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Diffusion and Mass Transfer II

I. Classic diffusion and mass transfer:  d) EMCD
II. Classic diffusion and mass transfer:  e) Penetration model
III. Unsteady macroscopic species A mass balances (Intro)
IV. Interphase species A mass transfers—To an interface—𝑘௫,𝑘௖ , 𝑘௣
V. Unsteady macroscopic species A mass balances (Redux)
VI. Interphase species A mass transfers—Across multiple 

resistances—𝐾௅,𝐾ீ
VII. Dimensional analysis
VIII. Data correlations
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CM3110 
Transport II
Part II:  Diffusion and Mass Transfer

Unsteady State 
Microscopic Solutions to 

Diffusion Problems

Unsteady Macroscopic Species 𝐴Mass Balance

Initial condition:

Boundary  conditions:

Unsteady State Diffusion in a 
Semi‐Infinite Slab

𝑡 ൌ 0 𝑐஺ ൌ 𝑐஺଴ ∀  𝑧

Unsteady State Mass Transport

𝑧

𝑂ଶ

𝐻ଶ𝑂

𝑧 ൌ 0

𝑂ଶ

𝐻ଶ𝑂
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Example 14:  A very long, very wide tank of water is suddenly exposed to 
oxygen atmosphere.  Oxygen diffuses into the water.  What is the 
concentration profile of the oxygen in the water as a function of time?

𝑧

𝑂ଶ

𝐻ଶ𝑂

𝑧 ൌ 0

WRF, p534 4

Unsteady State Mass Transport

𝑂ଶ

𝐻ଶ𝑂
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Example 14:  A very long, very wide tank of water is suddenly exposed to 
oxygen atmosphere.  Oxygen diffuses into the water.  What is the 
concentration profile of the oxygen in the water as a function of time?

5

Unsteady State Mass Transport

You try.

WRF, p534

𝑧

𝑂ଶ

𝐻ଶ𝑂

𝑧 ൌ 0

𝑂ଶ

𝐻ଶ𝑂
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Which microscopic species 
A mass balance is best for 
solving the model?

𝑧

𝑂ଶ

𝐻ଶ𝑂

𝑧 ൌ 0

𝑂ଶ

𝐻ଶ𝑂

Unsteady State Mass Transport
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𝜕𝑐஺
𝜕𝑡

ൌ 𝒟஺஻
𝜕ଶ𝑐஺
𝜕𝑧ଶ

Initial condition:

Boundary  conditions:

Unsteady State Diffusion in a 
Semi‐Infinite Slab

© Faith A. Morrison, Michigan Tech U.
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𝑥 ൌ 0 𝑐஺ ൌ 𝑐஺௦ 𝑡 ൐ 0

𝑥 ൌ ∞      𝑐஺ൌ 𝑐஺଴ ∀ 𝑡

𝑡 ൌ 0 𝑐஺ ൌ 𝑐஺଴ ∀  𝑧

Unsteady State Mass Transport

WRF, p534

𝑧

𝑂ଶ

𝐻ଶ𝑂

𝑧 ൌ 0

𝑂ଶ

𝐻ଶ𝑂

The “diffusion 
equation”

© Faith A. Morrison, Michigan Tech U.
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We’ve seen this mathematics 
problem before.

Unsteady State Heat Transfer:  Lecture 6 Earlier ….
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Example 1: Unsteady Heat Conduction in a Semi‐infinite solid

A very long, very wide, very tall slab is initially at a temperature 
𝑇଴.  At time 𝑡 ൌ  0, the left face of the slab is exposed to a 
vigorously mixed gas at temperature 𝑇ଵ.  What is the time‐
dependent temperature profile in the slab?

© Faith A. Morrison, Michigan Tech U.
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Develop a model:

Unsteady State Heat Transfer:  Lecture 6 Earlier ….

