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CM3120 Transport/Unit Operations 2

Unsteady State Heat Transfer

Professor Faith A. Morrison
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Michigan Technological University
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Where to start?

Unsteady State Heat Transfer

We seek to study

unsteady state heat

transfer.

Let's start by looking H S S

over SeVeraI SubjeCtS Department of Chemical Engineering
Michigan Technological University

that form the foundation
for what we hope to
study.

www. chem.mtu_edu/~fmorriso/cm3120/cm3120.html

These basic concepts are familiar. Cycling back
can deepen our understanding (and help us put
new concepts in context)
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CM2110/CM2120 - Review The physics:

* Mass conservation

Macroscopic Energy Balances o Ery G

Open system energy balance

AEp + AEk + AH = an + VVS,OTI (Out_in)

Closed system energy balance

AEp + AE, + AU = Qi + W, (final-initial)

steam ﬁ

process stream process stream
—>  heat exchanger >

|—> condensate

www.chem.mtu.edu/~fmorriso/cm310/Energy_Balance_Notes 2008.pdf

© Faith A. Morrison, Michigan Tech U.
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Lectures 2-3

CM2110/CM2120 - Review

Review:

How do we decide what
equations to use for what?

* Closed system E-bal (first law
of thermo)

» Open system E-bal (H =U +
PV, flowing systems)

* Mechanical energy balance
(SISO, steady, isothermal, no
rxn, no phase change, little
heat transferred)

Knowing what assumptions we are
making means we understand our
models. See handout for summary:

Macroscopic Energy Balances
Open system energy balance

AEp + AEk + AH = Qin + I/Vs,an (out-in)

Closed system energy balance

AEp + AEy + AU = Qi + W,,,  (finakinitial)

Ap A(w? W,
MEB: — 4 ( )+gAz+F= S.oR
p 2a m
Notes:

1. A has different meanings in the
three e-balances
2. Open-system:

AH = Z mH; — Zmiﬁi

outs ins
3. Use MEB if you can (easy); but
not if it does not appy!

www.chem.mtu.edu/~fmorriso/cm310/Energy_Balance_Notes_2008.pdf 5

© Faith A. Morrison, Michigan Tech U.

What physics
determines how rapidly
the heat transfers from
the outside stream to
the inside stream?

CM2110/CM2120 - Review

Macroscopic Energy Balances

Open system energy balance

AE, + AE +AH = Qi + Wy o

Closed system energy balance

AEI, +AE, + AU = Qi + W, (inabinitia)
steam

process stream process stream
heat exchanger
condensate

www.chem.mtu.edu/~fmorriso/cm310/Energy_Balance_Notes_2008.pdf

© Faith A. Morrison, Michigan Tech U

Fourier’s Law of Heat Conduction

qx _ dT phase)
A dx

%" —heat flux=energy/area time)
k — thermal conductivity

dr .

s —temperature gradient

(for a homogeneous

(the driving physics is Brownian
motion: energy transports down VT
due to Brownian motion)

© Faith A. Morrison, Michigan Tech U.
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Lectures 2-3

CM3110 - Review

Heat Transfer Rate law:

CM3110
Fourier’s law of Heat Conduction: REVIEW

makes reference to a
coordinate system

Allows you to solve for

( temperature profiles
_—

<
a5, 4D
4~ "5

—
. . q
Gibbs notation: j = —kVT
*Heat flows down a
aT temperature gradient
—k e *Flux is proportional
Fourier’s law . q f oT :0 magntitude ofd. t
q=5=| K5 emperature gradien
3D - A dy
i aT
02/ xyz

7
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CM3110 - Review

To use the heat
transport law (Fourier’s
law) we need to use
the microscopic
energy balance.

http://pages.mtu.edu/~fmorriso/cm310/energy_equation.html

CM3110

REVIEW

(

Microscopic Energy Balance:
Equation of Thermal Energy

Microscopic enerqy balance
written on an arbitrarily
shaped volume, V, enclosed
by a surface, S

oE R ~
Gibbs notation: P(E +v- VE) =-V-g+S. general )
conduction
e (Z v yovr)=kver 45 Only Fourier
Gibbs notation: Plp\e T = o A
conduction

(incompressible fluid, constant
pressure, neglect £y, £,,, viscous
dissipation )

8
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Lectures 2-3

CM3110 - Review

Equation of Energy
(microscopic energy balance)

