A MODEL FOR FLUID FLOW BETWEEN
PARALLEL, CO-ROTATING
ANNULAR DISKS

Thesis
Submitted to
Graduate Engineering and Research
School of Engineering

UNIVERSITY OF DAYTON

In Partial Fulfillment of the Requirements for

The Degree
Master of Science in Mechanical Engineering

by
Jeffrey Stuart Allen

University of Dayton
Dayton, Ohio
July, 1990



A MODEL FOR FLUID FLOW BETWEEN
PARALLEL, CO-ROTATING ANNUALAR DISKS

Approved by:

o

Kevin Hallinan, Ph.D.
Advisory Committee, Chairman

Gary A. Thiele, Ph'D.

Associate Dean/Director

Graduate Engineering and Research
School of Engineering

Lo A ooV

Gordon A. Sargent, Ph.D.
Dean, School of Engineering

1



a5y bl e D LT
R R e R 'é

R ﬂ"% ity flgt s .‘.\‘Sn_vli_{:.’?_h D e

Acknowledgements

I am deeply indebted to niy family, friends, and associates for their support dur-
ing the course of this work and my education. In particular, I would like to thank
Dr. John Schauer for getting me started on this project and for his continual guid-
ance and support. And I greatly appreciate the faculty and staff of the mechanical
engineering department for their assistance and patience. I would also like to thank
Dr. Costandy Saba and Dr. Vinod Jain for providing me with the financial means to
pursue my master studies. An enormous debt of gratitude goes to my good friend
Frank Lung for his technical assistance and for his help in preparing this thesis. I
can not thank enough Dr. Kevin Hallinan who inherited the role of my thesis advisor.
Without his considerable time and effort I would have never finished. Finally, I would
especially thank my parents, Bryant and Carol, for their patience, understanding, and

support; to them I dedicate this work.

iii



Abstract

A MODEL FOR FLUID FLOW BETWEEN
PARALLEL, CO-ROTATING ANNULAR DISKS

Allen, Jeffrey Stuart
University of Dayton, 1990
Advisor: Dr. Kevin Hallinan

A model for fluid flow between parallel, co-rotating annular disks is developed
from conservation of mass and conservation of momentum principles. Through the
assumption of fully-developed boundary layer flow a closed form solution is found for
the velocity components and the pressure. These solutions are then applied to the
conservation of angular momentum principle from which a closed form solution for
the torque of the system is found.

The model can be used to analyze the fluid/disk system in either a pump or
a turbine configuration. The only change necessary is a slight modification of the
boundary conditions. The accuracy of the results in both cases improves as the
dimensionless parameter R* increases. An R* on the order of or greater than 1
indicates that viscous effects are important and the model appears to be very accurate
in this range. :

Other dimensionless parameters similar to R* appear in the development which
also describe various aspects of the model. These parameters are discussed with re-
spect to the force effects (momentum, Coriolis, centripetal, viscous, and pressure)
that each describe. In addition, the performance of a turbine configuration is inves-
tigated with the model and the moment of momentum relationship developed from
the model.

The results of this analysis appear to be promising for describing rotating viscous
flows and justify further investigation.
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Chapter 1
INTRODUCTION

1.1 Background

The system under study consists of fluid flowing between parallel, co-rotating annular-
disks. The rotor, or rotating assemblage, of the system is constructed by attaching
a stack of annular disks to a central shaft. Figure 1 illustrates the basic rotor con-
figuration. This fluid-rotor system can operate either as a pump or as a turbine. In
both instances energy transfer between the fluid and the rotor occurs through viscous
effects. The operation of this system, as either as a pump or as a turbine, utilizes
shear stresses in the fluid at the disk face which are created by a velocity differen-
tial between the fluid and the rotor. In the pump configuration, the velocity of the
disks at a given radius is greater than the tangential velocity of the fluid at that
radius; therefore, kinetic energy is transferred from the rotor to the fluid through vis-
cous interaction at the disk face. In the turbine configuration, the disks are rotating
slower than the tangential velocity of the fluid for a given radius and kinetic energy

is transferred from the fluid to the rotor.
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Figure 1.1: Basic Rotor Construction for System
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1.1.1 History

The system under investigation in this study was first introduced in 1911 by Nikola
Tesla as a turbine. In 1913 he demonstrated the concept with a steam powered, eight
inch diameter turbine that developed over 200 horsepower[1,2]. A patent was issued
to Tesla for both the concept and the device[3,4], hence the name Tesla Turbine. The
turbine configuration is also referred to as the shear-torque turbine and the bladeless
turbine. Since Tesla’s original work the turbine has been more of a curiosity of
acadamia than a practical device; although it has been developed for use in dentist
drills. Some other applications that have been considered involve small propulsive
devices for expendable weapons, such as torpedoes|5].

