Lecture 9-10

Diffusion/Mass Transfer Recap and Planning
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. —®

Mass Transfer

Where are
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Michigan Technological University
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Time for a recap. ||
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Diffusion/Mass Transfer Recap and Planning

Recap:
Diffusion/Mass Transfer (so far, and beyond)

Mixtures

Diffusion:

» Brownian motion (random molecular motion),
 Fick’s law of diffusion, D,p

t=0
. S|OW, @

» operates over short distances
Mass Transfer: e
~~
* Includes all mechanisms (e.g. diffusion, t = 24h
convection, thermodynamics-driven),
« Linear-driving-force model, Sl
* slow,
« also acts over short distances but convection
extends it a bit .
t =00
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Lecture 9-10

Diffusion/Mass Transfer Recap and Planning

Recap:
Diffusion/Mass Transfer (so far, and beyond)

Mixtures

Diffusion:

* Brownian motion (random molecular motion),
» Fick’s law of diffusion, Dyp

* slow,

» operates over short distances

Mass Transfer:

Haven't actually
talked about this

Linear-driving-force model,

* slow,

« also acts over short distances but convection
extends it a bit

3
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t =00

Diffusion/Mass Transfer Recap and Planning

Recap: o
Diffusion/Mass Transfer (so far, and beyond) )

Modeling:

Microscopic species A mass balance
(continuum modeling tricky with mixtures;

also issues of units, (mass versus moles) B s

Various forms of Fick's Law e rs weceans

and reference coordinates)
* Fourfluxes Ny, /3,14, ja
* Three summary sheets using
Ny Jirja

Fick’s law (diffusion)
« Diffusion coefficient D,p
* Four forms using Ny, /3,14, ja

Linear-driving-force model (mass transfer;
analogous to Newton’s law of cooling)—
mass transfer coefficient kyqrious designations

4
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Diffusion/Mass Transfer Recap and Planning

Various forms of Fick's Law we re seoemss oo ra copey ree
Recap: e -
Diffusion/Mass Transfer (so far, and beyond)

Modeling:

Microscopic species A mass balance
(continuum modeling tricky with mixtures;
also issues of units, (mass versus moles)
and reference coordinates)

* Fourfluxes Ny, /3,14, ja

* Three summary shee*~ "~~~

NaJarja Have not O}Q
Fick’s law (diffusion) touched this \

+ Diffusion coefficient D,p

OGRS M 40/ o7/ 1 20 ewres RIS nem |

+ Four forms using Ny, /4, 1, ja yet Oﬁ:@
238,05
Linear-driving-force model (mass transfer; &,% @ &"

analogous to Newton’s law of cooling)— H & OW
mass transfer coefficient kygrious designations

© Faith A. Morrison, Michigan Tech U.

Diffusion/Mass Transfer Recap and Planning

Various forms of Fick's LaW were cesemss sava rat v e
Recap: Mass flux Molar flux  Comblined melae f1.+
A A fa= P DasTon DimcDu¥ia Nas xalld ) - cDasiie
Diffusion/Mass Transfer (so far, and beyond)

==
LSS
S

=3

Modeling:
W

Microsconie s | Jp to now, we have been

(continuum moc

also issues of u |ea|"ning to model mass

and reference ¢

- rou transfer using Fick’s law and
» Thre

x,) the diffusion coefficient, DA@
—

Fick’s law (diffusion)
+ Diffusion coefficient D,p &
+ Four forms using Ny, /3, R, ja Oo‘:@

; - jw&o &9
Linear-driving-force model (mass transfer; &,% rqn &‘p
analogous to Newton’s law of cooling)— H & OW

mass transfer coefficient kyqrious designations
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Diffusion/Mass Transfer Recap and Planning

Recap:
Diffusion/Mass Transfer (so far, and beyond)

We did a %4 _ _y.N,+R,

at
uick Start:
- Ny =x4(Ng + Ng) — cDypVixy

Mass flux

Learning to A 2= 5l ) - iy
use the
microscopic
species A
balance

| FRowT
PAES A 0t 130/ 0 31 o wrks_Readngs e

and later, ‘ Cycled Back:

Water (40°C, 1.0 atm) slowty and steadiy evaporates into nirogen

geometry is as shown in the figure. What s water mole fraction as a function
of vertcal posiion? You may assume ideal gas properties. Whatis the rate
of water evaporation?

= =n=iom

Example: Avater mist forms in an industrialprinting operation. Spherical
water into the.

tes a fi d

the figure. What s the water mole fracton i the fim as a functon of radial
posiion? You may assume deal gas propertis for ai.

¥,

=, 2

Example: Heterogeneous catalysis

An ireversible, instantanous chemical reaction (24 - ) fakes place af @
catalystsurface, as shown. The reacton is “diffusion-imied.”however, because
the ate of complation of he reaciion is determin by the ate of cifusion

through the “fim’ nea the catalyst surface. Calculate the steady siate.
compositon disrbutionin the fim (x,()).

7
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Diffusion/Mass Transfer Recap and Planning

Recap:
Diffusion/Mass Transfer (so far, and beyond)

Cycle Back:
» Origin of Fick’s law—Brownian motion

* Reasons for various fluxes—diffusion
and bulk motion challenging to separate
experimentally

* When to use various fluxes—depends
on what we know about the problem

Simple One-dimensional Species Mass Diffusion

Suddenly (¢ = 0):

At s
Ly +
ai (stow flow)
y
0 — wy, u)
flux = pb, :

e (yz - \\ b
— e
Jay = =PDas 5t P

Fick's law of nelium

diffusion (intorms of
mass fux) Gas species A: helium

Dap = Diffusion coefficient of 4 through B
Jay = mass fluxof 4 through &

Various forms of Fick's Law.

