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In a previous posting (Morrison, 2014) we described how to use Excel’s LINEST to obtain a least squares
fit to a linear function, y = mx + b. LINEST may also be used to produce fits to polynomials and other
nonlinear functions. We describe how to do this in this document.

Fitting to a Straight Line

We give a sketch of the Normal equation method here, beginning with the linear case and then adapting
the linear case to the polynomial case. Although Excel versions after 2003 do not use the Normal
equation method for solving the least squares problem, we feel that discussing this method helps us to
understand the structure of the calculation that Excel enables us to do. See the Microsoft support pages
(Microsoft, 2015) for more on how Excel is programmed.

The ordinary least squares problem may be posed as a matrix calculation (Co, 2013). Consider the
problem of a data set of n data pairs (x;, y;) that we would like to fit to the linear function y = mx + b.
We can construct the following matrices:

Function: y=mx+b (1)
x, 1
. a=(* 1
n X 2 matrix: : : (2)
X, 1
Y1
. B = y.z
n X 1 matrix: : (3)
Yn
2 X 1 matrix of coefficients: a= (Zl) (4)

If the data fit the line perfectly, then each data pair would satisfy the equations y; = mx; + b, and in
matrix form we could write:
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(all data pairs sit on the line)

(5)

Aa =B (6)

The usual case is that the data do not exactly sit on a line, so the equations y; = mx; + b would not
hold. Instead, for each data pair there would be a residual amount 7; that is the difference between the
line and the data point. This may be written in matrix form as:

x 1 Y1 r
X2 1 (m) Y2 T2
- b I N (7)
xp 1 Yn T
Aa—B =r

Our goal is to find the column matrix a that minimizes the overall magnitude of the set of residuals, r,
for our data set (x;, ;).

It can be shown (Co, 2013) that the minimum least-squared summed residual for the data set (x;, y;) is
given by the following matrix equation, which is called the Normal equation:

Normal equation: ATAa = ATB

(8)

Solving the Normal equation for a gives us the ordinary least squares best fit values of the model
coefficients (slope and intercept) for the data set. The Normal equation is a linear equation, which we
can solve by left-multiplying both sides by the matrix inverse (ATA)~1:

(ATA)"1(ATA)a = (ATA)"1ATB ©)

a=(ATA)1ATB (10)

The calculation in equation 10 is straightforward to compute using Excel’s matrix operations or with
other software such as Matlab or Mathematica. LINEST is carrying out this type of calculation.!

Fitting to a Polynomial

We can easily expand the Normal-equation method to polynomials of higher order. Consider the
problem of a data set of n data pairs (x;, y;) that we would like to fit to the polynomial function y =
a,x? + a;x + ay. We can construct the following matrices:

L Excel could use the Normal equation to calculate a and did do so in earlier versions, but to obtain greater stability
with some data sets it actually uses a different calculation method. See the Microsoft support pages for details
(Microsoft, 2015).
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Function: y =ax?+a;x + a (11)

x2 x; 1
A x? x, 1

n X 3 matrix: R (12)
X5 xp 1

SN

V1
V2

n X 1 matrix: : (13)
n

oo
1]

a;

ay (14)

S
1l

3 X 1 matrix of coefficients:

Qo

Following the same steps that we used for the fit to the straight line, we construct a column matrix of
residuals and minimize the sum of squared residuals (steps not shown; see Co, 2015) by solving the
Normal equation for the matrix a.

xt x, 1\ /a Y1 61
xzz X2 a, | — y.z = 7:2
S T (15)
x2 x, 1 Qo Yn Th
Aa—B =r (16)
Result when a=(ATA)"'ATB (17)

residuals are minimized:

The solution to the Normal equation is written the same for the straight line fit (equation 10) and for the
polynomial fit (equation 17). The expansion to a polynomial fit required only the modification of the
matrices A and a: In the polynomial fit the matrix A has an extra column on the left containing the x;
values squared (see equation 12). Although here we used a quadratic model (second order polynomial)
for the fit, it is straightforward to see that higher order polynomials are easily accommodated by further
expanding the A and a matrices in an analogous way. We can also replace the functions in the columns
with any other nonlinear functions that interest us, for example In(x) (see appendix).