The pump configuration has been developed much more extensively both practi-
cally and analytically. This attention results from the long operating life this type of
pump would exihibit in harsh environments. With a no-slip condition at the fluid-disk
interface there would be less wear on components than found in typical pumps which
rely upon direct momentum exchange for inducing fluid motion. In other words, with
a typical pump the fluid impinges upon the rotor and this impingement accelerates
rotor wear; whereas, the pump configuration of the system under study does not have
this collision between the fluid and the rotor. This style of pump has been com-
mercially developed for slurries or fluids containing solid objects that would damage
either conventional pumps or the objects being pumped. One such application is
in fisheries where this type of pump allows fish and rocks to pass through without
damage to the pump or fish.

1.1.2 Model Geometry

Studying the performance of the device shown in Figure 1.1 requires that the inter-

action between the fluid and the rotor be modelled. In general, when the interaction
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Table 1.1: Coordinate and Velocity Components

Coordinate Component Velocity

radial: r u
tangential: 0 v
axial: z w

between the fluid and the rotor is being discussed the term system will be used. When
the operation of this device, as a pump or as a turbine, is being discussed the term
configuration will be used. The term model refers to the application of the equations
of motion to the two-disk system shown in Figure 1.2. The model can be used in
either a turbine configuration or a pump configuration.

Figure 1.2 illustrates the geometry of the rotor. A cylindrical coordinate system
where the z-axis coincides with the axis of rotation. The notation used for coordinates
and velocities is shown in Table 1.1.

Figure 1.2 illustrates the model geometry of the rotor. A single pair of disks will
be used to model the fluid-disk interface; for actual rotors the model results will be

multiplied by a coefficient corresponding to the number of disk pairs on the rotor:

ROTOR . 1yu = C(# of disks) + ROTOR,,z01.

If the disk faces are parallel to one another and the distance between the disks
is constant over the radius of the rotor, then four parameters will completely spec-
ify the rotor geometry.: These four parameters are outer radius, inner radius, disk
spacing, and the number of disks. Table 1.2 defines the nomenclature used for these
parameters. The coefficient corresponding to the number of disks, N, is defined such

that for a single pair of disks (the model geometry) N is equal to zero:

C(# of disks) = N +1.
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Table 1.2: Specifying Parameters for Rotor

Outer Radius: r,
Inner Radius: r;
Half-Disk Spacing: 6
Number of Disks: N

Therefore, the performance of ROTO R,.ty,s1 must equal the ROTO R pnoges perfor-

mance for a system having only two disks.

Figure 1.3 illustrates the shear stresses on a fluid element in the turbine configu-
ration. The shear stress in the radial direction is defined as 7, and the shear stress
in the tangential direction is defined as 7. The shear stresses arise from the velocity.
differential between the fluid and rotor and are the primary source of energy transfer

for this system. This study focuses on finding the velocity differential responsible for

the shear stresses.

1.2 Scope of Work

The goal of this study is to develop a procedure to predict the exchange in energy
between the fluid and the rotor for various fluid properties, rotor configurations, and
operating conditions. With the energy transfer known, the performance of the system
as either a pump or a turbine can be calculated. The procedure will be to determine
the velocity components of the fluid relative to the rotor and then to calculate the
torque resulting from the sum of the shear forces across the disk faces.

The emphasis of this study is on the development of a new model and not on
the use of the model. Several different rotor configurations and system operating
conditions are studied, but even the study of these few systems is far from complete.

The use of the model is concentrated on gaseous fluids in a turbine configuration since
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Figure 1.3: Fluid Element: Orientation, Forces, and Velocities
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the original interest in this system was in analyzing the Tesla turbine. However, the
model developed is as valid for pump analysis as it is for turbine analysis. The only

changes necessary are in the boundary conditions.




Chapter 2
ANALYTICAL MODEL

This chapter highlights the model development detailed in Appendix A through D
and discusses various properties of the model and the behavior of specific terms
contained within the model equations. The analytical model will be developed from
general conservation principles; i.e. mass, momentum, and energy. The purpose
of this model is to predict fluid velocity components and pressures for various fluid
properties, rotor configurations, and operating conditions. In other words, given a
description of the system the analytical model will describe the behavior of the fluid
within the system. Once the velocity components are known the performance of the
system, either as a pump or turbine, can be determined.