CM3110
REVIEW

I_H

pC, +v-VT

>
Q|
2|3

1

rate of change

velocity must satisfy
equation of motion,
equation of continuity

convection

source

) (energy
+S generated
€ per unit

kV:T
volume per
Y time)
conduction
(all directions)

see handout for
component notation

http://pages.mtu.edu/~fmorriso/cm310/energy_equation.html

© Faith A. Morrison, Michigan Tech U.

e Equation of ENErgy in cartesian, cyiindrical, and spherical coordinates for
Newtonian fluids of constant density, with source term S. Source could be electrical energy due to
current flow, chemical energy, etc. Two cases are presented: the general case where thermal
conductivity may be a function of temperature (vector flux 7 = q/A appearsin the equations); and the
more usual case, where thermal conductvity is constant.

Fall 2013 Faith A. Morrison, Michigan Technological University

Microscopic energy balance, in terms of flux; Gibbs notation
<, (ﬁT + v‘r) V-G+S
o p.9T) = s
ol +e a
Microscopic energy balance, in terms of flux; Cartesian coordinates

3G, 03, 0§,
<L+&+L)+5

ﬂ) ox "3y "oz

kA

0 6T+ 3T+ 3T+
”"(az Vrgx Ty TV

Microscopic energy balance, in terms of flux; cylindrical coordinates

LT 9T wgaT  ar 18(rG,) 194 aq,)
Yool (LT LR ) LR L T 1080 9%\, ¢
oty Gty 4 g o ) = (e T )

Microscopic energy balance, in terms of flux; spherical coordinates

L (AT T _vydT | vy T 100%G,) | 1 @sing) | 1 04, . .
"Lf'(m*"'m*vaa*rsmuw) ( gk +3

2 ar ' rsing a0 Tsing 0

Fourier’s law of heat conduction, Gibbs notation: § = —kVT'

#
W o
: : y ) o o
Fourier’s law of heat conduction, Cartesian coordinates: ( 4y | = | —k #
3z, ar
oz \ g
92/ xyz

ar
Fourier’s law of heat conduction, cylindrical coordinates: (%) =

@ or
Fourier's law of heat conduction, spherical coordinates: (ﬁ,,) =| -k
o

e Equation of Energy for sysiems with constant k

Microscopic energy balance, constant thermal conductivity; Gibbs notation

ptp(g+Q‘VT)=kVZT+S

Microscopic energy balance, constant thermal conductivity; Cartesian coordinates

0 (d7'+ BT+ dT+ aT)’k 3‘T+3‘T+3‘T +s
Po\Get e t vy T e ) T ettt oz
Microscopic energy balance, constant thermal conductivity; cylindrical coordinates

rA(aT 3T+v,ar ﬂT)ik 13(37) 10°T  9°T" g
Poo\ar oy Y ae T ) T K varar) et o)t

Microscopic energy balance, constant thermal conductivity; spherical coordinates

ok, (ﬂT ar v dT | vy dT)

2 Gr v ar ¥ 558 Frsingag
L2 ZdT) 19 EdT) 1oy,
= r’ar(r o *rismsas("“ 36) *rsnzoagz) t

Reference: F. A. Morrison, “Web Appendix to An Introduction to Fluid Mechanics,” Cambridge University
Press, New York, 2013. On the web at hem.mtu.edy 2013.pdf

http://pages.mtu.edu/~fmorriso/cm310/energy_equation.html
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he EQuUation of ENergy in cartesian, cylingrical, and spherical coordinates for
Newtonian fluids of constant density, with source term S. Source could be electrical energy due to
current flow, chemical energy, etc. Two cases are presented: the general case where thermal
conductivity may be a function of temperature (vector flux 7 = q/A appearsin the equations); and the
more usual case, where thermal conductvity is constant.
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e Equation of Energy for systems with constant k

Microscopic energy balance, in terms of flux; Gibbs notation

n(f,,(aa—‘f+y VT) —V-q+S

Microscopic energy balance, in terms of flux; Cartesian coordinates
0 (6T+ aT " ar " aT
P\t e Ty T

Microscopic ener~

Front side:

* Micro E-bal in terms of
flux § = %
» Fourier’s law, g= —kVT

Fourier’s law of heat conduction, cyiiu.

