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Recap:
Diffusion/Mass Transfer (so far, and beyond)

Interphase transfers at boundaries

Our topic is Diffusion and Mass Transfer

We have covered DIFFUSION, which includes 
modeling species mass transfer with the 
microscopic balance and Fick’s law of 
Diffusion and the diffusion coefficient 𝐷஺஻.

This is suitable, and convenient for cases when 
there is little bulk convection accompanying 
the diffusion.

When there is appreciable bulk convection 
accompanying the diffusion (such as in real, 
macroscopic devices), we need another approach.

© Faith A. Morrison, Michigan Tech U.
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Unsteady Macroscopic Species 𝐴Mass Balance

Let’s return to that practical problem

Example 6: Height of a packed bed absorber

How can we use mass transfer to design a packed bed gas 
absorber to achieve a desired separation?

(started in Module 4, Lecture III)

Example 6—Revisited 

In the previous lecture we tried to model an absorber.

We hit a road block:  no way to quantify species A moving 
between phases
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Modeling practical devices involving mass transfer

1. How can we model a large, 
practical device dependent 
on mass transfer?

2. How an we account for A 
going between phases?

3. How can we improve LDF 
model to cross the 
boundary (bulk-to-bulk 
transfer)? 

4. Can we model a large, 
practical device, 
incorporating 𝐾௅ ,𝐾ீ to 
account for mass xfer 
between phases?

1. Apply the species A mass 
balance to a macroscopic 
C.V.

2. Invent 𝑘௫ through linear 
driving force (LDF) model

3. Write LDF in both phases 
and combine to create 
overall effect of multiple 
resistances

4. Yes 

1. Lack a system to account 
for A going between 
phases

2. Gets A to the boundary, 
but not across

3. Working, but can we 
devise a convenient 
shorthand?

III PAUSE IIIIII

IV IV

PAUSE VI

Try to use itInvent somethingIdentify a question

PAUSE  V

VI

VI

VI

VI

Example 6: Height of a packed bed absorber

How can we use mass transfer to design a packed bed gas 
absorber to achieve a desired separation?

LECTURES

  

Example 6 is presented as a series of linked examples that navigate 
around apparent “dead ends” in modeling mass-transfer units
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Film mass transfer coefficients, 𝑘௫,𝑘௖ ,𝑘௣

We chose a macroscopic C.V. and balanced 
species A.
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Unsteady, 
Macroscopic, 
Species A Mass Balance

moles of  that flows into
the control volume 

between t and 

moles of  that flows out of the 
control volume between t and 

balance over 
time interval

introduction of moles of 
into the C.V. by mass transfer 

across the  bounding 
control surface  (C.S.)

net rate of production 
of moles of  in the C.V. by 
reaction, per unit volume

MOLES

Macroscopic 
control volume, 

C.V.

Unsteady Macroscopic Species  Mass Balance—Intro 

C.S.

C.V.

C.S. = control surface
C.V. = control volume

?
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Film mass transfer coefficients, 𝑘௫,𝑘௖ ,𝑘௣

The macroscopic, unsteady, species A mass balance needs a way to 
include mass transfer across the control surfaces

Unsteady, 
Macroscopic, 
Species A Mass Balance

moles of  that flows into
the control volume 

between t and 

moles of  that flows out of the 
control volume between t and 

balance over 
time interval

introduction of moles of 
into the C.V. by mass transfer 

across the  bounding 
control surface  (C.S.)

net rate of production 
of moles of  in the C.V. by 
reaction, per unit volume

MOLES

Macroscopic 
control volume, 

C.V.

Unsteady Macroscopic Species  Mass Balance—Intro 

C.S.

C.V.

C.S. = control surface
C.V. = control volume

?
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The solution is analogous to what 
we did in heat transfer:  A linear driving 
force model like Newton’s law of 
cooling.  That “law” was invented 
because the turbulence in the fluid phase 
was too complicated to allow Fourier’s 
law/temperature gradient to account for 
the heat transfer alone.

Film mass transfer coefficients, 𝑘௫,𝑘௖ ,𝑘௣

In mass-transfer unit operations, the turbulence in the fluid and gas phases are 
also too complicated to let Fick’s law/species A concentration gradient account 
for the mass transfer alone.

Also, since mass-transfer devices are driven by chemical affinities (chemical 
potential), concentration gradients alone will not capture some of the most 
important mass transfer.

We start by defining the mass-transfer law (analogous to Newton’s law of 
cooling) that will allow us to quantify mass transfer to (and from) macroscopic 
control volumes.
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Unsteady, 
Macroscopic, 
Species A Mass Balance

moles of  that flows into
the control volume 

between t and 

moles of  that flows out of the 
control volume between t and 

balance over 
time interval

introduction of moles of 
into the C.V. by mass transfer 

across the  bounding 
control surface  (C.S.)

net rate of production 
of moles of  in the C.V. by 
reaction, per unit volume

MOLES

Macroscopic 
control volume, 

C.V.