Let’s put
this to use

Summary:
Possible fluxes so far:

Ji= (24— ") ex; = molar flux relative to molar average velocity v*
Ja = (24— ) pw, = mass flux relative to mass average velocity v

Combined fluxes are also in use:

N4 = combined molar flux relative to stationary coordinates
1 = combined mass flux relative to stationary coordinates

Mass, " Moles
in=poatea—v) Ii = exals
= s = pusy = e
A= o+ Py = papy Ny = [+ ox

Al our previous flux expressions (momentum and energy) have been with
respect to stationary coordinates. In diffusion, this points to the combined fluxes.

8
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Diffusion/Mass Transfer Recap and Planning

Recap:
Diffusion/Mass Transfer (so far, and beyond)

Problems Solved
(1D), Steady:

Unimolecular mass transfer
Heterogeneous chemical reaction
Equimolar counter diffusion
Homogeneous chemical reaction

a0 oo

Applied to Unit Operations:

a. Evaporation (tank)

. | Exampte: Water (40°, 1.0 atm) siowly and steaily evaporates into nitrogen

(80°C, 1.0 atm) from the bottom of a cylindrical tank as shown in the figure
below. Astream of dry nitrogen flows siowly past the open tank. The mole
fraction of water in the gas at the top opening of the tankis 0.02. Th
‘geometry is as shown in the figure. What is water mole fraction as a function
of vertcal position? You may assume ideal gas properties. Whatls the rate
of water evaporation?

z=z=10m

An ireversiole,
catalyst surface, as shown. The reaction is “difusion-lmited.” however, because
the rate of completion of he reaction is determined by the rate of diffusion
throughthe fim" near the catalyst surface. Calculate the steady state.
‘composition distrbution i the fim (x,(2)).

b. Catalytic reactors ‘
c. Distillation ot
d. Absorption

Siow-moving
region ino which

-

|
|
Uuid |Liquid|  Gas

P )
[
Thochomicasoent |
(absorbent) appears as a |
ogensous chomical s

reaction inthe.
d penetraton region

Equirol Courter Difuson

N

o

A disiiation colma s separaing o camponents 4 and § 2 siesdy
=t b e v i o a3 Copan e = ' oG

Wha & e concereatan dsriuionin heregon o he sasmoi
counter dfuman?

© Faith A. Morrison, Michigan Tech U.
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Diffusion/Mass Transfer Planning

...and beyond

For all these problems we used the N,

approach:
aCA
ot =—-V -Nys+Ry

=x4(Ng + Np) — cDapVixy

=

Why?

. | Exampte: Water (40°, 1.0 atm) siowly and steadily evaporates into nitrogen

(80°C, 1.0 atm) from the bottom of a cylindrical tank as shown in the figure
below. Astream of dry nitrogen flows siowly past the open tank. The mole
fraction of water n the gas at the top opening of the tankis 0.02. The
‘geometry is as shown in the figure. What is water mole fractio as a function
of vertcal position? You may assume ideal gas properties. Whatls the rate
of water evaporation? N

z=z=10m

An ireversiole,
catalyst surface, as shown. The reaction is “difusion-lmited.” however, because

the rate of completion of he reaction is determined by the rate of diffusion
throughthe fim" near the catalyst surface. Calculate the steady state.
‘composition distrbution i the fim (x,(2)).

Example: Heterogeneous catalysis Use a“penetration
moder

Siow-moving
region ino which

-

Uqud {Liquid|  Gas
B | AR ]
et |
The chemical solvent |
(@bsorvent)appears as a i
gencous chemical o

reaction inthe.
d penetraton region

Wha & e concereatan dsriuionin heregon o he sasmoi
counter dfuman’
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Diffusion/Mass Transfer Planning

For all these problems we
used the N, approach:

Why?

dc
“A=—V-Ny+Ry
+N

Ny = x4(Ny B) — cDapVixy

Because we were able to say

something about the
convection term.

In these problems, convection
was caused by diffusion only.

© Faith A. Morrison, Michigan Tech U.

a Eepms Ve o cony ey o e |
Np, =0
b.
1
NB,z - E NA,z
C.
NA,Z + NB,Z = 0
d.
Ng, =0
11

Diffusion/Mass Transfer Planning

D Transfer Planning

Microscopic species
A mass balance

convection

at

combined convection
and diffusion

convectis
3 ( In these problems, convection
wA was caused by diffusion only. Np,=0
,0(_+1_7‘VwA) = pDypV?wy + 1y '

For all these problems we

used the N, approach: Naz=0
dcy _1
SA=—V-Ny+ Ry Npz=—5Naz

at
Ny = x4(Np + Np) — cDygVx,

Because we were able to say Npz+Np, =0
something about the

Diffusion scenarios are MUCH more
complicated when the convection
includes additional bulk motion
caused by: pressure variation,
gravity, etc.

?

Yet, this includes most situations. .
12
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Diffusion/Mass Transfer Planning

Recap:

Diffusion/Mass Transfer (so far, and beyond)

(e I yRES
Diffusion and v e T
‘ Mass Transfer W ey o

| ~ s @

Our topic is Diffusion and Mass Transfer - —  gEzmed

We have covered DIFFUSION, which includes E -
modeling species mass transfer with Fick’s
law of Diffusion and the diffusion coefficient

DAB'

This is suitable, and convenient for cases when
there is little bulk convection accompanying
the diffusion.

When there is appreciable bulk
convection accompanying the ||
diffusion, we need another approach.

13
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Linear Driving Force Model for Mass Transfer

CM3110
Transport Il Gas
Part Il: Diffusion and Mass Transfer . A '
Ya,bulk \—é gk//\/ﬂ
Yy
h;; % @ (yA,bulk — Ya,i )
@ Ya,i
. - SRS
Linear Driving Force i intetace
Model for Mass INal = ey Y = Yail

Transfer

Professor Faith A. Morrison

Department of Chemical Engineering
Michigan Technological University
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Bulk convection present- Linear-driving-force model

Consider a less p (%Jr v Vw,) = pDagV?ws + 7
idealized situation:
e.g. gas absorption
Both fluids -
Gas Liquid

are in motion
I, A

1 B
Abulk \—/<B <N &
o /IS

!