The complete development of the analytical model is contained in Appendix A
through Appendix D. Appendix A describes the reduction of the continuity equation
and the solution for the radial velocity component of the fluid. Appenix B describes
the reduction of the momentum equations. In Appendix C the §-momentum equation
is solved for the relative tangential velocity component, V. The pressure is found by

solving the r-momentum equation and is shown in Appendix D.
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2.1 Differential Equations of Motion

Several approximations are imposed upon the general conservation principles in the
development of the fluid model. The first approximation is isentropic flow. Since
the temperature is constant throughout the flow there is no exchange in thermal
energy and the conservation of energy principle need not be used. Therefore, the fluid
model may be described by the differential forms of the conservation of mass and the
conservation of momentum principles only. Expressed vectorially these principles are;
Conservation of Mass:
p+ V(o) =0 (2.1)
Conservation of Momentum:

i+ (@3-9)a= “716P + 7+ oV, 2.2)

Further approximations are applied to the mass and momentum conservation prin-
ciples; such as incompressibility of the fluid which, with the assumption of isentropic
flow, uncouples the governing Equations 2.1 and 2.2. Also, the flow is assumed to
be steady-state, and body forces are ignored. Another assumption is that of fully-
developed boundary layer flow existing throughout the rotor. This is the worst as-
sumption of the model and the appropriateness of this assumption will be discussed
later. Assuming fully-developed flow does, however, eliminate axial flow between the
disks. That is, the axial component, w, of the fluid velocity is zero. Therefore, the
characteristics of the fluid velocity field, @, may be modelled using a velocity profile
normal to the boundary layer; i.e., in the axial direction. Using a velocity profile for
the flow effectively makes the field one-dimesional; however, the conservation equa-
tions are two dimensional in the coordinate system defined for the model shown in
Figure 1.2. With these assumptions the conservation equations may now used to solve

for two components of the velocity and pressure (r and ) at the centerline (z = 0)
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of the model.

The velocity profile exists only for those components of the velocity relative to the
rotating disk face. But the conservation equations are only valid for velocities relative
to a non-rotating frame of reference. Therefore, to use the velocity profile in the
conservation equations the absolute velocities are referenced to the rotating coordinate
system. For the absolute radial velocity componenet, u, there is no change; the disk
surface is not moving relative to r. However, the tangential velocity component, v,
does change between rotating and stationary frames of reference. If we define v as
the tangential velocity component of the fluid relative to a fixed frame of reference
and ¥ as the tangential velocity component relative to a rotating frame of reference;

i.e. the disk face, then the absolute tangential velocity, v, is a function of & such that_
v(r,0) = 9(r,0) + rw (2.3)

where w is the angular velocity of the rotor. The tangential velocity component
relative to the disk face, ¥, will be referred to as the relative tangential velocity
throughout the rest of this study. By substituting Equation 2.3 into the conservation
relations (Equations 2.1 and 2.2) for v we can use the velocity profile in modelling
the flow field. This transformation also introduces Coriolis and centripetal forces into
the convective term, (4 - 6)1’1’, of the the conservation of momentum, Equation 2.2.

Now, assume that the flow characterisitics are independent of the angular position.
In other words, the velocity and pressure components are constant with respect to 6.
This assumption will have repurcussions in defininng the boundary conditions, later.
For nozzle directed flow in a turbine this assumption is not very precise. However,
for a pump this is generally an accurate estimate of the flow conditions. The velocity
components can now be expressed as the product of a radially dependent function at
z = 0 and a velocity profile function.

Applying these approximations to the conservation principles we can reduce Equa-
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tions 2.1 and 2.2 to the following forms:

continuity:

“ o, (2.4)

r—momentum:
Oou o* _ 1dP u 10u u 0%u
(5= F) - 0w - () = -1+ (5 i -a) + (5)
(2.5)

f6-momentum:
(u% + uTz';) + (2uw) = v (-g—:—z + %% - :)—2) + v (g) . (2.6)
2.2 Velocity Profile

If we define n = 2/6 and the velocity profile function as JF(n) then the velocity-

components of Equations 2.5 and 2.6 become

u(r,0) = U(r)F(n) (2.7)
and
o(r,8) = V(r)F(n) (2.8)

where U(r) and V(r) are the centerline values (z = 0) of u and ©, respectively. The
seperation of variables for the velocities, u and o, is possible through the assumption
of fully-developed boundary layer flow. Substituting the product function form of the
velocity components, Equations 2.7 and 2.8, into Equations 2.4, 2.5, and 2.6 produces

the following form of the differential equations of motion:
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continuity:
1d(rU) _
o = 0, (2.9)
r—momentum:
U V? _
2 -~ _ _ _ 2) —
F*(n) (U - ) F(n) (2Vw) (rw )
—1dP U 1dU U vU d®F(n)
o T )( trE T ) e 0 20
f-momentum:
d uv
F2(n )(Ud—v+—-) + F(n) (2Uw) =
a2V 1dV Vv vV &#F(n)
vFln )(dr2 i) T g (&)

Note that Equations 2.9, 2.10, and 2.11 are functions of total differentials of the
velocity components as opposed to Equations 2.4, 2.5, and 2.6 which were functions
of partial differentials of the velocity components.