Unsteady Macroscopic Species  Mass Balance—Intro 

C.S.

C.V.

C.S. = control surface
C.V. = control volume

?

The solution is analogous to what 
we did in heat transfer:  A linear driving 
force model like Newton’s law of 
cooling.  That “law” was invented 
because the turbulence in the fluid phase 
was too complicated to allow Fourier’s 
law/temperature gradient to account for 
the heat transfer alone.

Film mass transfer coefficients, 

In mass-transfer unit operations, the turbulence in the fluid and gas phases are 
also too complicated to let Fick’s law/species A concentration gradient account 
for the mass transfer alone.

Also, since mass-transfer devices are driven by chemical affinities (chemical 
potential), concentration gradients alone will not capture some of the most 
important mass transfer.

We start by defining the mass-transfer law (analogous to Newton’s law of 
cooling) that will allow us to quantify mass transfer to (and from) macroscopic 
control volumes.

Let’s keep this 
example on

PAUSE
as we develop the 

mass-transfer 
model we need

Unsteady, 
Macroscopic, 
Species A Mass Balance

moles of  that flows into
the control volume 

between t and 

moles of  that flows out of the 
control volume between t and 

balance over 
time interval

introduction of moles of 
into the C.V. by mass transfer 

across the  bounding 
control surface  (C.S.)

net rate of production 
of moles of  in the C.V. by 
reaction, per unit volume

MOLES

Macroscopic 
control volume, 

C.V.

Unsteady Macroscopic Species  Mass Balance—Intro 

C.S.

C.V.

C.S. = control surface
C.V. = control volume

?
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Linear Driving Force 
(LDF) Model for Mass 

Transfer

Linear Driving Force Model for Mass Transfer

Gas 
I, A

interface

𝑦஺,௕௨௟௞

𝑦஺,௜

𝑦஺,௕௨௟௞ െ 𝑦஺,௜  

𝑁஺ ൌ 𝑘௬ 𝑦஺,௕௨௟௞ െ 𝑦஺,௜
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Consider a less 
idealized situation:

𝜌
డఠಲ

డ௧
൅ 𝑣പ ⋅ 𝛻𝜔஺ ൌ 𝜌𝐷஺஻𝛻ଶ𝜔஺ ൅ 𝑟஺

Both fluids 
are in motion Gas 

I, A
Liquid 

B

interface

𝑦஺,௕௨௟௞

𝑥஺,௕௨௟௞

𝑣പ in both phases is 
complicated, not zero

?

e.g. gas absorption

Bulk flow is 
present.

Bulk convection present—Linear-driving-force model 
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Consider a less 
idealized situation:

𝜌
డఠಲ

డ௧
൅ 𝑣പ ⋅ 𝛻𝜔஺ ൌ 𝜌𝐷஺஻𝛻ଶ𝜔஺ ൅ 𝑟஺

Both fluids 
are in motion Gas 

I, A
Liquid 

B

interface

𝑦஺,௕௨௟௞

𝑥஺,௕௨௟௞

WRF, Ch29 p 596

𝑣പ in both phases is 
complicated, not zero

What can 
we do?

e.g. gas absorption

?Bulk flow is 
present.

Bulk convection present—Linear-driving-force model 
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Remember Newton’s 
law of cooling?

homogeneous 
solid

bT

What is the flux at 
the wall?

bulk 
fluid 

What about this case?

What is the steady state temperature 
profile in a wide rectangular slab if one 
side is exposed to fluid at 𝑻𝒃?

𝑇௕ ് 𝑇௪௔௟௟

Example 2:  Heat flux in a rectangular solid – Fluid BC

CM3110

Heat Transfer 
review

Bulk convection present—Linear-driving-force model 
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homogeneous 
solid

bT

What is the flux at 
the wall?

bulk 
fluid 

What about this case?

What is the steady state temperature 
profile in a wide rectangular slab if one 
side is exposed to fluid at 𝑻𝒃?

Example 2:  Heat flux in a rectangular solid – Fluid BC

𝑣പ ൌ?

We’re interested in 
the 𝑇ሺ𝑥ሻ profile in the 
solid, but to know the 
BC, we need to know 
𝑣പሺ𝑥,𝑦, 𝑧ሻ in the fluid.

𝑇௕ ് 𝑇௪௔௟௟

CM3110

Remember Newton’s 
law of cooling?

Heat Transfer 
review

Bulk convection present—Linear-driving-force model 
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An Important Boundary Condition in Heat 
Transfer:  Newton’s Law of Cooling

homogeneous 
solid

bulk 
fluid 

bT

wallT

What is the flux at 
the wall?

𝑣പ 𝑥, 𝑦, 𝑧 ് 0

The 
fluid is 

in 
motion

We want an easier 
way to handle this 
common situation.