Q XA, bulk
L— U

v in both phases is 2
complicated, not zero

CANR

Bulk flow is

present. interface

15
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Bulk convection present- Linear-driving-force model

Consider a less p (aa%"‘ v V(UA) = pDapV2wy + 14
idealized situation:
e.g. gas absorption
Both fluids -
are in motion Gas Liquid
I, A I B

LAY What can

T

Ya,bulk @ @ we do?
D

SN
Q X4,bulk

CANR

R
I
. v in both phases is 2
Bulk flow is ‘j complicated, not zero -
present. interface

16
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Bulk convection present- Linear-driving-force model

Remember Newton’s
law of cooling?

What about this case? CM3110

‘ Example 2: Heat flux in a rectangular solid — Fluid BC

What is the steady state temperature
profile in a wide rectangular slab if one
side is exposed to fluid at T, ?

LS homogeneous
fluid 9

solid

/" Whatisthefluxat
Tp # Tywau . thewal?

17
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Bulk convection present- Linear-driving-force model

Remember Newton’s
law of cooling?

What about this case? CM3110

‘ Example 2: Heat flux in a rectangular solid — Fluid BC

What is the steady state temperature
profile in a wide rectangular slab if one
side is exposed to fluid at T, ?

bulk

fluid homogeneous
solid
We're interested in
T;) the T (x) profile in the
solid, but to know the
v = BC, we need to know

v(x,y,z) in the fluid.

" Whatis the flux at
Ty # Twan NG the wall? /

18
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Bulk convection present- Linear-driving-force model

Remember Newton’s
law of cooling?

An Important Boundary Condition in Heat
Transfer: Newton’s Law of Cooling

in >
motion

%
@ g % Toan

Ty # Twau
v(x,y,z) #0

—
The \—ﬂ@ homogeneous
fluid is M solid

CM3110
We want an easier
way to handle this
common situation.

We’'ll solve an
idealized case,
nondimensionalize,
take data and
correlate!

" Whatis the flux at ™
. the wall? P

19
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Bulk convection present- Linear-driving-force model

Remember Newton’s
law of cooling?

= linear-driving-force model

The flux at the wall is given by the
empirical expression known as

Newton’s law of Newton’s Law of Cooling

cooling assumes the

=
. homogeneous
uid
solid

.

heat flux is
proportional to the

driving force, AT
AT = Tpyik — Twan

This expression serves as
the definition of the heat
transfer coefficient.

q
Ix| :@l Tbulk - Twalll

Pl

T =T /" Whatis the fluxat |
b wall \ the wall? /

v(x,y,2) #0

This is a linear-

driving-force model h depends on:
for heat transfer at an «geometry

interface +fluid velocity field
«fluid properties

~temperature difference

For now, we’ll “hand” you
h; later, you'll get it from
literature correlations.

20
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Bulk convection present- Linear-driving-force model

Remember Newton’s
law of cooling?

bulk fluid solid wall

With this model, T(x)
we lump all the
complexity in the
bulk fluid phase Tyuk = Twau
into h and use T
data correlations wall

(experimental i T . .
data) to get final : T (x) in solid

numbers.
Xwall X

Tbulk

The temperature difference at the fluid-wall interface is caused by
complex phenomena that are lumped together into the heat transfer
coefficient, h

21
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Bulk convection present- Linear-driving-force model — —
et exproscion fnown se | S
Newton’s Law of Cooling % 7
Summary — 7y -
- This expression serves as LT (
Heat transfer coefficient, h :,“;:?:r;t;zz:;f;:fh?‘;
7 . . . . . Ix
» Newton’s law of cooling is a linear-driving-force 7| =@ITM = Twaul
model for heat transfer at a boundary
» The “real” physics at the boundary is governed by Dpmi e Fornow, el “handt you
. . e ﬁj;’"\:gﬁyﬁe‘d h; later, you'll get it from
the microscopic energy balance, but it's too hard i propores (i i
~temperature difference
to solve

* We non-dimensionalize the governing equations
for the problem of interest (e.g. forced convection,

natural convection, boiling, condensation)

» This identifies the appropriate dimensionless We Can, do the
numbers same with mass

* We take data and correlate using the transfer coefficient:
dimensionless numbers

+ hrepresents a “resistance” to heat transfer at the * linear-driving force mode/

* dimensionless numbers

* correlations

* overall mass-transfer
coefficient

boundary

* Multiple resistances may be combined to yield an
“overall” heat transfer coefficient U that may be
used in equipment design.

22
© Faith A. Morrison, Michigan Tech U.

4/9/2019

11



Lecture 9-10

Bulk convection present- Linear-driving-force model

Inspiration:

We now do the same with
mass transfer coefficient:

*linear-driving force model
*dimensionless numbers

* correlations

soverall mass-transfer coefficient

This is a linear-driving-force model for
mass transfer at an interface

[Nyl = ky|}’A,buzk — Ya,i

(set signs by the situation)

This equation serves as the defining
equation for mass transfer coefficient
(based on gas mole fraction; there will
be others with other units)

(sorry about that)

The flux at the wall is given by the by
empirical expression known as ==
Newton’s Law of Cooling

This expression serves as 1T,
the definition of the heat .
transfer coefficient.

) 20

q
fl :@ITbum = Twaul

h depends on:

For now, we'll ‘hand” you
*geometry I later, you'll get it from

fluid velocity field literature correlations.
fluid properties
“temperature difference

Summary —
Heat transfer coefficient, h

+ Newton’s law of cooling is a linear-driving-force
model for heat transfer at a boundary

« The “real” physics at the boundary is governed by
the microscopic energy balance, but it’s too hard
to solve

+ We non-dimensionalize the governing equations
for the problem of interest (e.g. forced convection,
natural convection, boiling, condensation)

« This identifies the appropriate dimensionless
numbers

+ We take data and correlate using the
dimensionless numbers

* h represents a “resistance” to heat transfer at the
boundary

+ Multiple resistances may be combined to yield an
“overall” heat transfer coefficient U that may be
used in equipment design.

