michigan Tech U.
. at G
The solution s prer Fo= 27 b
= ~—n o -]
of the model:  $(0-F0) Z Cne e
n=1 _hR | & >
Bi = T
Use to interpret data. .
For a fixed Bi, Fo > 0. 2: , From the model solution...
. T T T L
§(0,Fo) = Cie™ 1™ "7 120 | Characteristic Equation:
R4 i Bi—1=0
In£(0, Fo) = In(C, ) — 22R%Fo ©O T anRA,
< 40 | | | A 1
From experiments... = l
T T 6.0 lamns LILCL
- b ...
Plot: In&=In vs Fo te
Ti - Tb 4.0 L
1 99t ee s
2.0 Mk ’ Ay
=>slope = —AfR? ——--H- -k~ ‘1
0.0 4elelele PR A :
0.001 0.01 0.1 1 10 100 1000
Blot Number
|
= Once we know Bi, we can Bi = h_R
calculate h from Bi Tk

© Faith A. Morrison, Michigan Tech U.
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Lecture 8: Unsteady Heat Transfer at
Intermediat Biot Number

hR
BiETﬂ

4. Calculate h.

tanRA4

Characteristic Equation:
R4 )
+Bi—1=0

. k=1092L
Experimental Data K
R =0.0127m
From experiments...
T — Tb 1 F
. Iné =1 E
Plot: In¢ H(Ti _Tb) vs Fo F - date
—limit of detection
‘ => slope = —AZR? —fit
0.1 +
~| X
5| B
B
11
> 'E‘ 0.01 b3
Slope= —0.74656 & I&
A1R =+0.74656 = 0.864039 0.001 +
Characteristic Equation:
RA4 . *
+Bi—1=0 0.0001 t t
tan R, 0 5 10 15
at
hR - Fo = ﬁ
= Bi=—=10.2621919,h = 2300 —=
k meK
© Faith A. Morrison, Michigan Tei:Sh u.
Reca p: Measure convective heat-transfer
coefficienl%for heat being transferred
What was the between a fluid and a sphere.
process? _
1.Create the scenario & 2.Take data
and the model of the ‘ s of center-
Scenario Can we meet our objective? pOint T(t)

To determine h:

enter-point temper

* Compare with model predicti
uncertainty in measurements

« Deduce h

a function of time
unting for

3.Plot the datain a
way that we can

' o match it to the
o - model to deduce Bi

Tinitiat = Toute
s
2

T(0,t) — Tyuik

0.001

0.0001

L slope = —12R? w

46
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Lecture 8: Unsteady Heat Transfer at
Intermediat Biot Number

Summary

High Bi: dominated by internal
temperature variation = solve
with temperature boundary
conditions; Bi = hDpqr/k
(D¢par varies with the problem)

Moderate Bi: The limits for
“moderate” are 0.1 < Bi <
10. When Bi is in this range, a
more complete solution may
be necessary; Bi = hDpq4,-/k.
(Dchar varies with the
problem)

Low Bi: no internal
temperature variation =
Lumped parameter analysis
(macroscopic energy balance,
unsteady); Bi = hV /kA < 0.1

Unsteady State Heat Transfer

Bi — Biot Number = %D

the bod

At moderate Bi, heat transfer is

the surface.

t low Bi, the temperature is
unt in g finite body; heat
transfer is limited by ta
transfer to the surface (h).

At high Bi, the surface temperature
equals the bulk temperature; heat
transfer is limited by conduction in

affected by both conductionin the
body and the rate of heat transfer to

Quantifies the tradeoffs between the rate of
internal heat flux (by conduction, k) and the
rate of heat delivery to the boundary (by
convection, h)

High Bi:
low k,

Moderate Bi:
nether process
dominates

Low Bi;

low h

47
© Faith A. Morrison, Michigan Tech U.

Summary

High Bi: dominated by internal
temperature variation = solve
with temperature boundary
conditions; Bi = hDpqr/k
(D¢har varies with the problem)

Moderate Bi: The limits for
“moderate” are 0.1 < Bi <
10. When Bi is in this range, a
more complete solution may
be necessary; Bi = hDgpqr-/k.
(Dcpar varies with the
problem)

Low Bi: nointernal
temperature variation =
Lumped parameter analysis
(macroscopic energy balance,
unsteady); Bi = hV//kA < 0.1

Unsteady State Heat Transfer

Bi — Biot Number = %

the body.