We’ll solve an 
idealized case, 

nondimensionalize, 
take data and 

correlate!

𝑇௕ ് 𝑇௪௔௟௟

CM3110

Remember Newton’s 
law of cooling?

Heat Transfer 
review

Bulk convection present—Linear-driving-force model 

This was a case of heat 
transfer to an interface (a 

fluid-solid interface).

16
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The flux at the wall is given by the 
empirical expression known as 
Newton’s Law of Cooling

This expression serves as 
the definition of the heat 
transfer coefficient.

𝒉 depends on:
•geometry
•fluid velocity field
•fluid properties
•temperature difference

homogeneous 
solid

bulk 
fluid 

bT

wallT

wallb TT  What is the flux at 
the wall?

𝑣പ 𝑥, 𝑦, 𝑧 ് 0

For now, we’ll “hand” you 
ℎ; later, you’ll get it from 
literature correlations.

Remember Newton’s 
law of cooling?

Newton’s law of 
cooling assumes the 

heat flux is 
proportional to the 

heat-transfer  
driving force, 𝚫𝑻𝒅𝒇

Δ𝑇ௗ௙ ൌ 𝑇௕௨௟௞ െ 𝑇௪௔௟௟

This is a linear-
driving-force model
for heat transfer at an 

interface

ൌ linear-driving-force model

Heat Transfer 
review

Bulk convection present—Linear-driving-force model 
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solid wallbulk fluid

The temperature difference at the fluid-wall interface is caused by 
complex phenomena that are lumped together into the heat transfer 

coefficient, h

𝑇ሺ𝑥ሻ 𝑇௕௨௟௞

𝑇௪௔௟௟

𝑇ሺ𝑥ሻ in solid

𝑇௕௨௟௞ െ 𝑇௪௔௟௟

𝑥𝑥௪௔௟௟

Remember Newton’s 
law of cooling?

With this model, 
we lump all the 

complexity in the 
bulk fluid phase 
into ℎ and use 

experimental data 
(data correlations 
for Nu) to get final 

numbers.

Heat Transfer 
review

Bulk convection present—Linear-driving-force model 
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Summary –

• Newton’s law of cooling is a linear-driving-force 
model for heat transfer at a boundary

• The “real” physics at the boundary is governed by 
the microscopic energy balance, but it’s too hard 
to solve

• We non-dimensionalize the governing equations 
for the problem of interest (e.g. forced convection, 
natural convection, boiling, condensation)

• This identifies the appropriate dimensionless 
numbers

• We take data and correlate using the 
dimensionless numbers

• 1/ℎ represents a “resistance” to heat transfer at 
the boundary

• Multiple resistances may be combined to yield an 
“overall” heat transfer coefficient 𝑈 that may be 
used in equipment design.

We can do the 
same with mass 

transfer coefficient: 
• linear-driving force model 
• dimensionless numbers
• correlations 
• overall mass-transfer 
coefficient

Heat transfer coefficient, 𝒉

The flux at the wall is given by the 
empirical expression known as 
Newton’s Law of Cooling

This expression serves as 
the definition of the heat 
transfer coefficient.

𝒉 depends on:
•geometry
•fluid velocity field
•fluid properties
•temperature difference

homogeneous 
solid

bulk 
fluid 

bT

wallT

wallb TT  What is the flux at 
the wall?

𝑣പ 𝑥, 𝑦, 𝑧 ് 0

For now, we’ll “hand” you 
ℎ; later, you’ll get it from 
literature correlations.

Heat Transfer 
review

Bulk convection present—Linear-driving-force model 
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We now do the same with 
mass transfer coefficient: 

• linear-driving force model 
•dimensionless numbers
• correlations 
•overall mass-transfer coefficient

The flux at the wall is given by the 
empirical expression known as 
Newton’s Law of Cooling

This expression serves as 
the definition of the heat 
transfer coefficient.

𝒉 depends on:
•geometry
•fluid velocity field
•fluid properties
•temperature difference

homogeneous 
solid

bulk 
fluid 

bT

wallT

wallb TT  What is the flux at 
the wall?

𝑣പ 𝑥, 𝑦, 𝑧 ് 0

For now, we’ll “hand” you 
ℎ; later, you’ll get it from 
literature correlations.