Polynomial Fits with LINEST

The MS Excel function LINEST carries out an ordinary least squares calculation (see Microsoft, 2014;
Morrison, 2014). The earlier handout gave instructions for using LINEST to fit data to a straight line;
here we discuss fitting a second-order polynomial to a data set. The steps are similar for both linear and
quadratic fits; to request the polynomial fit instead of the linear fit we just need to provide the extra
column in the A matrix containing the xi2 values, as discussed in the previous section.
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To calculate the polynomial fit for the data shown in Figure 1, we apply LINEST as follows (instructions
are for a PC):

1. Select a blank range of five rows (to accommodate the statistics) by three columns (the number
of coefficients in the model equation, 3 for quadratic, 4 for cubic, etc.). These cells will store the
output of the function; we chose C2:E6 as shown shaded in Figure 1.

2. Click on Formulas and then “Insert Function.”

3. Inthe Insert Function window, choose category "Statistical" and function "LINEST;" then click on
OK.

4. Select the y range; select the x-range (in the example B11:B46) but create the extra column in
the internal LINEST matrix A by appending the following array instructions to your selection
for the x-range: x-range”{1,2}. For the example shown the entry would be B11:B46"{1,2}.
Note the curly brackets; these must be typed in. The “B11:B467{1,2}” instruction for the x-
range is creating two columns to use in the calculation, one with the x-values to the power “1”
and the other a column with the x-values to the power “2”. Compare this step with the
discussion around equation 12.2

5. For “Const,” enter TRUE (TRUE=allow a constant term to be calculated, the a, in equation 11)
and for “Stats,” also choose TRUE (TRUE=show the statistics associated with the fit); click on OK.

6. Specify that LINEST is an array function by selecting the formula in the entry field and pressing
CTRL-SHIFT-ENTER. The selected output cells will populate with the coefficients of the fit
(a,, a4, ay) along with the statistics associated with the fit (see Figure 1).

A good check on our work is to use the Trendline command in the Excel plotting windows to fit the data
to a polynomial; the fit obtained is the same. We suggest that you do this check and compare the
coefficients and R? values obtained in the two different methods.

It is possible to directly access the outputs of in a LINEST fit by noting their location in the output array
(Table 1). In the example discussed, the results are stored in a 5 X 3 element array located at C2:E6.
We can access each of the 15 outputs individually (including the #N/A indications) with commands in
this format placed in any desired cell:

=INDEX(LINEST(y-range, x-range”{1,2},1,1),row, column) (18)

The LINEST call used to create the array in equation 18 is the same as that used earlier in the example,
with “1” replacing “TRUE” twice (“1” is equivalent to “TRUE” in logical functions). Note that the
command in equation 18 is not an efficient use of computing power since Excel will recalculate the fit
for each call of such a command.

