CM3120 Module 2 Lecture VI 3/1/2021

Unsteady State Heat Transfer

I.  Introduction

Il.  Unsteady Microscopic Energy Balance—(slash and burn)

Ill.  Unsteady Macroscopic Energy Balance

IV. Dimensional Analysis (unsteady)—Biot number, Fourier
number

V. Low Biot number solutions—Lumped parameter analysis

VI.  Short Cut Solutions—(initial temperature Tj; finite h),
Gurney and Lurie charts (as a function of position, m =
1/Bi, and Fo); Heissler charts (center point only, as a
function of m = 1/Bi, and Fo)

VII. Full Analytical Solutions (stretch)
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CM3120: Module 2

In a previous lecture, we
found that Dimensional

. Dimensional Analysis
Analysis helped us to Fov Usteady Scata Hledt
organize our “tool belt” for ikt
engineering problem

1 Professor Faith A. Morrs
solving. H - e
P Departmeant of Chemical Enginesring

Iichigan Technolegical University

e, chem.miu, edu/~fmarriso/em3120/£m3120, him!

For Unsteady Heat Transfer How can we
problems, we added two organize our tool
. . ?
dimensionless numbers, the L
. . What is our usual
Biot number (bee oh) Bi and strategy for complex
phenomena?

the Fourier number Fo

Answer: Dimensional
Analysis

v’ Let’s nondimensionalize the governing equations and BCs.
v’ Let’s sort out the various unsteady cases.
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Unsteady State Heat Transfer in a Body

Two Additional
. - momentum . 0
Dimensionless energy Dimensionless Numbers
— M vo
N u m be rs Re = Reynolds These numbers from the governing
Fr — Froude = — equations tell us about the relative
é PVD vp importance of the terms they precede
hD Pe — Péclet), = RePr = in the microscopic balances
Bi _ BiOt Number - Pe — Péclety, = ReSc—— (scenario properties).
k
e Pr — Prandtl EL" v These numbers compare the
Quantlfles the tradeoffs S; S;::u;t LePr = ¢ magnitudes of the diffusive
. . - PDAE transport coefficients v, a, D5
between the internal resistance Le - Lewis = == (material properties).
D/k (due to CondUCtlon) and f — Friction Factor = Fara, These numbers are defined to help
H 20V2)Ac us build transport data correlations
1/h’ the resistance at the.phase Nu — Nusselt ==~ based on the fewest number of
boundary (due to convection) Sh — Sherwood = grouped (dimensionless) variables
DAE (scenario properties).

Fo — Fourier Number = —

|
!

Scales the time evolution of the temperature profile relative to the
material’s thermal properties, & = k/pép (thermal diffusion time).
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We indicated that there are

the surface.

affected by both conduction in the
body and the rate of heat transfer to

At low Bi, the temperature is
uniform in a finite body; heat
transfer is limited by rate of heat h|gh k,
transfer to the surface (h).

We have been exploring these ranges

three ranges of Biot number to Doar /K
q q char
consider: Bi = “1h
At high Bi, the surface temperature ngh BI:
equals the bulk temperature; heat
transfer is limited by conduction in low k’
the body. hlgh h
At moderate Bi, heat transfer is Moderate Bi:

nether process
dominates

Low Bi:

low h

Bi — Biot Number = hTD
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Summary of low
Biot number
scenarios:

Two things to remember
about lumped parameter
analysis:

Unsteady State Heat Transfer: Ranges of Biot Number

. Low Bi:
Lumped parameter analysis high k,
negligible internal resistance
(neglig ) low h
At low Bi, the temperature is
uniform in a finite body; heat
transfer is limited by rate of heat
transfer to the surface (h). This is always the Dcpqr We use for the

Biot number in lumped parameter

analysis. We use different D 4, in
other cases, however.

thys
:l > Bi;p =
1Lp kAsys

The test for applicability of e hVsys <04
the lumped parameter P kAgys
analysis is:

Low Biot number =

Vv
e Dchar = K

2. Only valid for Bijp < 0.1

temperature is uniform in the
body; resistance is all external,
solve for Tpqay (t)
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Now: Moderate and High
Biot number behavior

We indicated that there are

three ranges of Biot number to

. . Dchar/k
consider: Bi = 1/h

At high Bi, the surface temperature High Bi:

equals the bulk temperature; heat

transfer is limited by conduction in |OW k'

the body. hlgh h

Bi — Biot Number = o

hD

At moderate Bi, heat transfer is Moderate Bi:
affected by both conduction in the
body and the rate of heat transfer to

the surface. dominates

nether process

At low Bi, the temperature is L B._
uniform in a finite body; heat Oow Bl
transfer is limited by rate of heat h|gh k,
transfer to the surface (h).