𝑁஺ ൌ 𝑘௬ 𝑦஺,௕௨௟௞ െ 𝑦஺,௜

This is a linear-driving-force model for 
mass transfer at an interface

This equation serves as the defining 
equation for mass transfer coefficient 
(based on gas mole fraction; there will 
be others with other units)  
(sorry about that)

Inspiration:

(set signs by the situation)

Bulk convection present—Linear-driving-force model 

Summary –

• Newton’s law of cooling is a linear-driving-force 
model for heat transfer at a boundary

• The “real” physics at the boundary is governed by 
the microscopic energy balance, but it’s too hard 
to solve

• We non-dimensionalize the governing equations 
for the problem of interest (e.g. forced convection, 
natural convection, boiling, condensation)

• This identifies the appropriate dimensionless 
numbers

• We take data and correlate using the 
dimensionless numbers

• ℎ represents a “resistance” to heat transfer at the 
boundary

• Multiple resistances may be combined to yield an 
“overall” heat transfer coefficient 𝑈 that may be 
used in equipment design.

Heat transfer coefficient, 𝒉

1/ℎ

20
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For mass transfer:

Gas 
I, A

interface

𝑦஺,௕௨௟௞

WRF, Ch29 p 596

𝑦஺,௜

𝑦஺,௕௨௟௞ െ 𝑦஺,௜ 

Linear-driving-force model: the 
flux of 𝐴 from the bulk in the gas is 
proportional to the difference 
between the bulk composition and 
the composition at the interface.

𝑁஺ ൌ 𝑘௬ 𝑦஺,௕௨௟௞ െ 𝑦஺,௜
This is the defining equation for 
the mass-transfer coefficient, 𝑘௬

Bulk convection present—Linear-driving-force model 
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Linear-driving-force model: the flux of 𝐴 from the bulk in the gas is 
proportional to the difference between the bulk composition and the 
composition at the interface.

𝑁஺ ൌ 𝑘௬ 𝑦஺,௕௨௟௞ െ 𝑦஺,௜ 𝑘௬ ൌ
௠௢௟௘௦ ஺

௖௠మ ௦

𝑁஺ ൌ 𝑘௖ 𝑐஺,௕௨௟௞ െ 𝑐஺,௜ 𝑘௖ ൌ
௖௠

 ௦

𝑁஺ ൌ
௞೎
ோ்

𝑝஺,௕௨௟௞ െ 𝑝஺,௜

The defining equations for the 
mass-transfer coefficients:

(gases)

(sometimes called 
“diffusion velocity”)

Bulk convection present—Linear-driving-force model 

The driving-force : is a composition 
difference between the bulk the interface.

These “film 
coefficients” are 
based on mass 
transfer to the 

interface

22
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Linear-driving-force model (film coefficients): the flux of 𝐴 from the bulk 
in the gas is proportional to the difference between the bulk composition and 
the composition at the interface.

The defining equations for the 
film mass-transfer coefficients:

Bulk convection present- Linear-driving-force model 

There are numerous concentration 
units in use (practical consideration)
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concentrated regime
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Let’s take these 
tools out for a spin!

Overall Mass-Transfer Coefficient

Liquid-phase-units
Film Linear driving 
force model:

Gas-phase-units:  
Film Linear driving force 
model:

Liquid-phase-units
Overall Linear driving 
force model:

Gas-phase-units:  
Overall Linear driving 
force model:

𝐾௬ ൌ
1

1
𝑘௬

൅𝑚ᇱ

𝑘௫

𝐾௫ ൌ
1

1
𝑘௫

൅ 1
𝑚ᇱᇱ𝑘௬ , etc., 

Warning:  
There’s 
even more 
complexity 
coming

24
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For mass transfer:

Gas 
I, A

interface

𝑦஺,௕௨௟௞

Linear-driving-force model 

𝑦஺,௜

𝑦஺,௕௨௟௞ െ 𝑦஺,௜  

Linear-driving-force model: the flux 
of 𝐴 from the bulk in the gas is 
proportional to the difference 
between the bulk composition and 
the composition at the interface.

𝑁஺ ൌ 𝑘௬ 𝑦஺,௕௨௟௞ െ 𝑦஺,௜
This is the defining equation for 
the mass transfer coefficient, 𝑘௬

Let’s take it out for a 
spin with some 
familiar solutions.

With this method, we do not model the details of the diffusion and 
convection in the gas.

Instead, we propose that the net effect is that flux is proportional to 
the mass-transfer driving force Δ𝑦஺ (or Δ𝑐஺ or Δ𝑝஺)

Bulk convection present—Linear-driving-force model 
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Example 7:  Bone dry air and liquid water (water volume ൌ 0.80 𝑙𝑖𝑡𝑒𝑟𝑠) are 
introduced into a closed container (cross sectional area ൌ 150 𝑐𝑚ଶ; total 
volume ൌ 19.2 𝑙𝑖𝑡𝑒𝑟𝑠).  Both air and water are at 25௢𝐶, ~1.0 𝑎𝑡𝑚 throughout 
this scenario.  Three minutes after the air and water are placed in the closed 
container, the vapor is found to be 5.0% saturated with water vapor.  What is 
the mass transfer coefficient for the water transferring from the liquid to the 
gas?  How long will it take for the gas to become 90% saturated with water?