23
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Bulk convection present- Linear-driving-force model

For mass transfer:

Linear-driving-force model: the

flux of A from the bulk in the gas is

Yai

4/\'

proportional to the difference
between the bulk composition and
the composition at the interface.

(}’A,buzk — Yai )

nterface

This is the defining equation for
the mass-transfer coefficient, k,,

Na = ky(Yapuie — Yai)

24
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Bulk convection present- Linear-driving-force model

Linear-driving-force model: the flux of A from the bulk in the gas is
proportional to the difference between the bulk composition and the
composition at the interface.

The defining equations for the
mass-transfer coefficients:

moles A

Na = ky(Yapur — Yai) kyl=1—0es
— _ . _jcm (sometimes called
Na= kC(CA'bulk CA'l) ke[=] s “diffusion velocity”)

K
(gases) |Na= ﬁ(PA,buzk ~Pai)

25
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Bulk convection present- Linear-driving-force model

With this method, we do not model the details of the
diffusion and convection in the gas.

Instead, we propose that the net effect is that flux is
proportional to the driving force Ay, (or Ac, or Ap,)

Linear-driving-force model

For mass transfer: Linear-driving-force model: the flux
of A from the bulkin the gas is
Gas proportional to the difference
between the bulk composition and

I,A '
- the composition at the interface.
ow S ST
Oy

13

DA — .
ﬁj ,f@ Oapute =ai ) Let's take it out for a
1 Yaj spin with some

wﬂ\\\é\j familiar solutions.

)
:*/ interface

This is the defining equation for _ _ . |I
the mass transfer coefficient, k,, ‘ NA - ky (yA,bulk YA,L) ‘

26
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Bulk convection present- Linear-driving-force model

Example: The film model of 1D steady diffusion yields a composition
distribution and an expression for the flux. What is the mass-transfer

coefficient in the film model? (we use x for liquid
and y for gas mole
fractions)
Gas flux of A Liquid
B <= A
: xXq =1
1
|
1
! ya(2)
1
1
1
1
1
1
1
1
1
1
:
1
1 z=0
edge of@h’ —interface
“film” layer 22 Z1 with liquid A
27
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Bulk convection present- Linear-driving-force model

Example: The film model of 1D steady diffusion yields a composition
distribution and an expression for the flux. What is the mass-transfer
coefficient in the film model?

Gas flux of A Liquid
B = A
i xp=1
i
i
H ya(2)
i
i
1
i
: |
z H z=0
edge of/g;h’ “— interface
“film” layer %2 Z1 with liquid A
You try.
28
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Bulk convection present- Linear-driving-force model

Example: The film model of 1D steady diffusion yields a composition
distribution and an expression for the flux. What is the mass-transfer
coefficient in the film model?

Gas flux of A Liquid
B A
Ya = Ya,bulk i x4=1
(dilute):
Yai = Ya1 »
i Ya(2)
Solution: E
(vai = Yapure) !
n (M) i
_ cDypp YB1 Yabulk = Yaz L
ky = — :
6 (B2 —yB1) ; |
i ~0
(Y82 — ¥B1) ’ edggof\' — interface ?
YBimn == 7o\ “film” layer %2 Z1 with liquid A
In (M)
YB1
ko = ¢Das Film model prediction for
) (YB,m) mass-transfer coefficient
29
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Bulk convection present- Linear-driving-force model

Example: The film model of 1D steady diffusion yields a composition
distribution and an expression for the flux. What is the mass-transfer
coefficient in the film model?

Gas flux of A Liquid
B A
Ya = Ya,bulk i x4=1
(non-dilute)!
Yai = Ya1 »
i Ya(2)
Solution: E
(vai = Yapure) !
n(2B2 |
cDyp YVB1 Yabulk = Yaz L
ky = — :
6 |z —¥s1) ; |
z ' z=0
g2 — ¥YB1) edggof\' —interface
YBim Eem————— “film” layer %2 Z with liquid A
In (J’Bz)
YB1
k, = _Das_ Film model prediction for
8 (YB,m) mass-transfer coefficient

30
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Bulk convection present- Linear-driving-force model

(see Example 1) The film model for x,; = 0.072
Dilute z 2
w 1 1
'5 0.9 - 0.9
= 0.8 L 0.8
(]
0.7 r 0.7
E 0.6 r 0.6
3 <05 r 0.5
=) 0.4 L 0.4
0.3 film model: . L 0.3
1] (l—xA)7<1—xA1)(H)
|5 0.2 =) \T=xn L 0.2
=I 01 seosee r ol
D . 00-6....-.’0-00~Dt'O0.00&.......‘.,...'...
0 0
0 01 02 03 04 05 06 07 08 09 1
Z

8, Xpg2 = 0.02
03<z<10

CRAY

xB

Xg

31
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Bulk convection present- Linear-driving-force model

The film model for x,; = 0.800
Non-Dilute
Zq Z2
1 1
0.9 - 0.9
038 soe, - 0.8
w Toee,
A"D. -
3 0.6 .. 0.6
O 05 o - 0.5
P .'l._
04 .. F 0.4
o ."l_
4 03 R
X
0.2 film model: 7z ‘-~._ r 0.2
1=x4\ _ (1=xm (T*Zt) )
01 (17XA1>7<17XA2) r 01
0 0
0 0.1 02 03 04 05 06 07 08 09 1
Z

0, Xpg2 = 0.10
03<z<10

* XA

xB

@
x

32
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Bulk convection present- Linear-driving-force model