2 Note that to make the fit to a cubic equation, select a range of 5 rows by 4 columns in step 1 and in step 4 use
x-range”{1,2,3}.
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m HOME INSERT PAGE LAYOUT FORMULAS DATA REVIEW VIEW ACROBAT
j‘x z IE B IE 9 =] Define Name - E:“TIECE Precedents @Show Formulas h
o — %A Use in Formula = “CETracE Dependents 8 Error Checking = &
Insert  AutoSumn Recently Financial Logical Text Date & Lookup & Math &  More Name — Watch
Function - Used~ - -+ Time~ Reference~ Trig- Functions- Manager 3 Createfrom Selection 4 Remove Arrows ~ () Evaluate Formula  \yjindouw
Function Library Defined Names Formula Auditing
c2 - j‘\ {=LINEST(C11:C46,B11:B46"{1,2},1,1)}
A B C o] E F G H 1 J K L M N
1 coefficient names: a; a; ap
2 coefficients| 1.454909] -0.79707| 3.021425
3 std dev of coeff| 0.047613| 0.034481| 0.005216
4 R’| 0.979299| 0.011017| #N/A Sy
5 Fisher F Statistic| 780.577 33| #N/A |degrees of freedom
[ SSR| 0.189483| 0.004005| #N/A  [SSE
7
]
9
y_LINEST
10 X v fit
11 0 3.01| 3.021425 325
12 0.02| 3.002011| 3.006065
13 0.04] 2.97409| 2.39187|
14 0.06| 2.976302| 2.973838
15 0.08| 2.968717| 2.36697|
16 0.1 2.9514| 2.956267|
17 0.12| 2.954419| 2.346727|
18 0.14| 2.947842| 2.938351]
19 0.16| 2.941734| 2.931139
20 0.18| 2.926165| 2.925091 >
21 0.2 2.9312| 2.920207|
22 0.22| 2.926907| 2.916487|
23 0.24| 2.913354| 2.913931]
24 0.26| 2.920606| 2.912538
25 0.23| 2.918733| 2.91231]
26 0.3 2.9278| 2.913245
27 0.32| 2.927875| 2.915345
28 0.34| 2.929026| 2.918608
29 0.36| 2.921318| 2.923036
0 0.38| 2.924821 2.928627 285 f f f ‘ ‘ f f
0 01 02 03 04 05 0.6 0.7 0.8
31 0.4 2.9296| 2.935382]
3z 0.42| 2.945723| 2.943301] X
33 0.44| 2.933258| 2.952384
34 0.46| 2.95227| 2.962631]

Figure 1: Data (X) were fit to a quadratic equation using Excel’s LINEST function, as discussed in the
text. Cells C2 through E6 hold the array output of LINEST. The cells that surround the output cells
contain labels that were added manually. Note that in step 6 when we transform LINEST into an
array function, curly brackets {} appear automatically around the entire function call. These brackets
cannot be entered manually, but must be introduced as instructed in step 6. In contrast, the curly
brackets in the “*{1,2}” portion of the command were added manually.
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Table 1: Contents of the 5 X 3 array of output from LINEST for fitting a 2™
order polynomial to a dataset.

c
| £
[e] (@]
& | O | Quantity | Description
1|1 a, Coefficient of x? term
2 a, Coefficient of x term
3 ag Coefficient of constant term
2 1 Sa, Standard deviation of a,
2 Sa, Standard deviation of a,
3 Sa, Standard deviation of a,
3 1 R? Coefficient of determination
2 Syx Standard deviation of y(x)
3 #N/
4 1 F Fisher F statistic
2 d.f. Degrees of freedom
3 #N/A
5 1 SSR Regression sum of squares
2 SSE Residual sum of squares of errors
3 #N/A
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Appendix

Summary of Some Handy Microsoft Excel LINEST Commands

Linear Fit

y=mx+b
m =SLOPE(yrange,xrange)
b =INTERCEPT(yrange,xrange)

Logarithmic Fit

y=aln(x)+b
a = INDEX(LINEST(yrange,LN(xrange)),1,1)
b = INDEX(LINEST(yrange,LN(xrange)),1,2)

Power-Law Fit

y = ax?
a =EXP(INDEX(LINEST(LN(yrange),LN(xrange),,),1,2))

b = INDEX(LINEST(LN(yrange),LN(xrange),,),1,1)

Exponential Fit
y = aeb*
a =EXP(INDEX(LINEST(LN(yrange),xrange),1,2))
b = INDEX(LINEST(LN(yrange),xrange),1,1)

2"P Order Polynomial Fit (Quadratic)

y = ax? 4+ a1x + a

a, = INDEX(LINEST(yrange,xrange”{1,2}),1,1)
a; = INDEX(LINEST(yrange,xrange”{1,2}),1,2)
ay = INDEX(LINEST(yrange,xrange”{1,2}),1,3)

3R Order Polynomial Fit (Cubic)

y = azx3 + ax? + a;x + ag

a; = INDEX(LINEST(yrange,xrange”{1,2,3}),1,1)
a, = INDEX(LINEST(yrange,xrange”{1,2,3}),1,2)
a; = INDEX(LINEST(yrange,xrange”{1,2,3}),1,3)
ay = INDEX(LINEST(yrange,xrange”{1,2,3}),1,4)
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