𝜕𝑇
𝜕𝑡

ൌ
𝑘

𝜌𝐶መ௣

𝜕ଶ𝑇
𝜕𝑥ଶ

ൌ 𝛼
𝜕ଶ𝑇
𝜕𝑥ଶ

Initial condition:

Boundary  conditions:

Unsteady State Heat 
Conduction in a Semi‐Infinite 
Slab

© Faith A. Morrison, Michigan Tech U.
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x

y

oTT
t

 0

oTT
t

 0

1

0
TT

t

 0

( , )

t

T T x t




x

y

thermal 
diffusivity

𝛼 ≡
𝑘

𝜌𝐶መ௣

𝑥 ൌ 0
𝑞௫
𝐴
ൌ െ𝑘

𝑑𝑇
𝑑𝑥

ൌ ℎ 𝑇ଵ െ 𝑇 𝑡 ൐ 0

𝑥 ൌ ∞ 𝑇 ൌ 𝑇଴ ∀ 𝑡

𝑡 ൌ 0 𝑇 ൌ 𝑇଴ ∀  𝑥

Unsteady State Heat Transfer:  Lecture 6 Earlier ….
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Initial condition:

Boundary  conditions:

Unsteady State Heat 
Conduction in a Semi‐Infinite 
Slab x

y

oTT
t

 0

oTT
t

 0

1

0
TT

t

 0

( , )

t

T T x t




x

y

thermal 
diffusivity

𝛼 ≡
𝑘

𝜌𝐶መ௣

𝑡 ൌ 0 𝑇 ൌ 𝑇଴ ∀  𝑥

Unsteady State Heat Transfer:   Lecture 6

Initial condition:

Boundary  conditions:

Unsteady State Diffusion in a 
Semi‐Infinite Slab

𝑡 ൌ 0 𝑐஺ ൌ 𝑐஺଴ ∀  𝑧

Unsteady State Mass Transport

𝑧

𝑂ଶ

𝐻ଶ𝑂

𝑧 ൌ 0

𝑂ଶ

𝐻ଶ𝑂

Unsteady State Mass Transport

The mathematics of unsteady state mass transfer is, in many cases, 
directly analogous to problems in unsteady state heat transfer.

We do not need to solve the differential equations again; just re‐use the 
solutions, including Heissler charts.  Provided BC and IC are the same.

(For the pipe‐freezing problem we did the Newton’s law of cooling 
BC case, but the soln with temperature BCs is in the literature too.)

© Faith A. Morrison, Michigan Tech U.
12

Unsteady State Mass Transport

The mathematics of unsteady state mass
transfer is, in many cases, directly analogous 
to problems in unsteady state heat transfer.

We do not need to solve the differential 
equations again; we can just re‐use the 
solutions (including Heisler charts).
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𝑐஺௦ െ 𝑐஺
𝑐஺௦ െ 𝑐஺଴

ൌ erfc
𝑧

2 𝐷஺஻𝑡
ൌ erfc 𝜁

𝜁 ≡
𝑧

2 𝐷஺஻𝑡

𝑶𝟐 Diffusion 
Solution:

Unsteady State Mass Transport

The oxygen concentration as a function of 
time and depth into the water is given by 
(adapted from the heat‐transfer solution, 
by analogy):

Initial condition:

Boundary  conditions:

Unsteady State Diffusion in a 
Semi‐Infinite Slab

𝑡 ൌ 0 𝑐஺ ൌ 𝑐஺଴ ∀  𝑧

Unsteady State Mass Transport

𝑧

𝑂ଶ

𝐻ଶ𝑂

𝑧 ൌ 0

𝑂ଶ

𝐻ଶ𝑂
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3

CA0= 0.005 mol/cm
3

(arbitrary numbers)

time, 𝑠:

Example 14

𝜕𝜔஺
𝜕𝑡

൅ 𝑣പ ⋅ 𝛻𝜔஺ ൌ 𝒟஺஻𝛻ଶ𝜔஺ ൅ 𝑟஺

       
𝜕𝑇
𝜕𝑡

   ൅ 𝑣പ ⋅ 𝛻𝑇  ൌ      𝛼𝛻ଶ𝑇   ൅ 𝑆௘
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Summary of Unsteady Diffusion:
Unsteady State Mass Transport

The microscopic balances of energy and mass of species A are 
quite similar mathematically:

Some of the boundary conditions are also similar, e.g.:
𝑡 ൌ 0 𝑇 or 𝜔஺ ൌ known value

𝑧 ൌ 0,∞ 𝑇 or 𝜔஺ ൌ known value

𝑧 ൌ 0,∞
డ்

డ௭
or 

డఠಲ

డ௭
ൌ known value

𝑧 ൌ 𝑧ଵ
డ்

డ௭
or 

డఠಲ

డ௭
ൌ linear driving force expression (ℎ or 𝑘௖)

Literature results for heat transfer can be 
repurposed for species 𝐴mass transfer

Intuition for heat transfer is plausible to use for 
species 𝐴mass transfer
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Now that we have solved an idealized problem of a 
system of interest (mass transfer of species A in a 

semi-infinite slab) we can pursue the dimensionless 
groups to use in creating data correlations

Dimensional analysis and data correlations

© Faith A. Morrison, Michigan Tech U.
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What do we do to understand complex flows?

Same strategy as:

• Turbulent tube flow 

• Noncircular conduits

• Drag on obstacles

• Boundary Layers

1. Find a simple problem that 
allows us to identify the physics

2. Nondimensionalize

3. Explore that problem

4. Take data and correlate

5. Solve real problems

Solve Real Problems.

Powerful.

heat transfer?
mass transfer?

• Forced‐convection heat 
transfer coefficients

• Natural‐convection heat 
transfer coefficients

• Problems with multiple 
kinds of physics

h
ea

t 
tr

an
sf

er
fl

o
w

s
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What do we do to understand complex flows?

Same strategy as:

• Turbulent tube flow 

• Noncircular conduits

• Drag on obstacles

• Boundary Layers

Solve Real Problems.  Powerful.
heat transfer?

mass transfer?

• Forced‐convection heat 
transfer coefficients

• Natural‐convection heat 
transfer coefficients

• Problems with multiple 
kinds of physics

h
ea

t 
tr

an
sf

er
fl

o
w

s

• From fluid to plate

• To a falling film

• In pipes and ducts

• Past submerged objects

• To/from bubbles, drops

• In agitated systems

• In fixed and fluidized beds

• In packed 2‐phase 
contactors (absorption, 
distillation, cooling 
towers)

M
as

s 
tr

an
sf

er

© Faith A. Morrison, Michigan Tech U.
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Dimensional Analysis in Mass Transfer

Let’s review our review of dimensional analysis…
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z-component of the Navier-Stokes Equation:











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 

































2

2

2

2

2

11

Choose:

D = characteristic length
V = characteristic velocity
D/V = characteristic time
𝝆𝑽𝟐 = characteristic pressure

• Choose “typical” values (scale factors)
• Use them to scale the equations
• Deduce which terms dominate

Forced Convection 
Heat Transfer

CM3110 
REVIEW

Pipe flow

© Faith A. Morrison, Michigan Tech U.
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Dimensional Analysis in Mass Transfer Review of dimensional analysis

Choose “typical” or “characteristic” values; can only know if they 
are the right choices if the D.A. works.

st
ea

d
y 

h
ea

t 
tr

an
sf

er

Choose 
“characteristic” 

values

CM3120 module 2

st
ea

d
y 

h
ea

t 
tr

an
sf

er

V

v
v z
z 
*

non-dimensional variables:

D

tV
t *

D

z
z *

D

r
r *

2
*

V

P
P




g

g
g z
z 
*

time: position: velocity:
driving 
force:

V

v
v r
r 
*

V

v
v 
 
*

Forced Convection 
Heat Transfer

CM3110 
REVIEW

• Choose “typical” values (scale factors)
• Use them to scale the equations
• Deduce which terms dominate

Pipe flow

© Faith A. Morrison, Michigan Tech U.
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Dimensional Analysis in Mass Transfer Review of dimensional analysis

Choose 
“characteristic” 

values

Choose “typical” or “characteristic” values; can only know if they 
are the right choices if the D.A. works.