Cussler, p239, FAM v54 p59 25

air, then 
air + water

𝐻ଶ𝑂

Unsteady Macroscopic Species 𝐴Mass Balance

closed 
container

© Faith A. Morrison, Michigan Tech U.
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What is our model?

(our assumptions)

Example:  Bone dry air and liquid water (water volume ൌ 0.80 𝑙𝑖𝑡𝑒𝑟𝑠) are 
introduced into a closed container (cross sectional area ൌ 150 𝑐𝑚ଶ; total 
volume ൌ 19.2 𝑙𝑖𝑡𝑒𝑟𝑠).  Both air and water are at 25௢𝐶 throughout this 
scenario.  Three minutes after the air and water are placed in the closed 
container, the vapor is found to be 5.0% saturated with water vapor.  What is 
the mass transfer coefficient for the water transferring from the liquid to the 
gas?  How long will it take for the gas to become 90% saturated with water?

air, then 
air + water

𝐻ଶ𝑂

Unsteady Macroscopic Species 𝐴 Mass Balance

closed 
container

Unsteady Macroscopic Species 𝐴Mass Balance

1. Control volume ൌ
2.

Example 7
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moles of  that flows into
the control volume 

between t and 

moles of  that flows out of the 
control volume between t and 

introduction of moles of 
into the C.V. by mass transfer 

across the  bounding 
control surface  (C.S.)

net rate of production 
of moles of  in the C.V. by 
reaction, per unit volume

C.V.

© Faith A. Morrison, Michigan Tech U.
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𝑑
𝑑𝑡

ℳ஺,௦௬௦ ൌ െΔℳሶ ஺ ൅ 𝑅஺𝑉௦௬௦ െ෍ 𝑁஺𝑆 ௝
௝

accumulation ൌ net flow in + production + introduction

Δ is “out”‐ “in”
C.S. = control surface
C.V. = control volume

ℳ஺,௦௬௦ ൌ 𝑐஺𝑉௦௬௦ ൌ total moles of 𝐴 in the C.V.

Δℳሶ ஺ ൌ ∑ ℳሶ ஺,௝ െ ∑ ℳሶ ஺,௝ ௝,௜௡௦௝,௢௨௧௦ ൌ bulk out 

𝑅஺ ൌ net rate of production of moles of 𝐴 in the 
C.V. by reaction, per unit volume

𝑉௦௬௦ ൌ system volume

𝑁஺ೕ ൌ 𝐾Δ𝑐ௗ௙ ൌmolar flux of 𝐴 out through the 

𝑗௧௛ C.S.

MOLES

𝑆௦௬௦ ൌ ∑ 𝑆௝௝

Unsteady Macroscopic Species 𝐴Mass Balance

© Faith A. Morrison, Michigan Tech U.
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𝑑
𝑑𝑡

ℳ஺,௦௬௦ ൌ െΔℳሶ ஺ ൅ 𝑅஺𝑉௦௬௦ െ෍ 𝑁஺𝑆 ௝
௝

accumulation ൌ net flow in + production + introduction

ℳ஺,௦௬௦ ൌ 𝑐஺𝑉௦௬௦ ൌ total moles of 𝐴 in the C.V.

Δℳሶ ஺ ൌ ∑ ℳሶ ஺,௝ െ ∑ ℳሶ ஺,௝ ௝,௜௡௦௝,௢௨௧௦ ൌ bulk out 

𝑅஺ ൌ net rate of production of moles of 𝐴 in the 
C.V. by reaction, per unit volume

𝑉௦௬௦ ൌ system volume

𝑁஺ೕ ൌ 𝐾Δ𝑐ௗ௙ ൌmolar flux of 𝐴 out through the 

𝑗௧௛ C.S.

MOLES
Unsteady Macroscopic Species 𝐴Mass Balance

The choice of the 
“system,” i.e. of the 
control volume, is an 
important first step.

(think “source” 
and “sink”)

moles of  that flows into
the control volume 

between t and 

moles of  that flows out of the 
control volume between t and 

introduction of moles of 
into the C.V. by mass transfer 

across the  bounding 
control surface  (C.S.)

net rate of production 
of moles of  in the C.V. by 
reaction, per unit volume

C.V.
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Solution:

Unsteady Macroscopic Species 𝐴Mass Balance

𝑘௖ ൌ 3.4 ൈ 10ିଶ𝑐𝑚/𝑠

𝑐஺
𝑐஺
∗ ൌ 1 െ 𝑒

ି
௞೎ௌ
௏೒ೌೞ

௧

𝑡 ൌ 2.3 ℎ𝑜𝑢𝑟𝑠

Example:  Bone dry air and liquid water (water volume ൌ 0.80 𝑙𝑖𝑡𝑒𝑟𝑠) are 
introduced into a closed container (cross sectional area ൌ 150 𝑐𝑚ଶ; total 
volume ൌ 19.2 𝑙𝑖𝑡𝑒𝑟𝑠).  Both air and water are at 25௢𝐶 throughout this 
scenario.  Three minutes after the air and water are placed in the closed 
container, the vapor is found to be 5.0% saturated with water vapor.  What is 
the mass transfer coefficient for the water transferring from the liquid to the 
gas?  How long will it take for the gas to become 90% saturated with water?

air, then 
air + water

𝐻ଶ𝑂

Unsteady Macroscopic Species 𝐴 Mass Balance

closed 
container

(mass transfer coefficient for 
evaporating water)

Homework 4.13

Example 7

© Faith A. Morrison, Michigan Tech U.