Example: The film model of 1D steady diffusion
. . yields a composition distribution and an
Mass-transfer coefficient expression for the flux. What is the mass-
for film model transfer coefficient in the film model?
. 3 Gas flux of A Liquid
We used mole fraction units: B A
Ya = Ya,buik i x4=1
dilute)
N, =k — Vai PPET— L
A y(yA,bulk Yai) A1 = Yan : 4@
For gases we often use Oai = Yapuae)
concentration units and :
, Yabutk =¥, '
assume ideal gas: e :
z I L/‘\ z :I 0
= — . dge of b terf:
Na = ke(Caputk = Cai) W S A S
n P
C=—=—
V RT
7D film model
k, = ——28_| Film model prediction for k.  Dyp
s (PBlm) mass transfer coefficient

33
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Bulk convection present- Linear-driving-force model

Example: The penetration model of 1D steady diffusion yields a composition
distribution and an expression for the flux. What is the mass-transfer

coefficient in the penetration model? (we use x for liquid
and y for gas mole

R fractions,

Gas flux of A Liquid 4

LA ) B

i “edge of iquid ’
with liquid B~ , _ 5 %film" Igyer

34
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Bulk convection present- Linear-driving-force model

Example: The penetration model of 1D steady diffusion yields a composition
distribution and an expression for the flux. What is the mass-transfer
coefficient in the penetration model?

Gas flux of A Liquid
LA —) B
\
interface \: . o z
with liquid B~ , _ ¢ B edge of liquid
“film” layer

You ftry.

35
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Bulk convection present- Linear-driving-force model

Example: The penetration model of 1D steady diffusion yields a composition
distribution and an expression for the flux. What is the mass-transfer
coefficient in the penetration model?

Gas flux of A Liquid
LA B
i Xapuk =0
Xai = Xa0 .
x4(2)
Solution: (eai = Xapur)
N, = Dapcao 6+/k1/Dyp Xaputk = 0
[\ =
&  \tanh(6\/k./D
( 1/ AB) interface L z
with liquid B~ , _ ¢ edge ofnllqmd
= kc(CAO - 0) %4 = %40 film” layer

Penetration model prediction
for mass transfer coefficient

<45

i _Dap(_ 8Vki/Dap
tanh(8/k;/Da5)

penetration model

As k,becomes large,

1
k.= kD Penetration model prediction for k.« D2
¢ 1an mass transfer coefficient, large k; ‘ AB %

© Faith A. Morrison, Michigan Tech U.
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Lecture 9-10

Mass Transport “Laws” Summary

We now have 2 Mass Transport “laws”

Fick’s Law of Diffusion Ny = x4(Ng + Ng) — cDagVx, Transport
coefficient

Use: Combine with microscopic species A mass balance
Predicts flux N, and composition distributions, e.g. x,(x, v, z,t)
1D Steady models can be solved
1D Unsteady models can be solved (if good at math)
2D steady and unsteady models can be solved by Comsol
Since we predict N4, we can also predict a mass xfer coeff k,, or k.
Diffusion coefficients are material properties (see tables)

Linear-Driving-Force Model | |Na| = ky|yapuik — Yail

Use: Combine with macroscopic species A mass balance
Predicts flux N4, but not composition distributions
May be used as a boundary condition in microscopic balances
Mass-transfer-coefficients are not material properties
Rather, they are determined experimentally and specific to the
situation (dimensional analysis and correlations)
Facilitate combining resistances into overall mass xfer coeffs, K;, K;
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Mass Transport “Laws” S umma ry
We now have 2 Mass Transport “laws”
Fick’s Law of Diffusion Ny = x4(Ny + Ng) — cDagVx, Transport
coefficient

Use: v Combine with microscopic species A mass balance
Predicts flux N, and composition distributions, e.g. x,(x,y,z,t)
v 1D Steady models can be solved
1D Unsteady models can be solved (if good at math)
2D steady and unsteady models can be solved by Comsol
Since we predict N4, we can also predict a mass xfer coeff k,, or k.
Diffusion coefficients are material properties (see tables)

Linear-Driving-Force Model | |Na| = ky|yapuk — Yail

Use: Combine with macroscopic species A mass balance
Predicts flux N4, but not composition distributions
May be used as a boundary condition in microscopic balances
Mass-transfer-coefficients are not material properties
Rather, they are determined experimentally and specific to the
situation (dimensional analysis and correlations)
Facilitate combining resistances into overall mass xfer coeffs, K;, K;

38 © Faith A. Morrison, Michigan Tech U.

4/9/2019

19



Lecture 9-10

Mass Transport “Laws” Remaining

Topics
to round out our
understanding of
mass transport

We now have 2 Mass Transport “laws”

Fick’s Law of Diffusion Ny =x,(Ny + Ng) — cDypVxy

Use: v Combine with microscopic species A mass balance
Predicts flux N, and composition distributions, e.g. x,(x, v, z,t)
v 1D Steady models can be solved
| 1D Unsteady models can be solved (if good at math) |@
2D steady and unsteady models can be solved by Comsol
| Since we predict N,, we can also predict a mass xfer coeff k., or k, |®
Diffusion coefficients are material properties (see tables)

Linear-Driving-Force Model | |Ny| = ky|yapuik — Yail

Use: | Combine with macroscopic species A mass balance |@
Predicts flux N,, but not composition distributions
May be used as a boundary condition in microscopic balances
Mass-transfer-coefficients are not material properties
Rather, they are determined experimentally and specific to the @
situation (dimensional analysis and correlations)

Facilitate combining resistances into overall mass xfer coeffs, K;, K @
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Mass Transport “Laws”

We now have 2 Mass Transport “laws”

Remaining Topics to round out our
understanding of mass transport:

Mass Transport"Laws"