CM3120 module 2
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V

v
v z
z 
*

non-dimensional variables:

D

tV
t *

D

z
z *

D

r
r *

2
*

V

P
P




g

g
g z
z 
*

time: position: velocity:
driving 
force:

V

v
v r
r 
*

V

v
v 
 
*

Forced Convection 
Heat Transfer

CM3110 
REVIEW

• Choose “typical” values (scale factors)
• Use them to scale the equations
• Deduce which terms dominate

Pipe flow

© Faith A. Morrison, Michigan Tech U.
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Dimensional Analysis in Mass Transfer Review of dimensional analysis

Oops, re‐used the “*” notation; here
it is dimensionless variable, not

molar average velocity

Choose 
“characteristic” 

values

CM3120 module 2

Microscopic energy balance:

Forced Convection 
Heat Transfer

CM3110 
REVIEW

non-dimensional variables:

position:

 o
o

TT
TT

T




1

*

temperature:

Choose:
𝑇 െuse a 

characteristic 
interval (since 
distance from T ൌ
0𝐾 is not part of this 
physics)

𝑆 െ use a reference 
source, 𝑆଴

source:

Energy

𝜌𝐶መ௣
𝜕𝑇
𝜕𝑡

൅ 𝑣௥
𝜕𝑇
𝜕𝑟

൅
𝑣ఏ
𝑟
𝜕𝑇
𝜕𝜃

൅ 𝑣௭
𝜕𝑇
𝜕𝑧

ൌ 𝑘
1
𝑟
𝜕
𝜕𝑟

𝑟
𝜕𝑇
𝜕𝑟

൅
1
𝑟ଶ
𝜕ଶ𝑇
𝜕𝜃ଶ

൅
𝜕ଶ𝑇
𝜕𝑧ଶ

൅ 𝑆

𝑆଴ ≡
భ்ି బ் ௏ఘ஼መ೛

஽
ൌ ௐ

௠మ

© Faith A. Morrison, Michigan Tech U.
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Dimensional Analysis in Mass Transfer Review of dimensional analysis

st
ea

d
y 

h
ea

t 
tr

an
sf

er

Choose “typical” or “characteristic” values; can only know if they 
are the right choices if the D.A. works.

CM3120 module 2
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𝜕𝑇∗

𝜕𝑡∗
൅ 𝑣௥

∗ 𝜕𝑇
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𝜕𝑟∗
൅
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൅
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Non-dimensional Energy Equation

Non-dimensional Navier-Stokes Equation
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Non-dimensional Continuity Equation
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Pe PrRe pC VD
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ˆ
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k


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Complex Heat Transfer – Dimensional Analysis CM3110 
REVIEW

𝐷𝑣௭
𝐷𝑡

≡
𝜕𝑣௭
𝜕𝑡
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𝜕𝑣௭
𝜕𝑟

൅
𝑣ఏ
𝑟
𝜕𝑣௭
𝜕𝜃

൅ 𝑣௭
𝜕𝑣௭
𝜕𝑧

  **2
*

** 1
Re
1

g
Fr

v
z

P
Dt
Dv

z
z 





*
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Dimensional Analysis in Mass Transfer Review of dimensional analysis
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Micro E‐Balance produces Pe ൌ PrRe

CM3120 module 2

st
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h
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tr
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er Forced Convection 
Heat Transfer

Now, non-dimensionalize
this expression as well.

𝑞௫
𝐴

ൌ ℎ 𝑇ଵ െ 𝑇଴

CM3110 
REVIEW

Linear driving force model

Apply at the interface:

© Faith A. Morrison, Michigan Tech U.
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Dimensional Analysis in Mass Transfer Review of dimensional analysis
The D.A. goes 

with a particular
problem (a 

particular physics) Here, the 
“engineering 
property of 

interest” is the 
heat transferred 

across the 

boundary, 𝒬ሶ .

