FINAL REVIEW: KEY

1. Given the force field F' =7 + 2; — tk and the parametric equations
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of a curve C, where 0 < t < 72, find the work over the curve C.
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2. For each of the following force fields that are path-independent, find the
correspo_'nding potential fungtion:

(a) F = —yi+axj; (b) F= (2% - 3ay® y° - 327y).

Key:

(a) F=Pi+Qj, where P = —y and Q = z. One has
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so that ijeld F is not path-independent.
b) F = Pi+Qj, where P = 2% — 3zy? and Q = y> — 32%y. One has
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so that field F is path-independent.
If F' = grad f, then f, = 2% —3zy? and f, = y> — 322y, so that the potential
function is
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3. For each of the force fields in Problem 4 that are not path-independent,
find the work done over the circle of radius 2 centered at point (0,1). Do this
in two ways: (i) using Green’s theorem and (ii) without using it.

Key:

(i)
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(ii) Parametric egs. are = 2cost and y = 1 4 2sin¢, 0 < ¢ < 27.
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4. Find the fluxes of the following vector fields:
(a) F = ayzi+aj— yk through the square of side 2 centered on the z-axis
in plane x = 3 and oriented in the negative z-direction;
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(b) F = —2F through the sphere of radius 5 centered at the origin and
oriented outward;

Key:
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(c) F = yf— xf—i— k through the upper hemisphere of radius 2 centered at

the origin and oriented upward;
Key:

With z = f(x,y) = /4 — 22 — y2,
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where D is the disk of radius 2 in the xy-plane centered at the origin.

(d) F = y;— mf—l— 2k through the sphere of radius 2 centered at the origin
and oriented outward;

Key: F= y;f xj+ 2k = QSingosintf 2sin<pcos€f+ 2 cos ng;
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() F = yi+aj+ zk through the entire surface (oriented inward) of the solid
cylinder defined by the inequalities 22 + y? <4 and 0 < z < 3;

Key: On the cylinder (side) surface, F = yitaj+zk = 2sin0i+2 cos 0+ zk;
so the flux through the side is

27 1
Flux; = — / / 2(Fy cosf + Fysin6) dzdf
o Jo

2 1
—/ / 2(2sinf cos b + 2 cos §sin B) dzdh = 0.
o Jo

At the bottom surface, z = 0, the inner unit normal vector 7 = k and hence
F.-i=F- -k=2z=0. So, the flux through the bottom is

FluXQZ// F.-idA=0,
D

where D is the disk of radius 2 in the zy-plane centered at the origin. At the
top surface, z = 3, the inner unit normal vector 7 = —k and hence F' - n =
—F - k= —2z=-3. So, the flux through the bottom is
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which is also the total flux.

(f) F = xj + ayk through the entire surface (oriented outward) of the solid
region defined by the inequalities 0 < z < 1 — 22 — 32,

Key: The top surface is the graph of the function f(z,y) = 1 — 22 — y? over
the unit disk D in the zy-plane centered at the origin. So, the flux through the
top is

Flqu = // (F3 — Flf'c — Fgfy) dx dy
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The bottom surface is the unit disk D, with 17 = —E, so that at the bottom
F -1 = —xy. So, the flux through the bottom is

Fluxy = // (—ay)dzdy =0,
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which is also the total flux.

(g) F = xj+ xyE through the part of the plane = + 2y + 3z = 6 (oriented
upward) over the region in the zy-plane defined by the inequalities z > 0, y > 0,
x + 2y < 6.

Key: The surface is the graph of the function f(z,y) =2 - 5 — %y over
the triangular region, say R, in the zy-plane defined by the inequalities x > 0,

y =0, x4+ 2y <6. So,
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5. Identify each of the 7 parts in Problem 4 which deals with the flux
through a closed surface (that is, through the entire surface of a solid region.)
In each such case, use the Divergence Theorem to verify the result you obtained
in Problem 4.

Key: Closed surfaces appear in parts (b), (d), (e), and (f).

(b) F' = —2i" = (=2, 2y, —22); div F = 3014 82 4 9 — 922 = —6.
So, the flux is
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where W is the ball of radius 5 centered at the origin.

(d) F = (y,—,2); divF = %+%+8£3 =04+0+1=1. So, the flux is
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where W is the ball of radius 2 centered at the origin.

(e) F = (y,,2); divF = %—l—%—%—i—% =0+0+1=1. So, the flux
(inwards) is

—/ 1dV = —Volume(W) = —7 2% x 3 = —12,
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where W is the solid cylindrical region in question.

(f) F= 0,2, zy); divF = 88};1 + 881;"‘ + aaF; =0+0+0=0. So, the flux is

0.