4
Fourier's law of heat conduction, spherical coordinates: (q;,)
s,

P\ rsimoa6/ 104

Microscopic energy balance, constant thermal conductivity; Gibbs notation

oGy (g +v V'r)

kVT +5

Microscopic energy balance, constant thermal conductivity; Cartesian coordinates

(O BT AT ATy (0T T 8T
"”(m ”"nx”’ay“"az)’ ot oy

f(ar ar  wear ﬂT)iklﬁ(aT)
Po\art oy Y ae e ) T HFarar

Microscopic energy balance, constant thermal conductivity; spherical coordinates

E(ﬁT+ ar V”ﬂT+ Vg (37')
Poo\act oy * 790 Trsingog

(a5

1 2T s
snzoagz) t

Reference: F. A. Morrison, “Web Appendix to An Introduction to Fluid Mechanics,” Cambridge University
Press, New York, 2013. On the web at hem.mtu.edy D2013.pdf

http://pages.mtu.edu/~fmorriso/cm310/energy_equation.html
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© Faith A. Morrison, Michigan Tech U.

he EQuUation of ENergy in cartesian, cylingrical, and spherical coordinates for
Newtonian fluids of constant density, with source term S. Source could be electrical energy due to
current flow, chemical energy, etc. Two cases are presented: the general case where thermal
conductivity may be a function of temperature (vector flux 7 = q/A appearsin the equations); and the
more usual case, where thermal conductvity is constant.

Fall 2013 Faith A. Morrison, Michigan Technological University

e Equation of Energy for systems with constant k

Microscopic energy balance, in terms of flux; Gibbs notation
. (T ~
pC,,(E+y VT) —v-g+S
Microscopic energy balance, in terms of flux; Cartesian coordinates

9. 04,
’(ax * oy

%)

0 aT 3T+ aT+
oy (G s + gy +or

Microscopic ener~

Front side:
* Micro E-bal in terms of

flux § = %
* Fourier’s law, g= —kVT

Fourier’s law of heat conduction, cyiiu. _—

ar
Fourier’s law of heat conduction, spherical coordinates: (q;,)

96/ ayz
k23

Microscopic energy balance, constant thermal conductivity; Gibbs notation
(i 27 4 5
pzf,,(—w VT) =KVPT +§
a
Microscopic energy balance, constant thermal conductivity; Cartesian coordinates

(O BT AT ATy (0T T 8T
"”(m ”"nx”’ay“"az)’ ittt oz

Microscopic energy balance, constant thermal conductivity; cylindrical coordinates

T vgdT r?T) (1 9 ( aT) 10°T +alr)+s

L (0T
& (g 0L 7000 TN (1O T
oty (5o + 5 g ror\or) ¥ 267 * 2

Microscopic energy balance, constant thermal conductivity; spherical coordinates

v dT vy T
Tﬁ*mnm)

7)(1:7({:#)4r 1 d( 1oty o
=\7a\"5r) Trzsinoae\* in20 g7

Back side:

* Micro E-bal in terms of
temperature (Fourier’s
law incorporated)

Reference: F. A. Morris.. ~,” Cambridge University
Press, New York, 2013. On the web a ... or130/IEM D2013.pdf

http://pages.mtu.edu/~fmorriso/cm310/energy_equation.html
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Lectures 2-3

Microscopic Energy Balance

e EQuation of Energy forsystems with constant k

CM3110
REVIEW

Microscopic energy balance, constant thermal conductivity; Gibbs notation
. (0T )
pcp(5+y~w):kv T+S

Microscopic energy balance, constant thermal conductivity; Cartesian coordinates

160 o +Uy$+uzz +Byz+ﬁ

N (aT ar ar 67)71{ a’r  o°r a°T
ot ¥ox ~ o

Microscopic energy balance, constant thermal conductivity; cylindrical coordinates

CA(aTJr T  vedT | 6T)7 16(‘BT)+1BZT+6
PeolGr " ey T ae ez ) T \var\"ar) T2ae2 T3

Microscopic energy balance, constant thermal conductivity; spherical coordinates

p (éPTJr 6T+t79i3T+ ) 6T)
Per\ar "V or T8 T rsmoag

’T
ZZ

+S5

+S

e 6(_26T)+ gt a(_ BaT)+ 19T i
e\ o TZsngoa\" " 28 r2sin? 0 d¢?

http://pages.mtu.edu/~fmorriso/cm310/energy_equation.html

© Faith A. Morrison, Michigan Tech U.