If we integrate across the disk spacing, -1 < 5 < 1, the velocity profile functions,
F(n), of Equations 2.9, 2.10, and 2.11 may be treated as constants. Define these

constants as A-coefficients , where

M= [ Py, (2.12)
Y o= [ Fayn, (2.13)
6= [ ["” 220\ 4, (2.14)
Ay = /Oldn. (2.15)

Because the velocity profile, F(n), is symmetric a factor of 26 can be cancelled from

each term in Equations 2.10 and 2.11. The A—coefficients are constants with respect to
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Table 2.1: A-Coeflicient Values

Laminar Turbulent

M 8/15 7/9
A 2/3 7/8
As -2 1/0 : undefined

r; therefore, the characteristics of Equations 2.9, 2.10, and 2.11 remain unchanged for
different flow regimes. The behavior of these equations for a laminar velocity profile
is the same as for a turbulent velocity profile; only the value of the A-coefficients vary.

Let us examine the A-coefficients for two profiles. A power law is used to approx-

imate a turbulent velocity profile:

F(n)=Q—n)/" (2.16)

and a laminar velocity profile is approximated as parabolic:

Fn)=1-9*. (2.17)

By substituting Equations 2.16 and 2.17 into Equations 2.12, 2.13, and 2.14 we can
compute the values of A;, Az, and A\3. The comparison is shown in Table 2.1

In Table 2.1 we see that the convective coefficients, A\; and )\;, approach 1 as
the flow becomes turbulent. This is due to A\; and \; being the averages of the
convective effects in the velocity field. For instance, in slug flow both A; and ),
would equal 1. The As-coefficient acts on the viscous dissipation terms and is a
measure of the strain rate of the fluid at the wall. Unfortunately, the derivative
of the turbulent power law approximation, Equation 2.16, breaks down at the wall
(n = #£1) and results in an undefined As—coefficient. Therefore, some other measure
of the strain rate at the disk face, such as a Blausius relation, must be used to

determine A;. The power law approximation is, however, still valid for A\; and X,.
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This study concentrates on the general behavior of fluid flow in parallel co-rotating
annular disks; subsequently, the exact values of the A—coefficients are not crucial. For
the purposes of this study the A—coefficients corresponding to a parabolic velocity
profile (laminar flow), Equation 2.17, will be used.

Now, substitute the A-coefficients into Equations 2.9, 2.10, and 2.11. A factor of

26 is cancelled from each term. The equations of motion become:;

continuity:
dUu U

3 + 7 =0 (2.18)

r—momentum:

A (Uﬂ-ﬁ) - X (2Vw) - (r?) =

dr T
—~1dP d&2U ldU U vU
& T (m rdr ) 7 (2.19)
6-momentum:
av [un &V 147V oV
( —+7) + /\2 2ULU) (dr2 ;:17— 1‘2) ASF . (220)

2.3 Solution to Continuity

Examining Equation 2.18 we find that the radial velocity component at the cen-
terline, U(r), is independent of the flow regime since there is no dependency upon
the A—coefficients. Thus, the radial velocity relationship is identical for laminar and

turbulent flows. Solving Equation 2.18 (See Appendix A) for the radial velocity com-
ponent results in:

Ur) = ; , (2.21)
where a is an undetermined constant dependent upon the boundary conditions. In

Equation 2.21 we see that the radial velocity component is directly proportional to

the inverse of radial position; as the radius decreases the radial velocity increases.
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If the solution for the radial velocity, Equation 2.21, is substituted into the

r-momentum equation (2.19) we find that the dilation viscous term,

‘14

2t2e0)|,

rdr

is zero. Likewise, the dilation viscous terms in Equation 2.20 can also be neglected.
The reader is referred to Appendix B for details. Using Equation 2.21, the conserva-

tion of momentum (Equations 2.19 and 2.20), become

r-momentum:

U2+ Vv? _ 2 1dP vU
Al ( ) + /\2 (2Vw) + (rw ) = ;g -_ ASF ’ (222)
6-momentum:
(. dV UV Y
Al (UE: + T) + /\2 (2Uw) = /\3?2— . (223)

In Equation 2.22 we can see the convective forces' (left side of equation) now
include linear momentum effects, (U? + V?)/r, Coriolis effects, 2Vw, and centripetal
effects, rw?. The convective forces are balanced by viscous dissipation, vU/é?, and the
pressure gradient, dP/dr. Equation 2.23 represents a force balance in the tangential
direction and shows no centripetal or pressure effects. Therefore, the viscous effects

are balanced by momentum and Coriolis effects.

