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Exam 2 Formulas 
CM4650 Polymer Rheology Prof. Faith Morrison 

 
  

Rate of deformation tensor:  ࢽሶമ ൌ સഫ࢜ ൅ ሺસഫ࢜ሻࢀ 

Rate of deformation:  ࢽሶ ൌ ቚࢽሶമቚ 

Tensor magnitude:     ࡭ ൌ ห࡭മห ൌ ቤට࡭മ:࡭മ

૛
ቤ 

Total stress tensor:  મമ ൌ ഭࡵ࢖ ൅ ഭ࣎ 

 

Shear strain:  ߛଶଵሺݐ௔, ௕ሻݐ ൌ ׬ ᇱᇱݐᇱᇱሻ݀ݐሶଶଵሺߛ
௧್
௧ೌ

 

 

  
 

Newtonian, incompressible fluid:     ഭ࣎ ൌ െࣆሺસഫ࢜ ൅ ሺસഫ࢜ሻࢀሻ 

 

Generalized Newtonian fluid (GNF):  ഭ࣎ ൌ െࣁሺࢽሶ ሻࢽሶമ  

Power-law GNF model:  ࣁሺࢽሶ ሻ ൌ ሶࢽ࢓  ૚ି࢔
(Note that m and n are parameters of the model and are constants) 

Carreau-Yasuda GNF model:        ࣁሺࢽሶ ሻ ൌ ஶࣁ ൅ ሺࣁ૙ െ ஶሻሾ૚ࣁ ൅ ሺࢽሶ ሿࢇሻࣅ
ష૚࢔
ࢇ  

(Note that a,  n, o, and ߟஶ are parameters of the model and are constants)  
 
 

  

  

(Bird, UR sign convention on stress) 

(Bird, UR sign convention on stress) 
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Navier-Stokes Equation:  gvpvv
t

v  





 

 2

 

Cauchy Momentum Equation:  gpvv
t

v  





 



 

Continuity Equation:                         v
t







 

Fluid force ࡲഫ࢔࢕ on a surface S: 

࢔࢕ഫࡲ ൌ ඵሾ࢔ෝ ⋅ െમമሿห
ࢋࢉࢇࢌ࢛࢙࢘

ࡿࢊ
ࡿ

 

Flow rate ࡽ	through a surface S: 

ࡽ ൌඵሾ࢔ෝ ⋅ ഫ࢜ሿ࢙࢛࢘ࡿࢊࢋࢉࢇࢌ
ࡿ

 

 

Fluid torque ࢀഫ࢔࢕ on a surface S: 

 (෩ഫ is the lever arm vector from the axis of rotation to the point of application of the forceࡾ) 

 

࢔࢕ഫࢀ ൌ ඵൣࡾ෩ഫ ൈ ሺ࢔ෝ ⋅ െમമሻ൧
ࢋࢉࢇࢌ࢛࢙࢘

ࡿࢊ
ࡿ

 

 
  
  

(Bird, UR sign convention on stress) 

(Bird, UR sign convention on stress) 

(Bird, UR sign convention on stress) 
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Elongational flow:  ഫ࢜ ൌ

ۉ

ۇ
െ ሶሺ࢚ሻࢿ

૛
࢞૚

െ ሶࢿ ሺ࢚ሻ

૛
࢞૛

ሶࢿ ሺ࢚ሻ࢞૜ ی

ۊ

૚૛૜

 

 

Shear flow:  ഫ࢜ ൌ ൭
ሶ࣍ሺ࢚ሻ࢞૛
૙
૙

൱
૚૛૜

 

  
 

Steady shearing kinematics:   ሶ࣍ ሺ࢚ሻ ൌ ሶࢽ ૙ for all values of time ࢚ 

Start-up of steady shearing kinematics:  ሶ࣍ ሺ࢚ሻ ൌ ൜
૙ ࢚ ൏ ૙
ሶࢽ ૙ ࢚ ൒ ૙ 

Cessation of steady shearing kinematics:  ሶ࣍ ሺ࢚ሻ ൌ ቄࢽሶ ૙ ࢚ ൏ ૙
૙ ࢚ ൒ ૙

 

Step shear strain:  ߫ሶሺݐሻ ൌ ൝
0 ݐ ൏ 0
ሶ଴ߛ 0 ൑ ݐ ൏ ߝ
0 ݐ ൒ 	ߝ

 

Small-amplitude oscillatory shear:  ߫ሶሺݐሻ ൌ ଴߱ߛ cos߱ݐ 

Steady elongational kinematics:  ࢿሶ ሺ࢚ሻ ൌ ሶࢿ ૙  for all values of time ࢚ 

Start-up of steady elongation kinematics:  ࢿሶ ሺ࢚ሻ ൌ ൜
૙ ࢚ ൏ ૙
ሶࢿ ૙ ࢚ ൒ ૙ 

  

Shear viscosity: 	ࣁ ൌ ିሺ࣎૛૚ሻ

ሶࢽ ૙
 

Shear normal stress coefficients:  શ૚ ൌ
ିሺ࣎૚૚ି࣎૛૛ሻ

ሶࢽ ૙
૛ , શ૛ ൌ

ିሺ࣎૛૛ି࣎૜૜ሻ

ሶࢽ ૙
మ  

Steady elongational viscosity:   ࣁഥ ൌ ࢋࣁ ൌ
ିሺ࣎૜૜ି࣎૚૚ሻ

ሶࢿ ૙
 

Step strain:  ࡳ ൌ ିሺఛమభሻ

ఊబ
 

Small-amplitude oscillatory shear:  െ࣎ଶଵ ൌ ᇱܩ sin߱ݐ ൅ ᇱᇱܩ cos߱ݐ 

ᇱࡳ ൌ
െሺ߬଴ሻ
଴ߛ

cos ߜ ᇱᇱࡳ											 ൌ
െሺ߬଴ሻ
଴ߛ

sin  ߜ
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Table of Integrals 

 