Yields correlations for nondimensional 
heat transfer coefficient, Nu

CM3120 module 2
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Nusselt number, Nu
(dimensionless heat-
transfer coefficient) 








D
L

TNuNu ,*

one additional 
dimensionless group

This is a function of Re and 
Pr through fluid 𝑣പ distribution 
and energy balance

Complex Heat Transfer – Dimensional Analysis CM3110 
REVIEW

© Faith A. Morrison, Michigan Tech U.
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Dimensional Analysis in Mass Transfer Review of dimensional analysis
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The engineering quantity of 
interest produces Nu

CM3120 module 2

no free surfaces









D

L
NuNu ,FrPr,Re,

According to our dimensional analysis calculations, the 
dimensionless heat transfer coefficient should be found to 

be a function of four dimensionless groups:

Now, do the experiments.

Peclet number

Pe ≡
ఘ஼መ೛௏஽

௞
ൌ

஼መ౦ఓ

௞

ఘ௏஽

ఓ

Prandtl number

Pr ≡
஼መ౦ఓ

௞

Complex Heat Transfer – Dimensional Analysis

three

CM3110 
REVIEW
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Dimensional Analysis in Mass Transfer Review of dimensional analysis

st
ea

d
y 

h
ea

t 
tr

an
sf

er

Nu ൌ Nu Re, Pr,
𝑳
𝑫

Can only know 
if the D.A. is 
right, if the 
D.A. works.

The D.A. produces:
CM3120 module 2
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What do we do to understand 
complex mass transfer?

1. Find a simple problem that allows us to identify the 
physics

2. Non-dimensionalize:

a. Choose characteristic values

b. Produce a non-dimensional governing 
equation

c. Produce a non-dimensional engineering 
quantity of interest

3. Explore that problem

4. Take data and correlate (confirm D.A. for chosen 
problem)

5. Solve real problems with the correlation

Dimensional Analysis in Mass Transfer

Returning to our question:

© Faith A. Morrison, Michigan Tech U.
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Dimensional Analysis in Mass Transfer

Example 15:  What is the mass transfer through the walls of a permeable tube 
(laminar or turbulent flow)?

BSL2 p679

Assumptions:
1. Isothermal
2. Steady flow
3. Uniform inlet composition 𝑥஺ଵ
4. Constant interfacial liquid 

composition of 𝑥஺଴
5. 𝜌, 𝜇, 𝑐,𝐷஺஻ all constant
6. Radial mass flux (negative)

mass flux

mass flux

𝑥஺ଵ 𝑥஺ଶ 

ൌ නන ൅𝑐𝒟஺஻
𝜕𝑥஺
𝜕𝑟

ቤ
௥ୀோ

𝑅𝑑𝜃𝑑𝑧 

ଶగ

଴

௅

଴

Total 
mass in

𝐿

ൌ 𝑘௫ 2𝜋𝑅𝐿 𝑥஺଴ െ 𝑥஺ଵ

𝑥௪௔௟௟ ൌ 𝑥஺଴ 

bulk:
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Dimensional Analysis in Mass Transfer

BSL2 p679

𝑘௫ 2𝜋𝑅𝐿 𝑥஺଴ െ 𝑥஺ଵ ൌ නන ൅𝑐𝒟஺஻
𝜕𝑥஺
𝜕𝑟

ቤ
௥ୀோ

𝑅𝑑𝜃𝑑𝑧 

ଶగ

଴

௅

଴

Forced Convection Mass Transfer

Pipe flow

mass flux

mass flux

Next?

Example 15

© Faith A. Morrison, Michigan Tech U.
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Dimensional Analysis in Mass Transfer

Forced Convection Mass Transfer

Pipe flow

mass flux

mass flux

V

v
v z
z 
*

non-dimensional variables:

D

tV
t *

D

z
z *

D

r
r *

2
*

V

P
P




g

g
g z
z 
*

time: position: velocity:
driving 
force:

V

v
v r
r 
*

V

v
v 
 
*

• Choose “typical” values (scale factors)
• Use them to scale the equations
• Deduce which terms dominate