2.4 The R—Constant

We can simplify the solutions of Equations 2.22 and 2.23 through the introduction of

a term, R, defined as

A3 174

R = —mm . (2.24)

1These terms are actually accelerations. Multiplying through by the density will make Equa-
tions 2.22 and 2.23 force balances.
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Note that the units for Equation 2.24 are [1/length?]. Therefore, we can define a

dimensionless term, R*, such that
R* = Rrl. (2.25)

Now, if we define the aspect ratio of the rotor, /6, as v, Equation 2.25 can be

rearranged as

- ’\3 72
R ~2 Re. (2.26)
or
. __ ’\3 Y
R* = ~ o Re; ! (2.27)
where Re, is the radial Reynold’s number:
Re, = UL _ & (2.28)
v v :
and Re; is the Reynold’s number based upon disk spacing:
Res = %(i . (229)

Therefore, R* is a ratio of the rotor configuration to the viscous/momentum force
balance. Also, the radial Reynold’s number, Re,, is a constant for the system while
Re; is dependent upon radial position.

Using the definition of R, Equation 2.24, we can rearrange the momentum equa-
tions, 2.22 and 2.23, to

r—-momentum:

% 1dP U2+ V? - 2 vu

f-momentum: _ _

dv nV Az

. — + (1+2Rr?) T 2w =0. (2.31)
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We found that the radial velocity component, U, could be solved explicitely from
continuity, Equation 2.18. From Equations 2.30 and 2.31 we see that the relative tan-
gential velocity, V, can be explicitely solved from the conservation of 6-momentum,

Equation 2.31, and the pressure can be explicitely solved for from Equation 2.30.

2.5 Solution to Momentum Equations

The solution for Equation 2.31 (See Appendix C) results in a power series expression

for the relative tangential velocity:

V(r) = bs—"‘(’f—)'_c (2.32)
where S,,(r) is a power series function of r,
. o0 _R‘
Sm(R*) = Y (m—,) . (2.33)

m=0
In Equation 2.32 the constant, b, is dependent upon the boundary conditions. The

second constant, c, is a function of angular velocity, w, and R:

c = ;\—:(%) . (2.34)

The solution for the pressure is obtained by substituting the expressions for the ra-
dial and relative tangential velocities, Equations 2.21 and 2.32, into the r-momentum
relation, Equation 2.30, and integrating with respect to r (See Appndix D). The so-

lution for the pressure was simplified through the introduction of a convention for

factorial functions:

1
Fm = ;! 1y (235)
and
Gm = ’gn—!("n—_n)—" = ﬂz=:0.I';.'.,,_Iplm_ﬂ . (2.36)

Using these conventions the solution for the pressure becomes:



CHAPTER 2. ANALYTICAL MODEL 19

%P(r) = nf[E+ b}

—/\1{(62—2bc)Rlnr2} < I

2 {bR S CR) (6= 2cF, ]} 1
1 — 2( + 1) m+2 m+2

-Al{(cz—bc)Rlnr} < IV
_ ( R.)m+l .
M {bR > 1) [-2 Fm+1]}

m=0

+ {[wz] %} < VI
M {(¢*) Rinr?} & VII
+d (2.37)

The terms on the right side of Equation 2.37 are seperated with respect to the type
of force effect from which each term evolved. For example, the integration of the
convective term in Equation 2.30 results in terms I, II, and III. Summarizing the

grouping:
e I, II, and III are from convective effects, (U 24 ‘72) /T
e IV and V are from Coriolis effects, 2Vw
e VI is from centripetal effects, rw?

e VII is from viscous effects, (vU) /62

e d is an unknown constant of integration.

LR
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If we rearrange Equation 2.37 so as to group the terms by like powers of r a simpler

solution form is obtained.

%P(r) = - { o+ (b—cf’] [517 + Rlnrz]}
W { -bR mz_o (Z(R'-)::) [6G sz — 2¢(m + 3)Fm+2]]}
)5+ (2.38)

2.6 Summary

In this chapter the conservation equations are solved to find expressions for U, V,
and P for fluid flow between parallel co-rotating annular disks. Equations 2.21, 2.32,
and 2.38 describe a model for fluid flow within a system configured either as a pump
or as a turbine. The constants in this set of equations (a, b, ¢, R, and d) vary
with the operating conditions; i.e. boundary conditions. These constants will change
depending upon the configuration of the system, but the characteristic behavior of

the system is still described by the model.



