Final Exam Formulas
CM4650 Polymer Rheology Prof. Faith Morrison

Rate of deformation tensor: y = Vv + (vo)T

Rate of deformation: y = |Z|

Tensor magnitude: A = |4| = + /=12i=1

Total stress tensor: 1 = pI + T

(Bird, UR sign convention on stress)

Shear strain: Y21ty ty) = f:” V21(t"dt"”

ov
Navier-Stokes Equation: P(é—z TV V!) =—Vp+ uV°v + L9

oV
Cauchy Momentum Equation: p(a Ty Vij =-Vp-V-z+pg

Continuity Equation: £ =-v-(pv)

Fluid force F on a surface S:

E - ff [ﬁ ' _l;l”surfacedA

A

Flow rate Q through a surface S:

0= [[17 Vloursacedts
S

Fluid torque I on a surface S: (R is the vector from the axis of rotation to the point of application of the force)

1= [[[Rx G- ~Dlarsacedd
S
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Newtonian, incompressible fluid: = —p(Vv + (Vo)T)

Hookean solid (small strain): z = —Gy(t,t")

Generalized Newtonian fluid (GNF): z = —n(y)y

Power-law GNF model: 5(y) = my™!
(Note that m and n are parameters of the model and are constants)

n—-1
Carreau-Yasuda GNF model:

NW) =Nw + (Mo —Ne)[1 + (P @
(Note that a, 4 and n, 70, and 77, are parameters of the model and are constants)

Generalized Linear Viscoelastic Model (GLVE) (rate version): T(t) = — f_too G(t—t)hy(tHdt

Generalized Linear Viscoelastic Model (GLVE) (strain version) :  T(t) = f ac(t t) (t tHdt'

Maxwell GLVE model relaxation function: G(t —t') = %e‘(‘“")/’1

Generalized Maxwell GLVE model relaxation function: G(t —t') = Yr_, "" ‘(‘ t')/Ak

Lodge Model or Upper Convected Maxwell:  z(¢t) = _too ’73 e T oCl(E, dt’
(integral version) - A

Cauchy-Maxwell Model or Lower Convected Maxwell:

(integral version)

t mo Nt
‘g(t)=+f_oo/1—2e 1 C(t t)dt
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G

Elongational flow (uniaxial, biaxial): v = _@xz
2
é(t)xg 123
¢(t)x
Shear flow: v = 0
0 /123

Steady shearing kinematics: ¢(t) = y, for all values of time t

L ... (0 t<O
Start-up of steady shearing kinematics: ¢(t) = {)./0 t>0

Cessation of steady shearing kinematics: ¢(t) = {’3’ i j g

Small-amplitude oscillatory shear: ¢(t) = y,w cos wt

0 t<o0
Step shear strain kinematics: ¢(t) = lim,_, {yo/e 0<t<e
0 0<t

Steady elongational kinematics: &(t) = &g

i . L 0 t<0
Start-up of steady elongation kinematics: &(t) = {8 ¢ i 0
0 =

Cessation of steady elongation kinematics: &(t) = {80" ; i g

Shear viscosity: n = i“)
Yo
Shear normal stress coefficients: W = %,WZ = %
0 0
—T21(%)

Shear relaxation modulus (step shear strain): G(t,y,) =

Small-amplitude oscillatory shear: —t,; = G’ sinwt + G"' cos wt

—(70) cos S G' = —(70)
Yo Yo

siné

G =

—(733-711)

Elongational viscosity: 17 =1, = .
0
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Cylindrical Coordinate System: Note that the 8-coordinate swings around the z-axis and the
r-coordinate is perpendicular to the z-axis.

Spherical Coordinate System: Note that the @8-coordinate swings down from the z-axis and the
r-coordinate emits radially from the origin; these are different from their definitions in the
cylindrical system above.

VA
A
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System Coordinates Basis vectors

Spherical x =rsinfcos ¢ é, = (sinf cos ¢p)é, + (sinfsinp)e, + cos e,
Spherical y=rsinfsin¢g | &3 = (cosOcosp)e, + (cosOsing)e, + (—sinh)e,
Spherical Z=rcos0 ey = (—sing)é, +cosde,

Cylindrical x=1cosf e, =cosfe, +sinbe,

Cylindrical y =rsinf €9 = (—sinB)é, + cosfe,

Cylindrical zZ=12 e, =¢e,

Differential Areas and VVolumes

Coordinate system Surface Differential dS
Cartesian (top, n = &,) dS = dxdy
Cartesian (top, 1t = &,) dS = dxdz
Cartesian (top, n = &,) ds =dydz
Cylindrical (top, n = &,) dS = rdrd@

Cylindrical (side, n = e,.) dS = RdOdz
Spherical (atr = R, 7 = &,.) dS = R?sin 0d0d¢

Coordinate system | Volume Differential dV
Cartesian dV = dxdydz
Cylindrical dV = rdrd@dz

Spherical dV = r? sin 0drd0d¢

Tensor Invariants

(p40)

5523:

i=1

= trace(B)

3 3
g = Z Z B;jBj; = trace(B - B)

i=1 j=1

3 3 3
Ilg EZZZB” BjyBy; = trace(B - B - B)

i=1 j=1 k=1

Note that |[B| = +\/¥
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Table of Inteqgrals

ua+1

fuadu - a+1

+ C «aisaconstant

1
J—du:lnu+C
u

j(lnu)du =ulnu—-u+C

b b b
judv=uv —fvdu
a a a

]e”du =e*+C
Jue”du =e*(u—-1)+C

juze”du =e*(u?-2u+2)+c¢C

J cos(u)du = sin(u) + C
j sin(u) du = —cos(u) + C
jucos(u)du = usin(u) + cos(u) + C

jusin(u) du = sin(u) —ucos(u) + C
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Miscellaneous

A1 A1z Agg
A=|421 A2 A3
Az1 Az A33/ 55

d( ) = dw_l_ du
dsuw _uds wds

e UW3 — UzW;
—(uyw3 — uzwy)
UiW3z —U2W1 /423
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