At moderate Bi, heat transfer is

the surface.

At low Bi, the temperature is
uniform in a finite body; heat

transfer to the surface (h).

At high Bi, the surface temperature
equals the bulk temperature; heat
transfer is limited by conduction in

affected by both conductionin the
body and the rate of heat transfer to

transfer is limited by rate of heat

Quantifies the tradeoffs between the rate of
internal heat flux (by conduction, k) and the
rate of heat delivery to the boundary (by
convection, h)

High Bi:
low k,
high h

Moderate Bi:
nether process
dominates

Low Bi:
high k,
low h

Dcpar=characteristic length scale

We use D;p = V /A only for the lumped parameter
analysis. We use different D 4, in other cases.

48
© Faith A. Morrison, Michigan Tech U.
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Lecture 8: Unsteady Heat Transfer at
Intermediat Biot Number

Unsteady State Heat Transfer to a Sphere

. hRsphere & 73
First Eigenvalue, Heat Transfer to Sphere Bi = — '
E + Incropera and DeWitt
R/’{l L x FAM calculation
[ —model fit
Dominated
Negligible
1+ byexternal glig!
. external —»
r resistance . )
[ Neither resistance .
(k > o0) i S
[ ns mechanism (h — ) s
Bi<0.1 domi 2
ominates Bi>10 g
0.1 + 0.1 <Bi<10 i1y
; S
¢ =
L c
I 2
0.01 t t t = | <
0.001 0.01 0.1 10 100 1000 <
Bi K
©
Fit by Faith A. Morrison 31 Jan 2019 49
Unsteady State Heat Transfer to a Sphere
@

If we know R4, and we're
determining Bi (i.e. h), we use
the characteristic equation
directly.

If we know h (and hence, Bi) we
need to find A; R from an
iterative solution of the
characteristic equation.

Or use a table or
correlation for the
calculated roots.

Characteristic Equation:
RA,

——+4+Bi—1=0
tanRA, !

Unsteady State Heat Transfer to a Sphere

First Eigenvalue, Heat Transfer to Sphere Bi A
10

dominates
0.1 <Bi<10

50
© Faith A. Morrison, Michigan Tech U.
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Lecture 8: Unsteady Heat Transfer at
Intermediat Biot Number

2/11/2020

Unsteady State Heat Transfer to a Sphere

(1 + (azBD)??)

Fit by Faith A. Morrison 1/31/2019

First Eigenvalue, Heat Transfer to Sphere
E + Incropera and DeWitt
R/’{l [ x FAM calculation
[ ——modelfit
T
RL = g1(a;Bi)” g2(azBi)"2
i P (L + (agBDPD)
01 + 1 2
E g 1131 2.066
i a 3.684 0.684
H b 0.539 1.035
0.01 t t t t H !
0.001 0.01 0.1 1 10 100

(matches true
within 1.2%)

1000

Bi

51
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Unsteady State Heat Transfer to a Sphere

First Eigenvalue, Heat Transfer to Sphere
0+

+ Incropera and DeWitt
x FAM calculation

—model fit

(matches true
within 1.2%)

0.1 +

Fit by Faith A. Morrison 1/31/2019

@
RL. = g1(a;Bi)? g2(a;Bi)"2
P71+ (@3BDPY) T (1 + (ayBi)P2)
1 2

g 1131 2.066
a 3.684 0.684
b 0539 1.035

0.01 + + + + +
0.001 0.01 0.1 1 10 100

Bi
For a fixed Bi, Fo > 0. 2:

£(0,Fo) ~ C,e~*iR*Fo

C~1_

!
1000

_ 4[sin(4;R) — A;R cos(11R)]
leR — sin leR

52
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Lecture 8: Unsteady Heat Transfer at
Intermediat Biot Number

Unsteady State Heat Transfer to a Sphere

Reasonable estimates of the sphere
(slab, cylinder) solutions may also be
obtained from the “Heisler Charts”

Geankoplis

Heisler charts Dnar=Characteristic IeD
3

See: For the Heisler chart for spheres, we use Dyq = R. Note this
is not the same as what is used in lumped parameter analysis

Wikipedia

Welty, Rorrer, and Foster
(appendix F)

_ hD char
k
Dcpar = X1 = R (sphere)
R (cylinder)
B (slab of thickness 2B)

Bi

From Geankpolis, 4" edition, page 374

© Faith A. Morrison, Michigan Tech U.