Chapter 3
BOUNDARY CONDITIONS

In each of the solutions for U, V, and P there are constants which must be spec-
ified in order to completely solve the system. These constants a, b, ¢, R, and d_
are dependent upon the boundary conditions. The constants determine the type of
system; i.e. pump or turbine, but the solutions for the velocity and pressure, Equa-

tions 2.21, 2.32, and 2.38, are always the same.

3.1 Mass Flow Rate and Angular Velocity

From Equation 2.21 we see that the radial velocity constant, a, will change sign upon
a change in the direction of the radial flow. If the flow is radially outward, as in a
pump configuration, the radial velocity is positive, hence a must be positive. In a
turbine configuration the flow is radially inward and a must be negative in order to
have a negative radial velocity. This sign change is illustrated in Figure 3.1. The
value of a can be determined by specifying the mass flow rate. By definition, the
mass flow rate is

m= [ pi-dA. (3.1)
8v

For both the pump and turbine configurations Equation 3.1 reduces to
m = pAV -4, (3.2)

21
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where A is a cross-sectional area at given radius and # is the unit normal to the area.
This area is equal to the circumference multiplied by the disk spacing and by the

number of disk spaces. From this the mass flow rate can be written as
m = p[(2rr) (26) (N +1)] (Ué, + Vég) - é, . (3.3)

The term N in Equation 3.3, as defined earlier in Section 1.1.2, is equal to zero for

a single pair of disks. Substituting the solution for the radial velocity, U, (Equa-
tion 2.21) into Equation 3.3 and rearranging we have
¢= i4—7r(N—’11—);3 . (3.4)
Therefore, given the rotor configuration, fluid density, and the mass flow rate the
radial velocity component, U, of the fluid velcoity can be determined for any radial
position. Note that the correct sign must be assigned to a. For a turbine configuration
a is negative and for a pump configuration a is positive.
If we examine the definition of R given in Equation 2.24 we find that the rU

factor in the denominator may be replaced with the solution for the radial velocity

(Equation 2.21). Subsequently, the term R is a constant such that

A3V

Now, by specifying the rotor dimensions, the fluid density and viscosity, and the
mass flow rate, both the constant a and the constant R may be determined. With
the constant R known, the determination of the constant ¢ (Equation 2.34) in the
solution of the relative tangential velocity, (Equation 2.32) can be accomplished by
specifying the angular velocity, w. Both R and c have a direct dependence upon g;

therefore, R and c will also vary in sign between a pump and a turbine configuration.



CHAPTER 3. BOUNDARY CONDITIONS 23
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(Pump Configuration) (Turbine Configuration)

Figure 3.1: Directions of the Radial Velocity Component
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3.2 Tangential Velocity and Angle of Tangency

The last two unknown constants, b of the relative tangential velocity solution (Equa-
tion 2.32) and d of the pressure solution (Equation 2.38) can be specified by two
methods. The first method is to specify a static pressure at some radius and iterate
on the pressure solution (Equation 2.38) while varying b and d until the correct pres-
sure and angular velocity are found. The second method is to specify a pressure and
a tangential velocity to solve for b and d seperately. The first method appears to be
the more desirable because there are fewer restrictions upon the system and because
of the difficulty in specifying an accurate tangential velocity. Unfortunately, in the
turbine configuration, the pressure drop across the disk has been found to be small
experimentally [8] and analytically. Also the solution for the pressure (Equation 2.38)
is only weakly dependent upon b. Therefore, the first method for determining b and
d may not be accurate.

The second technique requires that the value of b is known in order to determine
the value of d. To find b some tangential velocity at a fixed radius (i.e. outer) must
be specified. Given that a relative tangential velocity, V, is known for some radius
then we can rearrange the solution for V (Equation 2.32) in terms of b:
rV+e
Sm(R*)’
where S,,(r) is defined in Equation 2.33.

(3.6)

For a pump configuration we can assume that the absolute tangential velocity at
the inner radius is zero. This results in a relative tangential velocity at the inner
radius equal to —rw. Therefore, Equation 3.6 becomes:
c—rdw

T Sa(BY

For a turbine configuration the specification of a relative tangential velocity for

b (3.7)