Fourier’s Law of Heat Conduction CMmM3110
REVIEW
Fourier’s law of heat conduction, Gibbs notation: § = —kVT
aT
= —k—
qx g;
Fourier's law of heat conduction, Cartesian coordinates: | gy =| -k %
4 U \ok
qx = z2/ xyz
A
aT
g ke
Fourier’s law of heat conduction, cylindrical coordinates: (L?g) =| - é:—:
4. xyz —k ar
9z/ rgz
aT
Fourier’s law of heat conduction, spherical coordinates: Gg — ;%
mp xyz - LG_T
rsing d¢ r0¢

http://pages.mtu.edu/~fmorriso/cm310/energy_equation.html
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Lectures 2-3

We will need boundary
conditions on temperature

Assumptions:
*wide, tall slab
ssteady state

HOT
SIDE

Example 1: Heat flux in a
rectangular solid — Temperature BC

CM3110
REVIEW

What is the steady state temperature
profile in a rectangular slab if one side
is held at T, and the other side is held

atT,?

T,>T,

15
© Faith A. Morrison, Michigan Tech U.

We will need boundary
conditions on temperature

Assumptions:
*wide, tall slab
steady state

HOT
SIDE

Tt YT

% What if we don’t

CM3110
REVIEW

What is the steady state temperature
profile in a rectangular slab if one side
is held at T, and the other side is held
atT,?

Example 1: Heat flux in a
rectangular solid — Temperature BC

know the wall
temperature?

_

B X
16
© Faith A. Morrison, Michigan Tech U.
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Lectures 2-3

What if we don’t know
the wall temperature?

T(x)
Thuik

bulkflud  ;  solid wall CM3110
. REVIEW

Tyuie — Twau

Resistance to
heat transfer
due to
boundary

Twall

{_ " T(x) in solid

The temperature difference at the fluid-wall interface
is caused by complex phenomena that are lumped
together into the heat transfer coefficient, h

Xwall X

17
© Faith A. Morrison, Michigan Tech U.

Resistance to

The flux at the wall is given by the
empirical expression known as
Newton’s Law of Cooling

This expression serves as
the definition of the heat
transfer coefficient.

heat transfer
due to
boundary

—
Ik
. homogeneous
luid .
solid

T =T /7~ Whatis the fluxat
b wall N the wall? N

v(x,y,2) #0

q
Zx| :@lTbulk — Twaul

h depends on:

*geometry

«fluid velocity field

«fluid properties
temperature difference

(to remove the absolute
value signs, note the
direction of flux)

18

© Faith A. Morrison, Michigan Tech U.
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Lectures 2-3

Note:

Large values of h are
associated with small

| Touix — Twaul

due to

empirical expression known as

po—
The flux at the wall is given by the DM ’@:u%i homogensous
s Law of Cooling =

Newton’:

This expression serves as
the definition of the heat
transfer coefficient.

Resistance to %| :@lTbulk — Twalll

heat transfer

boundary

T 2Ty ((eanenns

v(xy.2) #0

h depends on: (to remove the absolute

*geometry value signs, note the
+fluid velocity field direction of flux)
“fluid properties

“temperature difference

q
le = thbulk - Twalll

19

© Faith A. Morrison, Michigan Tech U.

Newton’s law of cooling BC

Bulk
temperature

on I?
7-b1

HOT
SIDE

CMm3110
Example 2: Heat flux in a rectangular | REVIEW

solid — Newton’s law of cooling BC

What is the steady state temperature profile
in a rectangular slab if the fluid on one side
is held at Ty, and the fluid on the other side
is held at T,,?

T,>T,
Bulk
T /dtemperature
b2 on right
COLD
SIDE

20
© Faith A. Morrison, Michigan Tech U.
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We will need boundary
conditions on temperature

——> Commonly,
» Temperature boundary

conditions
x=0 T=T,
x=B T=T,

* Newton’s law of cooling
(flux) boundary conditions

Example 1: Heat fluxin a
rectangular solid - Temperature BC

What is the steady state temperature

Assumptions: profile in a rectangular slab if one side
wwide, tall slab is held at T, and the other side is held
steady state at T2
T>T,
COLD
SIDE

Example 2: Heat flux in a rectangular
solid - Newton's law of cooling BC

Whatis the steady state temperature profile
in a rectangular slab if the fluid on one side

qx :: 25;5:: ?y:ndlhe fluid on the other side
a = hy(Tpy — T(0)) ""
O x=0 Bulk 7T,
x — _ lnenmgiralure Bulk
A veB hl (T(B) TbZ) "T/“ H Tn/_ xnenn::;hrtamre
HOT COLD
SIDE SIDE
=) Sometimes, we know a value L W
for the flux at the wall. 5 .
21
© Faith A. Morrison, Michigan Tech U.
CMm3110
Let’s carry out an example of REVIEW
1D, steady heat transfer
!