Transport

We now have 2 Mass Transport “laws”
coefficient

Fick’s law of diffusion Fick’s Law of Diffusion Ny = xa(Na +Ny) = cDagVxa
Use:  Combine with microscopic species 4 mass balance
. . . . Predicts flux N, and composition distributions, e.g. x4(x,y, z,t)
1D Steady models can be solved
D 1 . Slnce we predICt NA Wlth FICk S Iaw, [ 1D Unsteady models can be solved (if good at math) 1
. 2D steady and unsteady models can be solved by Comsol
'AB we can alSO predlct a mass transfer [Since we predict N, we can also predict a mass xfer coeff k, or k. (1)
.. Diffusion coefficients are material properties (see tables)
CoeffICIentS k y or kC Linear-Driving-Force Model  |Ny| = ky|ya butk = ya|
H Use: [_Combine with Species A mass balance ]
2. 1D Unsteady models can be solved (if e ot o B o @
May be used as a boundary condition in microscopic balances
gOOd at math ) Mass-transfer-coefficients are not material properties

Rather, they are determined experimentally and specific to the ®
situation (dimensional analysis and correlations)

[ Facilitate combining resistances into overall mass xfer coeffs, Ky, K @

Mass transfer coefficients

/3. Combine with macroscopic species A mass balance
4. Are not material properties; rather, they are determined
ke experimentally and specific to the situation

=< (dimensional analysis and correlations)
5. Facilitate combining resistances into overall mass
transfer coefficients, K;, K;;, to be used in modeling unit
operations

40
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Lecture 9-10

Mass Transport “Laws”

We now have 2 Mass Transport “laws”

Remaining Topics to round out our
understanding of mass transport:

Mass Transport"Laws”

Transport

We now have 2 Mass Transport “laws”
coefficient

Fick’s law of diffusion Fick’s Law of Diffusion Na = xa(Ng+ Np) — cDagVxs

Use:  Combine with microscopic species 4 mass balance
Predicts flux N, and composition distributions, e.g. x4(x,7, 2,t)

1. Since we predict N, with Fick’s law, e e o1
Dypp we can also predict a mass transfer [ Shacat e 1wt oae Boo ot oo o oo e o] (1)
. . Diffusion coefficients are material properties (see tables)
CoefﬂClentS ky or kc Linear-Driving-Force Model  |Ny| = ky|ya butk = ya|
2. 1D Unsteady models can be solved (if Use: [ ComDITe i, macroscopic speces /1 ess baace 1®
good at math) e D

Rather, they are determined experimentally and Specific to the ®
situation (dimensional analysis and correlations)

[ Facilitate combining resistances into overall mass xfer coeffs, K, K @

Mass transfer coefficients

- . . . .
3. Combine with macroscopic species A mass balance We'll take
4. Are not material properties; rather, they are determined them one at a
ke experimentally and specific to the situation time.
=< (dimensional analysis and correlations)
5. Facilitate combining resistances into overall mass ||
transfer coefficients, K;, K;;, to be used in modeling unit
operations

41
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Predicting Mass Transfer Coefficients

i Michigan Tech

CM3110
Transport Il
Part II: Diffusion and Mass Transfer o TR o)
Film theory ke o Dap
Falling liquid film - "i;'z" k. oz DI
o o Penetration theory k= \'Iﬁ)‘" ke o< D3
Predicting Mass-
. . Boundary-layer ke =0 W%Rc‘!’: Sc!® k. oc D33
Transfer Coefficients
From solutions to the
microscopic species A mass
@ balance
Professor Faith A. Morrison
Department of Chemical Engineering
Michigan Technological University
42
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Lecture 9-10

Mass Transport “Laws”

ass Trane por Lows

Since we predict N, with Fick’s law,
we can also predict a mass transfer
coefficients k,, or k. with Fick's law

Fick's Law of Diffusion

We now have 2 Mass Transport “laws”
Ny = xaly+ No) = Dgalxa

Combine with microscopic species A mass bal

Transport
cosfficient,

ke = —28_

8 (PBlm)

As k,becomes large,

ke = vV k1D4p

Film model prediction for
mass transfer coefficient

Penetration model prediction for
mass transfer coefficient, large k,

film model
ke X Dyp

penetration model
1
ke o DZ,

These predictions can be used to infer what physics is controlling mass transfer

in a unit:

« diffusion through a stagnant film (film model, k. < D,5) or
« time of exposure for penetration (k. « Djéz, penetration model).

43
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Mass Transport “Laws”

Another physical picture associated with penetration theory is
“surface renewal” (Danckwerts)

wall liquid 3‘;‘;‘
ey T
i ARl ! 'q
s bulkfuid 1 = 1} Gag
1 1
\ LA
EIREA e by,
! i toxp packets
1 : near surface
] -
1 : 1 Cas
) j—Tt N
1 B/
[ ! ya
k. =
Ttexp

Turbulent flow

Diffusing species only penetrates a
short distance

Due to chemical reaction or short time
of contact, t,y,

Model as unsteady state molecular
transport

Danckwerts: Bulk motion brings fresh
liquid eddies from interior to the
surface

At the surface A4 is transferred as
though B were stagnant and infinitely
deep

Works for falling film

44
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Lecture 9-10

Mass Transport"Laws” _ g MMARY e —— TR

@ Since we predict N, with Fick’s law,
we can also predict a mass transfer
coefficients k,, or k with Fick’s law
and a model

Summary of
models
proposed for
mass

transfer
coefficients
same hydrodynamic flow
Effect on D4z may be used to scale mass transfer
coefficients from one solute to another when they
are exposed to the same hydrodynamic flows
45
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Mass Transport “Laws”

We now have 2 Mass Transport “laws”

Remaining Topics to round out our
understanding of mass transport:

Mass Transport"Laws"

Transport

We now have 2 Mass Transport “laws”
coefficient

i 7, I H Fick’s Law of Diffusion Ny= Ny + Np) — cDppV:
Fick’s law of diffusion h=lnsi=d: -
Use:  Combine with microscopic species A mass balance
Predicts flux N, and composition distributions, €.g. x4(x,, 2 t)