Example 15
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Microscopic species A mass balance (no reaction):
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non-dimensional variables:

position: composition Choose:
𝑥஺ െuse a 

characteristic 
interval 𝑟∗ ≡

𝑟
𝐷

𝑧∗ ≡
𝑧
𝐷

Species A Mass

𝑐
𝜕𝑥஺
𝜕𝑡

൅ 𝑣௥
𝜕𝑥஺
𝜕𝑟

൅
𝑣ఏ
𝑟
𝜕𝑥஺
𝜕𝜃

൅ 𝑣௭
𝜕𝑥஺
𝜕𝑧

ൌ 𝑐𝒟஺஻
1
𝑟
𝜕
𝜕𝑟

𝑟
𝜕𝑥஺
𝜕𝑟

൅
1
𝑟ଶ
𝜕ଶ𝑥஺
𝜕𝜃ଶ

൅
𝜕ଶ𝑥஺
𝜕𝑧ଶ

Forced Convection Mass Transfer
mass flux

mass flux

𝑥஺
∗ ൌ

𝑥஺ െ 𝑥஺଴
𝑥஺ଵ െ 𝑥஺଴

Dimensional Analysis in Mass Transfer
Example 15

𝜕𝑥஺
∗

𝜕𝑡∗
൅ 𝑣௥∗

𝜕𝑥஺
∗

𝜕𝑟∗
൅
𝑣ఏ
∗

𝑟∗
𝜕𝑥஺

∗

𝜕𝜃
൅ 𝑣௭∗

𝜕𝑥஺
∗

𝜕𝑧∗
ൌ

1
Pe௠

1
𝑟∗

𝜕
𝜕𝑟∗

𝑟
𝜕𝑥஺

∗

𝜕𝑟∗
൅

1
𝑟∗ଶ

𝜕ଶ𝑥஺
∗

𝜕𝜃ଶ
൅
𝜕ଶ𝑥஺

∗

𝜕𝑧ଶ

  **2
*

** 1
Re
1

g
Fr

v
z

P
Dt
Dv

z
z 






Non-dimensional Species A Mass Equation

Non-dimensional Navier-Stokes Equation

0*

*

*

*

*

*













z

v

y

v

x

v zyx

Non-dimensional Continuity Equation

© Faith A. Morrison, Michigan Tech U.

32𝐷𝑣௭
𝐷𝑡

≡
𝜕𝑣௭
𝜕𝑡

൅ 𝑣௥
𝜕𝑣௭
𝜕𝑟

൅
𝑣ఏ
𝑟
𝜕𝑣௭
𝜕𝜃

൅ 𝑣௭
𝜕𝑣௭
𝜕𝑧

  **2
*

** 1
Re
1

g
Fr

v
z

P
Dt
Dv

z
z 





*

Pe௠ ൌ ReSc ൌ
𝑉𝐷
𝒟஺஻

Sc ൌ
𝜇

𝜌𝒟஺஻

Dimensional Analysis in Mass Transfer—Forced  Convection  mass flux

mass flux

Schmidt number

(a material property)

Oops! This is dimensionless 𝑣പ, NOT 
molar average velocity; sorry!
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Dimensional Analysis in Mass Transfer

BSL2 p680

𝑘௫ 2𝜋𝑅𝐿 𝑥஺଴ െ 𝑥஺ଵ ൌ නන ൅𝑐𝒟஺஻
𝜕𝑥஺
𝜕𝑟

ቤ
௥ୀோ

𝑅𝑑𝜃𝑑𝑧 

ଶగ

଴

௅

଴

Forced Convection Mass Transfer

Pipe flow

mass flux

mass flux

Now, non-dimensionalize
this expression as well.

Sherwood number, Sh
(dimensionless mass-

transfer coefficient)

ShൌNu஺஻ ൌ
𝑘௫𝐷
𝑐𝒟஺஻

ൌ
1

2𝜋 𝐿
𝐷

නන െ
𝜕𝑥஺

∗

𝜕𝑟
ቤ
௥∗ୀ

ଵ
ଶ

𝑑𝜃𝑑𝑧∗ 

ଶగ

଴

௅

଴

Sh ൌ Sh 𝑥஺
∗ ,
𝐿
𝐷

one additional 
dimensionless group

This is a 
function of Re
and Sc through 

fluid 𝑣പ
distribution 

and species A 
mass balance

Pe௠ ൌ ReSc ൌ
𝑉𝐷
𝒟஺஻

Sc ൌ
𝜇

𝜌𝒟஺஻

Sh ൌ Sh Re, Sc,
𝐿
𝐷

© Faith A. Morrison, Michigan Tech U.