Example 8:  Flow through a packed bed of soluble spherical pellets. 

liquid 
water

aqueous 
solution with 

dissolved 
benzoic acid

Two-centimeter diameter spheres of benzoic acid (soluble in water) 
are packed into a bed as shown.  The spheres have 23 𝑐𝑚ଶ of 
surface area per 𝑐𝑚ଷ volume of bed.  What is the mass transfer 
coefficient when pure water flowing in (“superficial velocity”ൌ
5.0 𝑐𝑚/𝑠) exits 62% saturated with benzoic acid?  

30Cussler, p240, FAM v54 p63

2.0𝑐𝑚

1.0 ൈ 10ଶ𝑐𝑚

Unsteady Macroscopic Species 𝐴Mass Balance
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What is our model?

(our assumptions)

Unsteady Macroscopic Species 𝐴Mass Balance

Example:  Flow through a packed bed of soluble spherical pellets. 

liquid 
water

aqueous 
solution with 

dissolved 
benzoic acid

Two centimeter diameter spheres of benzoic acid (soluble in water) 
are packed into a bed as shown.  The spheres have 23 𝑐𝑚ଶ of 
surface area per 𝑐𝑚ଷ volume of bed.  What is the mass transfer 
coefficient when pure water flowing in (“superficial velocity”ൌ
5.0 𝑐𝑚/𝑠) exits 62% saturated with benzoic acid?

2.0𝑐𝑚

1.0ൈ 10ଶ𝑐𝑚

Unsteady Macroscopic Species 𝐴Mass Balance

1. Control volume ൌ
2.

Example 8

(dissolving benzoic acid in packed 
bed, pseudo steady state)

© Faith A. Morrison, Michigan Tech U.
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Solution:

Unsteady Macroscopic Species 𝐴Mass Balance

Example:  Flow through a packed bed of soluble spherical pellets. 

liquid 
water

aqueous 
solution with 

dissolved 
benzoic acid

Two centimeter diameter spheres of benzoic acid (soluble in water) 
are packed into a bed as shown.  The spheres have 23 𝑐𝑚ଶ of 
surface area per 𝑐𝑚ଷ volume of bed.  What is the mass transfer 
coefficient when pure water flowing in (“superficial velocity”ൌ
5.0 𝑐𝑚/𝑠) exits 62% saturated with benzoic acid?

2.0𝑐𝑚

1.0ൈ 10ଶ𝑐𝑚

Unsteady Macroscopic Species 𝐴Mass Balance

𝑘௖ ൌ
𝑣଴

𝑎𝐿
െ ln 1 െ

𝑐஺௅
𝑐஺
∗

𝑘௖ ൌ 2.1 ൈ 10ିଷ𝑐𝑚/𝑠

Homework 4.12

Example 8
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Gas 
𝐵

edge of gas 
“film” layer

Example 9:  The film model of 1D steady diffusion yields a composition 
distribution and an expression for the flux.  What is the mass-transfer 
coefficient in the film model?

Liquid 
𝐴

interface 
with liquid 𝐴

𝑥஺ ൌ 1

𝑧 ൌ 0 

𝑧ଵ 𝑧ଶ 

(we use 𝑥 for liquid 
and 𝑦 for gas mole 

fractions)

𝑦஺ሺ𝑧ሻ

flux of A

𝑧

Bulk convection present—Linear-driving-force model 

Gas 
𝐵

edge of gas 
“film” layer

Liquid 
𝐴

interface 
with liquid 𝐴

𝑥஺ ൌ 1

𝑧 ൌ 0 

𝑧ଵ  𝑧ଶ 

𝑦஺ሺ𝑧ሻ

flux of A

𝑧

34
© Faith A. Morrison, Michigan Tech U.

Example 9:  The film model of 1D steady diffusion yields a composition 
distribution and an expression for the flux.  What is the mass-transfer 
coefficient in the film model?

You try.

Bulk convection present—Linear-driving-force model 
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Example 9:  The film model of 1D steady diffusion yields a composition 
distribution and an expression for the flux.  What is the mass-transfer 
coefficient in the film model?