low h

We now explore these ranges

7
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Bi — Biot Number = %D

D/k D/k) and the resistance to heat flow at the
Bi = —— boundary (1/h)
1/h
When both processes affect the outcomes, the full
solution may be necessary. For uniform starting
temperatures, the solutions are published.
e poay. T = T(x, y, z, t) | mgirir |
—
At moderate Bi, heat transfer is hard BC Moderate Bi:
affected by both conduction in the
body and the rate of heat transfer to nether process
the surface. i
dominates _
_————
At low Bi, the temperature is L B..
uniform in a finite body; heat ow bl
transfer is limited by rate of heat h|gh k,
transfer to the surface (h).
low h

Quantifies the tradeoffs between the
resistance to heat flow (due to conductivity,

8
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Bi — Biot Number = %D
All solutions for the Bi :?T/ff

When both processes affect the outcomes, the full

tem peratu re prOfI/e solution may be necessary. For uniform starting

(tem pe ratu re distribution temperatures, the solutions are published.
7 e vouy. T=T(xyzt) L mmgne

temperature field, T (t, x)) i moderae e ansters "7 B [ Moderate Bi
. . Zﬁ:cteddbyhmmr;c:‘ucﬁon in :he nether process
begln Wlth the y:ezuaﬁ"acle_gmmc eat transfer to dominates
i e oy et Low Bi:
transfer is limited by rate of heat high k,
transfer to the surface (h).
low h
q .
Microscopic Energy
1D Heat Transfer: Unsteady State
Balance Microscopic Energy Balance

As for the derivation of the microscopic momentum
balance, the microscopic energy balance is derived on
an arbitrary volume, V, enclosed by a surface, S.

Gibbs notation:

pép(%—f+yVTJ =kVT+S

see handout for

component notation

Lo}
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1D Heat Transfer: Unsteady State

Microscopic Energy Balance
(General Energy Transport Equation)

convection

A source

oT (energy ;
~ 2 enerate
pC,| o+ VT |=kVT+S S

\ ) volume per
\_Y_} time)
rate of change conduction (all
directions)

velocity must satisfy

equation of motion,

equation of continuity see handout for
component notation
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Equation of €NEergy for Newtonian fluids of constant density, p, and
thermal conductivity, k, with source term (source could be viscous dissipation, electrical
energy, chemical energy, etc., with units of energy/(volume time)).

Source: R. B. Bird, W. E. Stewart, and E. N. Lightfoot, Transport Processes, Wiley, NY,
1960, page 319.

| www.chem.mtu.edu/~fmorriso/cm310/energy2013.pdf

Gibbs notation (vector notation)

A . k
thermal diffusivity a = —
[%—T+K-VT]:LAV2T+ S Py

4 PC, PC,

Cartesian (xyz) coordinates:

orT  er . or . o  k [82T T azrj s

—— VNtV Y, = —— | 5+ —5+ —
o o Yoy o pC\a 9t o) pC,

Cylindrical (r0z) coordinates:

or, or vpor  or_ k [13( arj 1 °T azrj+ s

+
2 06° o

R A = P o

Spherical (r0¢) coordinates:
o, o vl vy OF _ k |1 00,07, 1 0fGe0T), 1
ot "or r 00 rsindop pép P2or\" or) ,2sing 06 2
1
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1D Heat Transfer: Unsteady State

Microscopic Energy Equation in Cartesian Coordinates

or oT oT oT k (&°T &T &7 S
— VetV =— s+t |t—=
ot ox oy oz pC,\x" 0Oy 0z pC,

O =——=—=| thermal diffusivity

what are the boundary
conditions? initial conditions?
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1D Unsteady Heat Transfer: Moderate and High Biot Number

Boundary
Conditions:
* Nonzero resistance to heat
transfer: || = |h(T — T})|

* No resistance to heat
transfer: h > oo, or,
equivalently, temperature
known at the boundary

* Insulated boundary: =0,

ax
A

or, equivalently, the
temperature field is
symmetrical at the boundary

1D Heat Transfer: Unsteady State

Microscopic Energy Equation in Cartesian Coordinates

VeV, —+V, =—
o o Yoy o pC,

+ + —
o’ ay2 o) pC

or or or oT k (OZT &T azrj s
—+ + + =
P

k
a= =— =| thermal diffusivity
pCp

what are the boundary
conditions? initial conditions?

Initial Conditions:

* Initial temperature
distribution uniform: T

* Initial temperature
distribution known: T (o, x)

13
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1D Unsteady Heat Transfer: Moderate and High Biot Number

For the most common
geometries, initial
conditions, and boundary
conditions, the models
have been solved and
may be looked-up.

For quick, “back of the
envelope” calculations,
researchers (Gurney and
Lurie, Heisler) have
created easy-to-use plots
of the predictions.