According to our dimensional analysis calculations, the 
dimensionless mass-transfer coefficient Sh should be 
found to be a function of three dimensionless groups:

Now, do the experiments.

Peclet number

Schmidt number

34

Dimensional Analysis in Mass Transfer mass flux

mass flux
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no free surfaces









D

L
NuNu ,FrPr,Re,

According to our dimensional analysis calculations, the 
dimensionless heat transfer coefficient should be found to 

be a function of four dimensionless groups:

Now, do the experiments.

Peclet number

Pe ≡
ఘ஼መ೛௏஽

௞
ൌ

஼መ౦ఓ

௞

ఘ௏஽

ఓ

Prandtl number

Pr ≡
஼መ౦ఓ

௞

Complex Heat Transfer – Dimensional Analysis

three

CM3110 
REVIEW

Dimensional Analysis in Mass Transfer

Note this development has been exactly the 
same as a related heat transfer development:

In many cases, heat transfer and 
mass transfer are analogous

mass flux

mass flux

heat flux

heat flux

some

©
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Dimensional 
Analysis

Dimensionless numbers from the 
Equations of Change

m
om

en
tu

m
en

er
gy

Re െ Reynolds
Fr െ Froude

Pe െ Péclet௛ ൌ RePr
Pr െ Prandtl

(microscopic balances)

Non-dimensional Navier-Stokes Equation

ref: BSL1, p581, 644

m
as

s Pe െ Péclet௠ ൌ ReSc
Sc െ Schmidt

Non-dimensional Continuity Equation (species A)

Non-dimensional Energy Equation

These numbers tell us about 
the relative importance of the 

terms they precede in the 
governing equations.
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Dimensional 
Analysis

Dimensionless numbers from the 
Equations of Change

m
om

en
tu

m
en

er
gy

Re െ Reynolds
Fr െ Froude

Pe െ Péclet௛ ൌ RePr
Pr െ Prandtl

These numbers tell us about 
the relative importance of the 

terms they precede in the 
governing equations.

(microscopic balances)

Non-dimensional Navier-Stokes Equation

ref: BSL1, p581, 644

m
as

s Pe െ Péclet௠ ൌ ReSc
Sc െ Schmidt

Non-dimensional Continuity Equation (species A)

Non-dimensional Energy Equation

Oops! This is dimensionless 𝑣പ , NOT 
molar average velocity; sorry!

These numbers compare the 
magnitudes of the diffusive 

transport coefficients 
𝜈,𝛼,𝒟஺஻ (material properties).

Dimensionless Numbers
Dimensionless numbers from the 
Equations of Change

Re െ Reynolds ൌ
஡௏஽

ఓ
ൌ

௏஽

ఔ

Fr െ Froude ൌ
௏మ

௚஽

Pe െ Péclet௛ ൌ RePr ൌ
஼መ೛஡௏஽

௞
ൌ

௏஽

ఈ

Pe െ Péclet௠ ൌ ReSc ൌ
௏஽

𝒟ಲಳ

Pr െ Prandtl ൌ
஼መ೛ఓ

௞
ൌ

ఔ

ఈ
 

Sc െ Schmidt ൌ LePr ൌ
ఓ

ఘ𝒟ಲಳ
ൌ

ఔ

𝒟ಲಳ

Le െ Lewis ൌ
ఈ

𝒟ಲಳ

These numbers tell us about 
the relative importance of 

the terms they precede in the 
microscopic balances 
(scenario properties).

38

© Faith A. Morrison, Michigan Tech U.
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These numbers compare the 
magnitudes of the diffusive 

transport coefficients 
𝜈,𝛼,𝐷஺஻ (material properties).