Literature solutions to Unsteady State Heat Transfer to a Sphere
Heisler charts (Geankoplis; see also Wikipedia) -
]
INN\SS L
R I MURINNANAN SERANNN ; =g
i { l =
SR SR = e|
1T oos AN X - L
T \ 4
* TR \ |
i
oo Y )\ WY 5 VIS \\ AN _
0.008 WTETTN AN \ AR
S AR ATAY MARAENL \ AN
Bt A AN
0.002 j;%—?ﬁ, | - et \\ \
[IKVAA LA R IATAN
0.001 ML ATE MMULERRARAWANEN LAY BN TN I NN
0 0.5 1.0 1.5 2.0 2.5 34 5 6 7 8 910 90 130 170 210 250
FiGURE 5.3-10.  Chart for determining the temperature at the center of a sphere for unsteady-state
heat conduction. [From H. P. Heisler, Trans. AS.M.E., 69, 227 (1947). With
permission.] 54
From Geankpolis, 4" edition, page 374
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Lecture 8: Unsteady Heat Transfer at
Intermediat Biot Number

Literature solutions to Unsteady State Heat Transfer to a Sphere
Heisler charts (Geankoplis; see also Wikipedia)

N WK
&l \ The Helsler Chart is a catalog of v
e N allthe Yo = £(¢) long-time N[5

S \ N shapes for various values of |\ | /| |

H Biot number Bi = 22 =28 = L

) k k m NAVANN

0.004 “T“l R AL R B R L I e SR e SNV e S

SRR WA AN

iRl ,_\\(\\t;\,\_ :l”_\\l\\t\\\\___\ L3 QB ARV

FiGure 5.3-10.  Chart [or determi gnrhe Lzmpermurj rlxe cenr:Arra{la ;”"ﬁ{f jvo7r7u:t]s[t’ia7r\iy [s;/a[;z
pomigond a - s

From Geankpolis, 4 edition, page 374

© Faith A. Morrison, Michigan Tech U.

Literature solutions to Unsteady State Heat Transfer to a Sphere
Heisler charts (Geankoplis; see also Vl/ikipadial 7

A L]
RN S L sonee |
N, L i
{ <=
obn \b\\ AVAR BN X R e ](Lj
S AL A AN \ V_ANED \ | A
<< "I Note: the parameter m from the AN
= ** Geankoplis Heisler chart is NOT the \ | '
0.01 —H q . 1
w005 Slope of the line! It is a label ofm A X —
0.004 1TV VT I IARATANE S ANAT AR AW VAW \\ \ AN
e, 2 X
e LRSI RN e 1 TANN
0.001 U\\T\! AL\ \ N l \\\\}\\\\'t\\\t \\tx hx1 Bl \\ \\ \\!\\ \3 ;t !\\U\ \\\\,
’ 0.5 1.0 1.5 2.0 2.5 3 4 5 6 7 o« - av o e - 2J 920 1 17 210 250
X7

© Faith A. Morrison, Michigan Tech U.

FiGure 5.3-10.  Chart for determining the temperature at the AISO X1 IS the Sphere rad Ius

heat conduction. [From H. P. Heisler, Trams amavers o7z very 7o
permission.]