න࢛࢛ࢊࢻ ൌ
ା૚ࢻ࢛

ࢻ ൅ ૚
൅ ࡯  constant	a	is	ࢻ					

න
૚
࢛
࢛ࢊ ൌ ࢛ܖܔ ൅  ࡯

නሺ࢛ܖܔሻ࢛ࢊ ൌ ࢛ ࢛ܖܔ െ ࢛ ൅  ࡯

න࢛	࢜ࢊ	

࢈

ࢇ

ൌ ࢛࢜อ
ࢇ

࢈

െ න࢜	࢛ࢊ

࢈

ࢇ

 

  

Miscellaneous 

 

മ࡭ ൌ ൭
૚૚࡭ ૚૛࡭ ૚૜࡭
૛૚࡭ ૛૛࡭ ૛૜࡭
૜૚࡭ ૜૛࡭ ૜૜࡭

൱

૚૛૜

 

 

ࢊ
࢙ࢊ

ሺ࢛࢝ሻ ൌ ࢛
࢝ࢊ
࢙ࢊ

൅ ࢝
࢛ࢊ
࢙ࢊ

 

 

ഫ࢛ ൈ ഫ࢝ ൌ ܜ܍܌ อ
ො૚ࢋ ො૛ࢋ ො૜ࢋ
࢛૚ ࢛૛ ࢛૜
࢝૚ ࢝૛ ࢝૜

อ ൌ ൭
࢛૛࢝૜ െ ࢛૜࢝૛

െሺ࢛૚࢝૜ െ ࢛૜࢝૚ሻ
࢛૚࢝૛ െ ࢛૛࢝૚

൱
૚૛૜
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Cylindrical Coordinate System:  Note that the ࣂ-coordinate swings around the ࢠ-axis and 
the ࢘-coordinate is perpendicular to the z-axis. 

 
 

Spherical Coordinate System:  Note that the ࣂ-coordinate swings down from the ࢠ-axis 
and the ࢘-coordinate emits radially from the origin to the point; these are different from their 
definitions in the cylindrical system above. 

  



6 
2 April 2018   
formula_sheet_for_exam2_2018.docx 

 
 
 

Cylindrical Coordinates 
System Coordinates Basis vectors 
Cylindrical  ࢘ ൌ ඥ࢞૛ ൅ ࢟૛ ࢋො࢘ ൌ ො࢞ࢋࣂܛܗ܋ ൅  ො࢟ࢋࣂܖܑܛ

Cylindrical ࣂ ൌ ૚ିܖ܉ܜ ቀ
࢟
࢞
ቁ ࢋොࣂ ൌ ሺെࣂܖܑܛሻࢋො࢞ ൅  ො࢟ࢋࣂܛܗ܋

Cylindrical ࢠ ൌ ࢠොࢋ ࢠ ൌ  ࢠොࢋ

Cylindrical  ࢞ ൌ ࢘ ො࢞ࢋ ࣂܛܗ܋ ൌ ො࢘ࢋࣂܛܗ܋ ൅ ሺെࣂܖܑܛሻࢋොࣂ 

Cylindrical ࢟ ൌ ࢘ ො࢟ࢋ ࣂܖܑܛ ൌ ො࢘ࢋࣂܖܑܛ ൅  ࣂොࢋࣂܛܗ܋

Cylindrical ࢠ ൌ ࢠොࢋ ࢠ ൌ  ࢠොࢋ

  
 
Spherical Coordinates 
System Coordinates Basis vectors 
Spherical ࢞ ൌ ࢘ ࣂܖܑܛ ො࢞ࢋ ࣘܛܗ܋ ൌ ሺࣂܖܑܛ ො࢘ࢋሻࣘܛܗ܋ ൅ ሺࣂܛܗ܋ ࣂොࢋሻࣘܛܗ܋ ൅ ሺെࣘܖܑܛ	ሻ  ොࣘࢋ

Spherical ࢟ ൌ ࢘ ࣂܖܑܛ ො࢟ࢋ ࣘܖܑܛ ൌ ሺࣂܖܑܛ ො࢘ࢋሻࣘܖܑܛ ൅ ሺࣂܛܗ܋ ࣂොࢋሻࣘܖܑܛ ൅  ොࣘࢋࣘܛܗ܋

Spherical  ࢠ ൌ ࢘ ࢠොࢋ ࣂܛܗ܋ ൌ 	ࣂܛܗ܋ ො࢘ࢋ ൅ ሺെࣂܖܑܛሻࢋොࣂ 

Spherical ࢘ ൌ ඥ࢞૛ ൅ ࢟૛ ൅ ො࢘ࢋ ૛ࢠ ൌ ሺࣂܖܑܛ ො࢞ࢋሻࣘܛܗ܋ ൅ ሺࣂܖܑܛ ො࢟ࢋሻࣘܖܑܛ ൅  ࢠොࢋࣂܛܗ܋

Spherical 
ࣂ ൌ ૚ିܖ܉ܜ ൭

ඥ࢞૛ ൅ ࢟૛

ࢠ
൱ 

ࣂොࢋ ൌ ሺࣂܛܗ܋ ො࢞ࢋሻࣘܛܗ܋ ൅ ሺࣂܛܗ܋ ො࢟ࢋሻࣘܖܑܛ ൅ ሺെࣂܖܑܛሻࢋොࢠ 

Spherical  ࣘ ൌ ૚ିܖ܉ܜ ቀ
࢟
࢞
ቁ ࢋොࣘ ൌ ሺെࣘܖܑܛሻࢋො࢞ ൅  ො࢟ࢋࣘܛܗ܋

 