Dimensionless Numbers
Dimensionless numbers from the 
Equations of Change

Re െ Reynolds ൌ
஡௏஽

ఓ
ൌ

௏஽

ఔ

Fr െ Froude ൌ
௏మ

௚஽

Pe െ Péclet௛ ൌ RePr ൌ
஼መ೛஡௏஽

௞
ൌ

௏஽

ఈ

Pe െ Péclet௠ ൌ ReSc ൌ
௏஽

𝒟ಲಳ

Pr െ Prandtl ൌ
஼መ೛ఓ

௞
ൌ

ఔ

ఈ
 

Sc െ Schmidt ൌ LePr ൌ
ఓ

ఘ𝒟ಲಳ
ൌ

ఔ

𝒟ಲಳ

Le െ Lewis ൌ
ఈ

𝒟ಲಳ

These numbers tell us about 
the relative importance of 

the terms they precede in the 
microscopic balances 
(scenario properties).

39
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𝜈,𝛼,𝒟஺஻
Transport coefficients

𝜈 ≡
𝜇
𝜌
ൌ kinematic viscosity

m
om

en
tu

m

𝑓 െ  Friction Factor
௅

஽
െ Aspect Ratio

Dimensionless Force on the Wall (Drag)

𝑓 ൌ
ℱௗ௥௔௚

1
2𝜌𝑉

ଶ  𝐴௖

(Fanning)

Sh െ Sherwood
௅

஽
െ Aspect Ratio

Dimensionless Mass Transfer Coefficient

m
as

s 
xf

e
r

Sh ൌ
𝑘௖𝐷
𝒟஺஻

en
er

gy Nu െ Nusselt
௅

஽
െ Aspect Ratio

Newton’s Law of Cooling






ddz
r

T

DL
Nu

DL

r
 






2

0 0

*

21

*

*

*/2

1
Nu ൌ

ℎ𝐷
𝑘
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Dimensional 
Analysis

Dimensionless numbers from the 
Engineering Quantities of Interest

These numbers are defined to 
help us build transport data 
correlations based on the 
fewest number of grouped 
(dimensionless) variables 

(scenario properties).

St௛ ൌ
ℎ

𝜌𝑉𝐶መ୮
ൌ

Nu
RePr

St௠ ൌ
𝑘௖
𝑉
ൌ

Sh
ReSc

St െ Stanton
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Dimensionless Numbers

Re െ Reynolds ൌ
஡௏஽

ఓ
ൌ

௏஽

ఔ

Fr െ Froude ൌ
௏మ

௚஽

Pe െ Péclet௛ ൌ RePr ൌ
஼መ೛஡௏஽

௞
ൌ

௏஽

ఈ

Pe െ Péclet௠ ൌ ReSc ൌ
௏஽

𝒟ಲಳ

Pr െ Prandtl ൌ
஼መ೛ఓ

௞
ൌ

ఔ

ఈ
 

Sc െ Schmidt ൌ LePr ൌ
ఓ

ఘ஽ಲಳ
ൌ

ఔ

𝒟ಲಳ

Le െ Lewis ൌ
ఈ

𝒟ಲಳ

𝑓 െ Friction Factor ൌ
ℱ೏ೝೌ೒
భ
మ
ఘ௏మ ஺೎

Nu െ Nusselt ൌ
௛஽

௞

Sh െ Sherwood ൌ
௞೎஽

𝒟ಲಳ

These numbers from the governing 
equations tell us about the relative 

importance of the terms they precede 
in the microscopic balances 

(scenario properties).

These numbers compare the 
magnitudes of the diffusive 

transport coefficients 𝜈,𝛼,𝐷஺஻
(material properties).

© Faith A. Morrison, Michigan Tech U.

These numbers are defined to help 
us build transport data correlations 

based on the fewest number of 
grouped (dimensionless) variables 

(scenario properties).

41

momentum
energy
mass

St௛ ൌ Nu/Pe௛, St௠ ൌ Sh/Pe௠ െ Stanton

© Faith A. Morrison, Michigan Tech U.
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Dimensional Analysis in Mass Transfer

Next?

Tour the world of data correlations in 
mass transfer:

ShሺRe, Sc,
𝐿
𝐷
ሻ