J. Since we predict N, with Fick’s law, 1D Stead models can e sohed 10)

[ 1D Unsteady models can be solved (if good at math)

. 2D steady and unsteady models can be solved by Comsol
DAB we can alSO predICt a mass tl'ansfer [Since we predict N, we can also predict a mass xfer coeff k, or k. (1)
.. Relate k. and Diffusion coefficients are material properties (see tables)
elate k. and D,
CoefﬂCIentS ky or kC B AB Linear-Driving-Force Model [Nl = ky|ys putk — vl
i Use: [_Combine with ecies 4 mass balance
2. 1D Unsteady models can be solved (if iy oot sampocar desoans 1
May be used as a boundary condition in microscopic balances
gOOd at math) Mass-transfer-coefficients are not material properties

Rather, they are determined experimentally and specific to the ®
situation (dimensional analysis and correlations)

[ Facilitate combining resistances into overall mass xfer coeffs, Ky, K @

Mass transfer coefficients

/3. Combine with macroscopic species A mass balance
4. Are not material properties; rather, they are determined
ke experimentally and specific to the situation
=< (dimensional analysis and correlations)
5. Facilitate combining resistances into overall mass
transfer coefficients, K;, K;;, to be used in modeling unit
operations
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Lecture 9-10

Unsteady Macroscopic Species A Mass Balance

CM3110
Transport Il
Part II: Diffusion and Mass Transfer

Unsteady State
Solutions to
@ Diffusion Problems

Professor Faith A. Morrison

Department of Chemical Engineering

x=0 ¢=cy >0
Michigan Technological University x=w gy Ve
47
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dcy a%c,
E?’D“<Eﬁ

nitial condition: ;20 ¢, =¢ ¥z

Boundary conditions

i Michigan Tech

i T
Unsteady State Diffusion in a %
Semi-Infinite Slab =

Unsteady State Mass Transport

Example: A very long, very large tank of water is suddenly exposed to
oxygen atmosphere. Oxygen diffuses into the water. What is the
concentration profile of the oxygen in the water as a function of time?

48
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Lecture 9-10

Unsteady State Mass Transport

Example: A very long, very wide tank of water is suddenly exposed to
oxygen atmosphere. Oxygen diffuses into the water. What is the
concentration profile of the oxygen in the water as a function of time?

0,

H,0

49
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Unsteady State Mass Transport

e l
Unsteady State Diffusion in a —

Semi-Infinite Slab

I
o 0,

=0

2
aCA _ d Cq
ot — YVAB 0z 2 The “diffusion

equation”

Initial condition:

Boundary conditions:

t:0 CA:CAO

x=0 Cq = Cys

X = CA: CAO

V z

t>0
Vit

50
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Lecture 9-10

Unsteady State Heat Transfer: Lecture 6

Earlier ....

We’ve seen this mathematics

problem before.

Example:
When will my
pipes freeze?

The temperature has been 35°F &

for a while now, sufficient to

chill the ground to this
temperature for many tens
feet below the surface.
Suddenly the temperature

drops to -20°F, How long will it

take for freezing temperatu

(32°F) to reach my pipes, which

are 8 ft under ground?

of

res

51
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Unsteady State Heat Transfer: Lecture 6

Develop a model:

Earlier ....

Example:
When will my
pipes freeze?

far a while now, suffici
chill the ground to this
temperature for many
feet below the surface

drops to -20°F. How lo

are 8 ft under ground?

The temperature has been 35°F

Suddenly the temperature

take for freezing temperatures
{32°F) to reach my pipes, which

entto

tens of

ng will it

Example 1: Unsteady Heat Conduction in a Semi-infinite solid

A very long, very wide, very tall slab is initially at a temperature
T,. Attimet = 0, the left face of the slab is exposed to a
vigorously mixed gas at temperature T;. What is the time-
dependent temperature profile in the slab?

© Faith A. Morrison, Michiganzl'ech u.
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Lecture 9-10

Unsteady State Heat Transfer: Lecture 6

Example: Unsteady Heat Conduction in a Semi-infinite solid

H, D, very large

e

53
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Earlier ....

-

Unsteady State Heat Transfer: Lecture 6

Initial Condition:

Then,

54
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Earlier ....
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Unsteady State Heat Transfer: Lecture 6

Earlier ....

Example: Unsteady Heat Conductionin a
Semi-infinite solid

Initial Conditio

T

AR

R
i

e
e
fgh+

smannannan

bbb
ettt

o

55
© Faith A. Morrison, Michigan Tech U.

Unsteady State Heat Transfer: Lecture 6

Unsteady State Heat

Conduction in a Semi-Infinite
Slab

et

et p
bt o
Hinnting
P
et
ettt

oT  k (9°T 92T thermal
— = |—]=a«a ol diffusivity
at  pC, \9x? 0x Lok

pCy

Initial condition: t=0 T=T, Vx
Boundary conditions:

qx dT

1 —kazh(Tl—T) t>0

X = 00 T=TO Vt

&
I
(@]
|
I

56
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4/9/2019

Unsteady State Heat Transfer: Lecture 6 B

Unsteady State Heat Conduction <0
in a Semi-Infinite Slab

Solution:

T —T

—— 9 = erfc{ — eP@HB erfe(¢ + B)
Ty =T

ekttt

+"‘+"‘+"‘:"‘+"‘+"‘+"‘+

k!
b
o

R
Pt
e

o

complementary — 1
error function of y erfc(y) = 1 — erf(y)

(a standard
function in Excel)

vy * Geankoplis 4th ed.,
2 2 eqn 5.3-7, page 363
error functionof y  erf(y) = —f e~ 0" dy' * WRF, eqn 18-21,
\/E 0 page 286

e _k 57
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Unsteady State Mass Transport

The mathematics of unsteady state mass transfer is, in many cases,
directly analogous to problems in unsteady state heat transfer.