Equation 3.6 is not as simple. In the specification of this V we must remember
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that any dependence upon angular position has been eliminated. Any locally known
(f-dependent) tangential velocity must be distributed over the entire circumference
at the given radius. For example, in a turbine configuration we can experimentally
determine the tangential velocity of the fluid as it exhausts from the nozzle and enters
the rotor; however, using this value in Equation 3.6 will result in a value of b that is
too large. This problem can be overcome by coupling the tangential velocity to the
angle of incidence of the nozzle upon the rotor. This, in effect, relates the tangential
velocity at the outer radius to the mass flow rate which is a constant; i.e. independent
of 8. Figure 3.2 illustrates the angle, a, which is defined as the angle of tangency.
Given a, then the absolute tangential velocity at the outer radius can be specified in

terms of a and U,; the radial velocity at the outer radius:

v, = e (3.8)

tana

The radial velocity, U,, can be determined from the mass flow rate and Equa-
tions 2.21 and 3.4. Subtracting the surface velocity of the disk at the outer radius
from Equation 3.8 will give the relative tangential velocity at the outer radius. Sub-
stituting this relative tangential velocity and the solution for U, into Equation 3.6
gives a solution for b in the turbine configuration:

c—r2w+aftan

S (3:9)

b =

Equation 3.9 must be used cautiously! Because of the nature of the tangent function
a small change in a can produce very large changes in b. As a approaches /2
the tangent of a goes to zero which forces b to infinity. Subsequently, the relative
tangential velocity and, ultimately, the output torque of the turbine are strongly
effected by small variations in a.

The pressure constant, d, is now determined by specifying a static pressure at

some radius and solving for d in Equation 2.38. In a pump configuration the specified
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Turbine Configuration

Figure 3.2: Angle of Tangency
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Table 3.1: Determination of Systerh Constants

Constant Pump Turbine
+m —m
4w (N +1)pb 4x(N 4+ 1)pé
b c—ri?w  c—r’w+aftana
Sm(R*o) Sm(R*,)
c A w Az w
MR MR
As v Az v
T 2X &8%a " 2) 6%
d P,'—P(T,') P—P(T)

pressure is most likely at the inner radius. For a turbine configuration the specified
pressure could easily be at either the outer or inner radius.

Table 3.1 summarizes the specification of the system constants. With the spec-
ification of the system constants the velocity and pressure can be calculated at any
position between the disks. The explicit relations for velocity and pressure allow for

very quick computations; even with the presence of a power series in the momentum

equations.



Chapter 4

CHARACTERISTICS
PARAMETERS

In developing the model in Chapters 2 and 3 several characteristic parameters ap-

peared. These are:
e the A—coefficients ,
e the aspect ratio, v,
e the boundary layer Reynold’s number, Res,
e the dimensionless R—constant, R*, and
o the angular velocity constant, c.

All of the above parameters are dimensionless with exception of ¢. The following
discussion of these parameters will focus on the relation between various types of
forces, or effects, that each parameter describes. The actual trends or values that
these parameters exhibit for specific systems will be discussed in Chapter 7. The
A-coefficients will not be discussed here since these parameters do not greatly effect
the behavior of the model. A thorough treatment of the A—coefficients is given in

Section 2 of Chapter 2.

28
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4.1 Dimensionless Parameters v and Re;

The local aspect ratio is defined as

¥y = %. (41)

For the type of system described in Chapter 1 the radius, r, is nearly always much
greater than the half-disk spacing, 6. In general, ¥ > 1. In the development of the
model, fully-developed boundary layer flow is assumed. Therefore, 6 is equivalent to
the boundary layer thickness and the aspect ratio, 7, is a measure of the size of the
rotor relative to the size of the fluid boundary layer. Therefore, 4 is a scale of the
flow passage.

The Reynold’s number based upon the boundary layer thickness is defined as

Rea = gg . (4.2)

There is a second Reynold’s number, Re,, which also occurs naturally in the model

development. However, this Reynold’s number is based upon the radius and is not

as indicative of the flow regime as Re;.

Individually, these two parameters can only characterize a portion of the system.
The aspect ratio can describe the device, but not the flow. Similarly, the Reynold’s

number, Res, can describe the flow but not the device. A combination of these two

parameters is needed.

4.2 R*

In Chapter 2 the conservation of momentum relation (Equation 2.6) is reduced to a
force balance between momentum, Coriolis, and viscous effects. This force balance
(Equation 2.23) is repeated here for convenience;

v Vv vr [V
/\1U(5+7) + MU (2w) — /\3-57 (—) =0. (4.3)

r
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The first term is a momentum element, the second is a Coriolis element, and the third

is a viscous element. In order to solve for the relative tangential velocity, V, the term
R is introduced in Chapter 2 as;

A3 v

Comparing the definition of R to Equation 4.3 we find that R is the ratio of the

viscous coefficient to the momentum coefficient. Using R transforms Equation 4.3 to

dv A
?+(1+Rr)+2)—lw—0. (4.5)

Since R has units of 1/length? a natural dimensionless form of R is

Az rv

= __ 2_______
R = FRr® = -5 50

(4.6)

Therefore, R* is a dimensionless measure of viscous and momentum effects.