From Geankpolis, 4" edition, page 374
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Lecture 8: Unsteady Heat Transfer at
Intermediat Biot Number

Note also: think of it as
4 separate graphs

Heisler charts (Geankoplis; see also Wikipedia)

|
|
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7
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i
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N
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o
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=
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oom" 33 4 5 6 7 8 9 1010

FIGURE 5.3-10. Chart for daermmmg the temperature at the center of a sphere for unsteady-state
heat conduction. [From H. P. Heisler, Trans. A. S.M.E., 69, 227 (1947). With
permission.] 57

From Geankpolis, 4" edition, page 374 © Faith A. Morrison, Michigan Tech U

CM3120 Transport/Unit Operations 2

Unsteady State Heat Transfer

More complex Systems: W
Unsteady State Heat Transfer
(Analytical Solutions)

W

Summary

* Unsteady state heat transfer is very common

in the chemical process industries

* Temperature distributions depend strongly on T
what initiates the heat transfer (usually
something at the boundary)

,,,,,,,,,,,,,,,,,,,,,

z\‘

Allese !
- decreases !
ith time

* Internal resistance (D /k) can be limiting,
irrelevant, or one among many resistances Ty - N

* External resistance (1/h) can be limiting
irrelevant, or one among many resistances |

Alrigh

also decreas’é;

ithtime T
with time ,sz

* Dimensional analysis, once again, organizes
the impacts of various influences (Bi, Fo)

58
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Lecture 8: Unsteady Heat Transfer at

Intermediat Biot Number

Unsteady State Heat Transfer

Summary (continued)

In transport phenomena, we have
dimensionless numbers that represent
three important aspects of situations that
interest us:

1. The relative importance of
individual terms in the equations
of change

2. The relative magnitudes of the
diffusive transport coefficients
vV, @, Dyp

3. Scaled values of quantities of
interest, e.g. wall forces, heat
transfer coefficients, and mass
transfer coefficients (data
correlations)

CM3120 Transport/Unit Operations 2

More complex Systems:
Unsteady State Heat Transfer

(Analytical Solutions)

‘momentum:

enery Dimensionless Numbers
Re — Reynolds = # =2

5 These numbers from the governing
Fr— Froude = 7 equations tell us about the relative
EppVD _ VD
Pe — Péclety, = RePr = 272 = 22 in the microscopic balances
Pe — Péclet,, = Resc = Y2 (scenario properties).
" Das

Pr—Prandd = 2¢ =%

Sc — Schmidt = LePr = £ = _*_
D

Le — Lewis =

D

@ Das.
f — Friction Factor = - These numbers are defined to help
o us build transport data correlations

These numbers compare the
magnitudes of the diffusive
transport coefficients v, a, Dag
(material properties).

Nu = Nusselt =22 based on the fewest number of
grouped (dimensionless) variables
(scenario properties).

$h— Sherwood = 422

59
© Faith A. Morrison, Michigan Tech U.

importance of the terms they precede

Unsteady State Heat Transfer

Summary (continued)

If we can develop a model situation for
questions of interest, the solutions of the
models are often in the literature

Our responsibility in 215t

CM3120 Transport/Unit Operations 2

More complex Systems:
Unsteady State Heat Transfer
(Analytical Solutions)

mern : :
energy Dimensionless Numbers

Re — Reynolds = % - g

These numbers from the governing

Fr — Froude = ; equations tell us about the relative

D

. 7 o . "
Pe — Péclety, = RePr="2—="" in the microscopic balances

that will allow us to
estimate or determine
answers to the questions
that interest us

of Heat in
Solids

SECOND EDITION

Learn to use published
solutions (tables, charts) to
answer questions that
interest us

1. S. CARSLAW and
1. C. JAEGER

centu ry: Pe — Péclety, = Resc = 2> (CETERD I )
( | ] s Pr—Prandd = 2 =2 These numbers compare the
v f the difft
* Learn to develop models onduction se-somia=Loe 2 <2 meudes e it
Le — Lewis = - (material properties).

Dan

Nu = Nusselt =22 based on the fewest number of
Sh— Sherwood o ka2 grouped (dimensionless) variables
" Das (scenario properties).

F — Friction Factor 472 These numbers are defined to help
(Gov)ac us build transport data correlations

60
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importance of the terms they precede
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Lecture 8: Unsteady Heat Transfer at 2/11/2020
Intermediat Biot Number

N EXT: Diffusion and Mass Transfer

CM3120 Transport/Unit Operations 2
Diffusion and
Mass Transfer

=l Professor Foith A. Moson

BRy 0speriment of Chemial Ergineering
Michigan Technological University

www.chem mtu _edu/~fmormiso/cm3120/cm3120 html
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