Part II: Heat Transfer

One-Dimensional Heat
Transfer
(part 1: rectangular slab)

ProfessorFaith Momrison

Department of Chemical Engineering
Michigan Technological University

Simple problems that allow
usto dentifythe physics

@FaithA Momison, Michigan Tech U

22
© Faith A. Morrison, Michigan Tech U.
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Lectures 2-3

Example 3: Heat Conduction with Generation
What is the steady state temperature profile in a
wire if heat is generated uniformly throughout
the wire at a rate of S, W/m?3 and the outer
radius is held at T,? What is the flux?

long wire

S, = energy
production per
unit volume

© Faith A. Morrison, Michigan Tech U.

Example: Heat conduction with

generation /

5, = energy production per
m

unit volume

You try.

© Faith A. Morrison, Michigan Tech U.

24
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Compare radial
conduction solutions

1.2

\ \
ﬁ: Radial conduction through pipe wall

S B
021 SR>/ 4k R

1 {— Radial conduction in wire with generation
\ T

e \
% 081 T-T 1 r
5 =ln—
5 N 71 - T 2 In ﬁ R1
i \ \ -
@
=%
£ 04 \

0 0.2 0.4 0.6
r/R or r/R1

0.8 1

© Faith A. Morrison, Michigan Tech U.

Example 4: Wall heating of

laminar flow. What is the steady

state temperature profile in a

flowing fluid in a tube if the walls
are heated (constant flux, q,/A) and
if the fluid is a Newtonian fluid in

laminar flow?

A
assume:
constant viscosity

cross-section A:

© Faith A. Morrison, Michigan Tech U.

1/23/2019
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cross-section A:

Example 4: Wall heating of laminar flow ;

You ftry.

27

© Faith A. Morrison, Michigan Tech U.

cross-section A:
Example 4: Wall heating of laminar flow '

z

v,(r)

We need to solve this partial differential equation:

19 (0T d (dT C aT
() i) o

ror\or' )T az\oz) Tk
with A
_A8P 2 2
vZ—4#L(R r4)

and with the appropriate boundary conditions. To see the
solution go to:

* R. Siegel, E. M. Sparrow, T. M. Hallman, Appl. Science Research
A7, 386-392 (1958)

» R. B. Bird, W. Stewart, and E. Lightfoot (BSL), Transport
Phenomena, Wiley, 1960, p295.

28

© Faith A. Morrison, Michigan Tech U.
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cross-section A:

Example 4: Wall heating of laminar flow e

We need to solve this partial differential equation:

19 (0T d (dT C aT
e R

ror Er 9z \ 0z k
with A
_AP o 2
vZ—4#L(R r4)

e What are the -
+ R. Siegel, E. M. BCS? :earch

A7, 386-392 (19
» R. B.Bird, W. Stewart, and E. Lightfoot (BSL), Transport
Phenomena, Wiley, 1960, p295.

29

© Faith A. Morrison, Michigan Tech U.

cross-section A:

Example 4: Wall heating of laminar flow '

30

© Faith A. Morrison, Michigan Tech U.

1/23/2019
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1D, steady heat transfer

CM3110
REVIEW

SUMMARY

» Microscopic energy b
» Transport law

the problem

solution

alance

* Newton'’s law of cooling (fluid boundary)
* Know the assumptions that simplify the model of

» Solve with appropriate boundary conditions
» Check that assumptions are valid when using the

31
© Faith A. Morrison, Michigan Tech U.

N EXT Unsteady State Heat Transfer

CM3120 Transport/Unit Operations 2

Unsteady State Heat Transfer

Professor Faith A. Marrson
Departmert of Chemical Enginzering
Michigan Technological University

www.chem.mtu_edu/~fmorriso/cm3120/cm3120 html

Tl

g

Hilin
£

s H

©Fath A Momison, Michigsn Tech U
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