Conduction
of Heat 1n
Solids

SECOND EDITION

AT THE CLARENDON PRESS

H.S. CARSLAW and
J. C. JAEGER

1947
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1D Unsteady Heat Transfer: Finite Bodies, Short Cut Solutions

Finite 1D Unsteady Heat Transfer, T = T(t,x) or T = T(t,1)

Initial: Uniform initial temperature T,); BC: exposed to bulk temperature T;; h known

*Flat plate long, wide, thickness=2x; T =T(t,x) Y =Y(X,n) pNote:
*Cylinder long, radius = x; T=T(r) Y=YXn) D —
*Sphere  radius = x; T=T(r) Y=YXn) c;\llaorT V/Z
. hDcpgr _hxy 1
Bl - —_— = —
k k m
Heisler Charts (T(Fo, O)) and
Gurney-Lurie Charts Fo = at =X
(T (Fo,n)) are graphical x?
representations of solutions of
a particular unsteady heat- x_Tr_ n
transfer problem for various X1 X
values of m = 1/Bi.
T1 - T _ Y T - TO _ 1 Y
T, —To T —To

15
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1D Unsteady Heat Transfer: Finite Bodies
Ref: Geankoplis, 4™ Ed, 2003

Gurney and Lurie Charts
Initial: Uniform initial temperature Ty; BC: bulk temperature Ty; T (m =gn== Fo)
1

*Sphere

radius = x4

*Flat plate long, wide, thickness=2x, T =T(t,x) Y =Y(X,n)
*Cylinder long, radius = x; T=T(tr) Y=YXn)
T=Ttr) Y=YXn)

16
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1D Unsteady Heat Transfer: Finite Bodies

Heisler Charts

Initial: Uniform initial temperature T,  Flat plate : '\‘\ ; A i
BC: Exposed to bulk temperature Ty 0
h known

Plots of temperature at the center

1
T (m =B = 0, FO) Cylinder

Sphere

Ref: Geankoplis, 4" Ed, 2003

’
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Heisler Chart for Unsteady State Heat Transfer to a Sphere <
(Geankoplis; see also Wikipedia) B B S
- - - - - g
T T 1 ! 2
T 5
" LD ) s
S ' i =
i---,%%, 1 i | § 8
T l R =
N = o
RS < >\%’\ XRNY @ L =
‘ ‘ N =7 | <
2 ! @l s
‘ \ MANN T :
L W\ W X INONNGE il
oo i ‘\“x‘“fv A\ ARV NTEIE
IR N NN IR A\
0.004 T & = jL_g{ol
TANEANANNIN I W
v.002 o.l\gV}w N IRALTARAN B TV R ANAVERLRURYY AU
ATAYAY R NTANAVINMANANALIRTAYANAY LLALNNANANAY
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=9
x;
FIGURE 5.3-10. Chart for determining the temperature at the center of a sphere for unsteady-staie
heat conduction. [From H. P. Heisler, Trans. A.SM.E., 69, 227 (1947). With
permission.] ) 18 B
From Geankpolis, 4 edition, page 374
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Heisler Chart for Unsteady State Heat Transfer to a Sphere
(Geankoplis; see also Wikipedia)ﬁ

>
e
[5}
R
c
[ i .g
IR <
| S
{ sphers || =
AN [ i 8’
3 (7}
NN, ~J| E
AN O o~ N 'S, | S O
ot S— — | ](Lj =
sl L\N The Helsler Chart is a catalog of | | w | =
~h all the Yy, = .(t) long-time T ; &
= shapes for various values of N\ ; ©
- . . hx hR 1 BN
w08 Biot number Bi = =% = — = = N
k k m AASANAN
0.004 NN Y IR A EYAN W AV AVAR AR WA
SR AN RN AR SR AR
Y ]v \ |\\'\'|'\ \a\\\i\\ A \I\'\l \ll\l\l\\\\\l\\\\’\\\ 1y ‘_\\l‘,\\L '\\Vs\’»\{\'\!'\ (Y ]\
.00t 70 35 34 5 6 7 8 910 20 30 40 0 90 130 170 210 250

FiGuRre 5.3-10. Chart IOI' LiC[EH)ﬂI!Ulﬂ the LEHIIJ(!I’HH"'E ai ifie ceniier Ul a .s[lui.rujul unsted y
heat conduction. [From H. P. Heisler, Trans. A.SM.E., 69, 227 (1947). th
permission.] 19

From Geankpolis, 4 edition, page 374

Heisler Chart for Unsteady State Heat Transfer to a Sphere
(Geankoplis; see also Wikipedia)ﬁ
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I g
1

s
T

1| Geankoplis Heisler chart is NOT the
— slope of the line! Itis a label of—

0.004 1DV A TR AWALTLRIAN ‘X\J‘\!\ -

u:ooz °\°°.\I‘g !\TX * ' \ HAYH:

SRR RN N
<l "]l Note: the parameter m from the
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i
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FIGURE 5.3-10. Chart for determining the temperature at the| AISO X1 IS the Sphere rad IUS

heat conduction. [From H. P. Heisler, Trans zroavwns oy zzr (vere vram
permission.] 20

From Geankpolis, 4 edition, page 374
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Heisler charts (Geankoplis; see also Wikipedia) Note also: think of it as
4 separate graphs
= -
\§§§ssis
NN
,7_§§
] 2™
- LAN) R
D ; *
T IARNMNY \} i
SRR SN R NAAAN NG
LERVEY e
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JRIAEAUAN!
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The Y, axis is logarithmic. x -
FiGure 5.3-10.  Chart for determining the temperature at the center of a sphere jor unsteady-siate
heat conduction. [From H. P. Heisler, Trans. ASM.E., 69, 227 (1947). With
parmission.] 21
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1D Unsteady Heat Transfer: In a Slab

Example: A tall, wide rectangular eepper 304 stainless steel slab, five ten
centimeters thick, uniformly at a temperature of 17°C, is suddenly exposed on
all sides to air water (h = 1380 W /m?K) at 45°C. After 30 20 minutes, what
is the temperature at the middle of the slab?

(numbers were
changed in 2021
to improve the
problem; the old
numbers appear
in the video)

22
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1D Unsteady Heat Transfer: In a Slab

Example: A tall, wide rectangular 304 stainless steel slab, ten centimeters
thick, uniformly at a temperature of 17°C, is suddenly exposed on all sides to
water (h = 1380 W /m?K) at 45°C. After 20 minutes, what is the temperature
at the middle of the slab?

Let's
try

23
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1D Unsteady Heat Transfer: In a Slab

Example: A long, wide rectangular slab of butter (46 mm thick) at 4.4°C is
removed from refrigeration and placed on a table at room temperature. After
five hours, what are the butter temperatures at the middle of the slab and at
the bottom of the slab (in contact with the table)?

Properties of butter: Conditions of the room:
w T, =24°C
kputter = 0-197ﬁ bulk
. k] heony = B-STK
¢y =230—— m
butter kg K
kg

Pbutter = 998?

24
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1D Unsteady Heat Transfer: In a Slab

Example: A long, wide rectangular slab of butter (46 mm thick) at 4.4°C is
removed from refrigeration and placed on a table at room temperature. After
five hours, what are the butter temperatures at the middle of the slab and at
the bottom of the slab (in contact with the table)?

——x =23mm

(insulated boundary condition)

x=0

25
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X

T

e .-

TN N\
s N\ 92
TN

0.010

The Y axis is —F 1\
logarithmic. AN

.0010
¢ 0 1.0

Gurney and Lurie Chart
Finite 1D Unsteady Heat Transfer

Initial: Uniform initial temperature T,
BC: Exposed to bulk temperature T;
h known

* Flat plate, long, wide
* thickness 2x;

e T=T(tx)

. Y= Y(Fo,n = i)

X1

Ref: Geankoplis, 4t Ed, 2003

26
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L) o~y | | ) 57 | |
- e At the bottom,
T AR AN \] \ T vhv“ i ]r 0.5 X = O after 5h:
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\\ \\\
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\
\
b T x
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~ ‘ f
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] x=0
|
]
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]
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Loz |
. l Ref: Geankoplis, 4t Ed, 2003
. 0 1.0
0.73 27
© Faith A. Morrison, Michigan Tech U.
B '_7|71777I 7|/I 171 — .
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— : | 0.38
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N | [ | I,
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. 0 1.0
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1D

Unsteady Heat Transfer: Moderate and High Biot Number

Uniform starting temperature

Good for quick “back of the envelope” calculations

If surface temperature is known, Bi = oo, thatis,m = 0

If boundary is insulated (flat plate), set that boundary as the

center of the plate (q,,/A = 0) boundary condition)

Limited sig figs (i.e. 1-2, due to reading charts, interpolating)

29
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We indicated that there are

three ranges of Biot number to
consider:

At high Bi, the surface temperature
equals the bulk temperature; heat
transfer is limited by conduction in
the body.

At moderate Bi, heat transfer is
affected by both conduction in the
body and the rate of heat transfer to
the surface.

At low Bi, the temperature is

uniform in a finite body; heat
transfer is limited by rate of heat

transfer to the surface (h).

| We now explore these ranges

N Dchar/k

Bi=—1/h

High Bi:
low k,
high h

Moderate Bi:
nether process
dominates

Low Bi:
high k,
low h

Next: Complete solutions for Moderate and
High Biot number behavior
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