Gas 
𝐵

edge of 
“film” layer

𝑦஺,௕௨௟௞ ൌ 𝑦஺ଶ

𝑦஺,௜ ൌ 𝑦஺ଵ

𝑦஺௜ െ 𝑦஺,௕௨௟௞

Liquid 
𝐴

interface 
with liquid 𝐴

𝑥஺ ൌ 1

𝑧 ൌ 0 

𝑧ଵ 𝑧ଶ 

𝑦஺ሺ𝑧ሻ

flux of A

𝑧

𝑦஺ ൌ 𝑦஺,௕௨௟௞

𝑘௬ ൌ
𝑐𝐷஺஻
𝛿

ln
𝑦஻ଶ
𝑦஻ଵ

𝑦஻ଶ െ 𝑦஻ଵ

𝑦஻೗೘ ≡
𝑦஻ଶ െ 𝑦஻ଵ

ln
𝑦஻ଶ
𝑦஻ଵ

𝑘௬ ൌ
𝑐𝐷஺஻

𝛿 𝑦஻೗೘

Solution:

Film model prediction for 
mass-transfer coefficient

(dilute)

Bulk convection present—Linear-driving-force model 
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Example 9:  The film model of 1D steady diffusion yields a composition 
distribution and an expression for the flux.  What is the mass-transfer 
coefficient in the film model?

Gas 
𝐵

edge of 
“film” layer

𝑦஺,௕௨௟௞ ൌ 𝑦஺ଶ

𝑦஺,௜ ൌ 𝑦஺ଵ

𝑦஺௜ െ 𝑦஺,௕௨௟௞

Liquid 
𝐴

interface 
with liquid 𝐴

𝑥஺ ൌ 1

𝑧 ൌ 0 

𝑧ଵ 𝑧ଶ 

𝑦஺ሺ𝑧ሻ

flux of A

𝑧

𝑦஺ ൌ 𝑦஺,௕௨௟௞

𝑘௬ ൌ
𝑐𝐷஺஻
𝛿

ln
𝑦஻ଶ
𝑦஻ଵ

𝑦஻ଶ െ 𝑦஻ଵ

𝑦஻೗೘ ≡
𝑦஻ଶ െ 𝑦஻ଵ

ln
𝑦஻ଶ
𝑦஻ଵ

𝑘௬ ൌ
𝑐𝐷஺஻

𝛿 𝑦஻೗೘

Solution:

Film model prediction for 
mass-transfer coefficient

(non-dilute)

Bulk convection present—Linear-driving-force model 
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The film model for 𝑥஺ଵ ൌ 0.0728, 𝑥஺ଶ ൌ 0.02

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x Bx A

z

dilute
xA

xB

37
© Faith A. Morrison, Michigan Tech U.

𝑧ଵ 𝑧ଶ

𝑧

Dilute

(see Example 1)

1 െ 𝑥஺
1 െ 𝑥஺ଵ 

ൌ
1 െ 𝑥஺ଵ 

1 െ 𝑥஺ଶ 

௭ି௭భ
௭భି௭మ

film model:

0.3 ൑ 𝑧 ൑ 1.0

D
IL

U
T

E
   

 D
IL

U
T

E
D

IL
U

T
E

Bulk convection present—Linear-driving-force model 

The film model for 𝑥஺ଵ ൌ 0.8000, 𝑥஺ଶ ൌ 0.10

38
© Faith A. Morrison, Michigan Tech U.

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x Bx A

z

non‐dilute
xA

xB

𝑧ଵ 𝑧ଶ

𝑧

1 െ 𝑥஺
1 െ 𝑥஺ଵ 

ൌ
1 െ 𝑥஺ଵ 

1 െ 𝑥஺ଶ 

௭ି௭భ
௭భି௭మ

film model:

Non-Dilute
0.3 ൑ 𝑧 ൑ 1.0

N
O

T
 D

IL
U

T
E

(Example 9)

Bulk convection present—Linear-driving-force model 



Module 4, Lecture IV 3/29/2021

20

39
© Faith A. Morrison, Michigan Tech U.

𝑘௖ ൌ
𝑃𝐷஺஻

𝛿 𝑃஻೗೘

For gases we often use 
concentration units and 
assume ideal gas:

Film model prediction for 
mass transfer coefficient

WRF, Ch26 p 492

𝑁஺ ൌ 𝑘௬ 𝑦஺,௕௨௟௞ െ 𝑦஺,௜

Mass-transfer coefficient 
for film model

We used mole fraction units:

𝑁஺ ൌ 𝑘௖ 𝑐஺,௕௨௟௞ െ 𝑐஺,௜

𝑐 ൌ
𝑛
𝑉
ൌ

𝑃
𝑅𝑇

…

WRF eqn 26-9

Example:  The film model of 1D steady diffusion 
yields a composition distribution and an 
expression for the flux.  What is the mass-
transfer coefficient in the film model?