We do not need to solve the differential equations again; just re-use the
solutions, including Heissler charts. Pprovided BC and IC are the same.

Unsteady State Heat Transfer: Lecture 6
Unsteady State Mass Transport —
T Unsteady State Heat
Unsteady State Diffusion in a n Conduction in a Semi-Infinite
Semi-Infinite Slab — Slab
2 2 thermal
acy D d%c, ar _ k (6 T) - a<a T) diffusivity
L= _— A 2 2
ot 4B\ 9x2 ot pCy\0x ox ezt
Pl
Initial condition: t=0 ci=cp Vz Initial condition: t=0 T=T, Vx
Boundary conditions: Boundary conditions:
x=0 Ca = Cps t>0
X=00 = ch vt

(For the pipe-freezing problem we did the Newton’s law of cooling
BC case, but the soln with temperature BCs is in the literature too.)

58
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Lecture 9-10

Unsteady State Mass Transport

The mathematics of unsteady state mass

transfer is, in many cases, directly analogous
to problems in unsteady state heat transfer.

We do not need to solve the differential
equations again; we can just re-use the
solutions. (including Heissler charts)

From Geankpolis, 4 edition, page 374

Conduction
of Heat 1n
Solids

SECOND EDITION

OXFORD
AT THE CLARENDON PRESS

H. S. CARSLAW and
J. C. JAEGER

59
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Unsteady State Mass Transport

O, Diffusion
Solution:

The oxygen concentration as a function of
time and depth into the water is given by:

Unsteady State Mass Transport

Cyqs — Cy f Z
—— =erfc[———
Cas — Cao (2,/DABt>

V4

2./Dagt

= erfc(

¢

Unsteady State Diffusion in a n
Semi-Infinite Slab =
ac, a?c
“A—p(=2
at dz2

t=0 cp=cy YV 2z

Initial condition:
Boundary conditions:
x=0 Cp = Cys t>0

X =00 4= Cap vt

Concentration, mol/ml

Oxygen Diffusion

o time,
0.10 _—
—2
0.08 .
10
0.06 Y
—s0
oot Dag=  0.001 cm/s —100
= mol/cm® —200
0.02 - Cas 0.1 mol/s :
Cag=' 0.005 mol/cm ——500
0.00 4 | } | ;
0.0 10 2.0 3.0 40 50

depth, cm

60
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Unsteady State Mass Transport

Unsteady State Mass Transport _—

0, Diffusion

Unsteady State Diffusion in a n
= =

Solution:

Semi-Infinite Slab
acy d%¢c,
ot = Das <—azz

Initial condition: t=0 ¢

The oxygen concentration as a function of
time and depth into the water is given by:

=cyp Vz

Boundary conditions:

x=0 Cp = Cys t>0

X =00 4= Cao vt

Cas — Ca

=erfc

Z
—— =erfc[ ———
Cas — Cao (21[ DABt>

7 Mass Trarspon Laws’

Another physical picture associated with penetration theory s

ZJD_t “surface reneval” (Danckverts)
AB + Turbulent flow

* Diffusing species onlypenetrates a

¢

short distance

+ Dueto chem oo or shorttime of
contact,

+ Model s unsteady state molecular
transport

+ Danckwerts: bulk motion brings fesh
liquid eddies fom interior to the
surface
At the surface 4 is transferred as.
though 5 were stagnant and in finitely

This solution was a resource in the
Danckwertz model for mass transfer; the
short penetration time meant that the
diffusion direction looked “infinite.”

-

eep
+ Works for falling film

61
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Unsteady State Mass Transport

Summary of Unsteady Diffusion:

== The microscopic balances of energy and mass of species A are
quite similar mathematically:

oT
— +v-VT |= aV2T +85,

at
Jdwy )
_+'|_JV(IJA = DABV (IJA+TA
Jt
== Some of the boundary conditions are also similar, e.g.:
t=0 T or wy4 = known value
z=0,00 T or wy = known value
aT _d
z=0,00 L or 224 — known value
dz 0z
aT __d . - .
zZ=2 2, °" % = linear driving force expression (h or k)

Conduction
of Heat in
Solids

=) |jterature results for heat transfer can be
repurposed for species A mass transfer

== |ntuition for heat transfer is plausible to use for
species A mass transfer

62
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Mass Transport “Laws”

We now have 2 Mass Transport “laws”

Remaining Topics to round out our
understanding of mass transport:

Mass Transport"Laws”

We now have 2 Mass Transport “laws” T

coefficient
i 7, I i\ Fick’s Law of Diffusion Ny= Ny + Np) — cDppV:
Fick’s law of diffusion == b
Use:  Combine with microscopic species A mass balance
Predicts flux N, and composition distributions, €.g. x4(x,, 2 t)

4. Since we predict N, with Fick’s law, 1D Steady i cai bo solved

[_1D Unsteady models can be solved (if good at math) 1
Das we can also predict a mass transfer BT R R e o)
. . Diffusion coefficients are material properties (see tables)
coefficients ky or kC Relate k. and Dy Linear-Driving-Force Model [Nl = |y pui — yal
2. 1D Unsteady models can be solved (if e e e et 1®
good at math) Solutions are analogous e

to heat transfer Rather, they are determined experimentally and specfic o the ®
situation (dimensional analysis and correlations)

[ Facilitate combining resistances into overall mass xfer coeffs, Ky, K¢ @

Mass transfer coefficients

e . . . :
3. Combine with macroscopic species A mass balance Keep cranking
4. Are not material properties; rather, they are determined at the list
ke experimentally and specific to the situation
=< (dimensional analysis and correlations)
5. Facilitate combining resistances into overall mass ||
transfer coefficients, K;, K;;, to be used in modeling unit
L operations
63
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