Gas 
𝐵

edge of 
“film” layer

𝑦஺,௕௨௟௞ ൌ 𝑦஺ଶ

𝑦஺,௜ ൌ 𝑦஺ଵ

𝑦஺௜ െ 𝑦஺,௕௨௟௞

Liquid 
𝐴

interface 
with liquid 𝐴

𝑥஺ ൌ 1

𝑧 ൌ 0 

𝑧ଵ 𝑧ଶ 

𝑦஺ሺ𝑧ሻ

flux of A

𝑧

𝑦஺ ൌ 𝑦஺ ,௕௨௟௞

(dilute)

𝑘௖ ∝ 𝐷஺஻

film model

Bulk convection present—Linear-driving-force model 

40
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Gas 
𝐼,𝐴

edge of liquid 
“film” layer

Example 10:  The penetration model of 1D steady diffusion yields a 
composition distribution and an expression for the flux.  What is the mass-
transfer coefficient in the penetration model?

Liquid 
𝐵

interface 
with liquid 𝐵 𝑧 ൌ 0 𝛿

(we use 𝑥 for liquid 
and 𝑦 for gas mole 

fractions)flux of A

𝑧

Bulk convection present—Linear-driving-force model 
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Example 10:  The penetration model of 1D steady diffusion yields a 
composition distribution and an expression for the flux.  What is the mass-
transfer coefficient in the penetration model?

Gas 
𝐼,𝐴

edge of liquid 
“film” layer

Liquid 
𝐵

interface 
with liquid 𝐵 𝑧 ൌ 0 𝛿

flux of A

𝑧

You try.

Bulk convection present—Linear-driving-force model 
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Example 10:  The penetration model of 1D steady diffusion yields a 
composition distribution and an expression for the flux.  What is the mass-
transfer coefficient in the penetration model?

Gas 
𝐼,𝐴

edge of liquid 
“film” layer

𝑥஺,௕௨௟௞ ൌ 0

𝑥஺,௜ ൌ 𝑥஺଴

𝑥஺௜ െ 𝑥஺,௕௨௟௞

Liquid 
𝐵

interface 
with liquid 𝐵 𝑧 ൌ 0

𝑥஺ ൌ 𝑥஺଴ 
𝛿

𝑥஺ሺ𝑧ሻ

flux of A

𝑧

𝑥஺,௕௨௟௞ ൌ 0

𝑁஺ ൌ
𝐷஺஻𝑐஺଴
𝛿

𝛿 𝑘ଵ/𝐷஺஻
tanh 𝛿 𝑘ଵ/𝐷஺஻

ൌ 𝑘௖ 𝑐஺଴ െ 0

𝑘௖ ൌ
𝐷஺஻
𝛿

𝛿 𝑘ଵ/𝐷஺஻
tanh 𝛿 𝑘ଵ/𝐷஺஻

Solution:

Penetration model prediction 
for mass transfer coefficient

As 𝑘ଵbecomes large,

𝑘௖ ൌ 𝑘ଵ𝐷஺஻ Penetration model prediction for 
mass transfer coefficient, large 𝑘ଵ

𝑘௖ ∝ 𝐷஺஻

ଵ
ଶ

penetration model

Bulk convection present—Linear-driving-force model 
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Predicting Mass Transfer Coefficients

Mass transfer coefficient is an alternative to the 
diffusion coefficient as a way to quantify mass transfer.

• Diffusion coefficient is a material property
• Mass transfer coefficient is a scenario property

We can assess the accuracy of models (for a system) by 
measuring the dependence of 𝑘௖ on 𝒟஺஻ .

44
© Faith A. Morrison, Michigan Tech U.

Mass transfer to an interface

Summary For mass transfer:

Gas 
I, A

interface

Linear-driving-force model: the 
flux of from the bulk in the gas is 
proportional to the difference 
between the bulk composition and 
the composition at the interface.

This is the defining equation for 
the mass-transfer coefficient, 

Bulk convection present—Linear-driving-force model 

• Flux to the interface = mass 
transfer coefficient ൈ
concentration-difference 
driving force

• Various units are in use

• Readily incorporated into 
macroscopic balances

• Film coefficients 𝑘௫, 𝑘௬, 𝑘௖
determined experimentally

• 𝒟஺஻ models can be evaluated 
through 𝑘௫ measurements

𝑁஺ ൌ 𝑘௬ 𝑦஺,௕௨௟௞ െ 𝑦஺,௜ 𝑘௬ ൌ
௠௢௟௘௦ ஺

௖௠మ ௦

𝑁஺ ൌ 𝑘௖ 𝑐஺,௕௨௟௞ െ 𝑐஺,௜ 𝑘௖ ൌ
௖௠

 ௦

𝑁஺ ൌ
௞೎
ோ்

𝑝஺,௕௨௟௞ െ 𝑝஺,௜