If the definitions of v and Res (Equations 4.1 and 4.2) are substituted into Equa-

tion 4.6, then R* becomes

. _ Az 7
B =32 (4.7)

Using Equations 4.6 and 4.7 we find that R* is a relativistic measure of the system

and of the monientum forces:

B ~ flow passage viscous effects
flow regime momentum effects

(4.8)

The magnitude of R* dictates the importance of the momentum and viscous effects
on the relative tangential velocity. If R* <« 1 then viscous effects are negligible!.
If R* > 1 then viscous effects are dominant. In Appendix B, both viscous and

momentum effects are found to be important for a typical turbine configuration;

resulting in an R” on the order of 1.

!The model is also negligible since fully-developed boundary layer flow is meaningless in an
inviscid flow.
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The effect that variations in the system has upon R* can be examined in Equa-

tion 4.6 by substituting the solution for the radial velocity (Equation 2.21) in for
U: '

" A3 7'21/
R = —2—/\13-2-; . (4.9)

Now, if the mass flow rate boundary condition (Equation 3.4) is applied to Equaion 4.9

the R* becomes

R = —27r§\‘-::- (ﬂ) %. (4.10)
Equation 4.10 shows that R* increases quadratically with r and decreases reciprocally
as 6 increases. In general, the radius of the system will be less than a foot (for a system
specified in English units of measure) while the half-disk spacing, 6, will be much less
than a foot (up to four orders of magnitude less). Therefore, R* is more affected-
by disk spacing than radius. The relative effects between mass flow rate, m, and

viscosity, u, are less clear since these boundary conditions can vary greatly.

4.3 Angular Velocity Constant, c

The solution for V from Equation 4.5 in Chapter 2 is

7= BB _c (4.11)
r r
where the constant, ¢ is defined as
Ag w

This constant relates the angular velocity of the rotor, w, to the relative tangential
velocity, V. In addition, ¢ has units of length?/time which indicates that ¢ is a
diffusivity coefficient. Thus, ¢ can be interpreted as the ratio of rotational (or kinetic)
energy to viscous dissipation. Equation 4.12 can be rewritten in terms of R* resulting
in

3 riw

c= —

- (4.13)

p o
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Therefore, ¢ describes a balance between the three effects present in Equation 4.3,
momentum, Coriolis, and viscous.
From Equation 4.11 the relative tangential velocity, V, can be shown to be pro-

portional to ¢ such that

v~SA® (4.14)

r R’
Divide through by the local relative tangential velocity;

1 rw

R (4.15)

The dimesionless angular velocity term is defined as

W' = 3‘7“3 . (4.16)

Equation 4.16 is actually a dimensionless form of the Coriolis effect upon the relative

tangential velocity, V. If Equation 4.11 is non-dimensionalized by the local relative-

tangential velocity, the result is

1 = b"Sn(R*) = ¢, (4.17)

where b* is equal to b/rV and

. Ag c _ Az w*
CTTNTW T TNER (4.18)

4.4 Rossby Number

The dimensionless Coriolis term, w*, defined in Equation 4.16 is equivalent to the

reciprocal of the Rossby number?, R,;

w' = -R}—‘ (4.19)

The Rossby number is by definition a measure of the importance of Coriolis forces.

A description of the Rossby number is presented here from Batchelor[6]:

2Named in recognition of the Swedish meteorologist.
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The extent to which the restoring effect of Coriolis forces restricts
the displacement of fluid evidently depends on the relative magnitudes of
Coriolis forces and other forces acting on the fluid; ...If [V] is a represen-
tative velocity magnitude (relative to rotating axis) and L is a measure of
the distance over which u varies appreciably, the ratio of the magnitudes

of the terms u- Vu and 2Q x u ...is of order
V/LQ .

When V/LQ > 1, Coriolis forces are likely to cause only a slight modifi-
cation of the flow pattern; but when V/L) < 1, the tendency for Coriolis
forces to oppose any expansion in a lateral plane is likely to be dominant.
And in the intermediate case when V/L(} is of the order of unity, an

interesting mixture of effects is to be expected, ...

Therefore, when w* <« 1 (R, > 1), Coriolis forces are negligible and when w* > 1
(R, < 1), Coriolis forces are dominant.

Examining Equation 4.18 in the context of Batchelor’s description and through
the relationship expressed in 4.8 we find that c* relates the three forces balanced by

Equation 4.3:

&~ (momentum ) ( Coriolis) . (4.20)

(viscous)

4.5 Summary

The momentum force balance in the tangential direction between momentum, Cori-
olis, and viscous forces is expressed in Equation 4.3. The relations between these
three forces are characterized through several unique parameters. The flow passage,
or device size, is described by the aspect ratio, 4. The flow regime within that passage

is described by the boundary layer Reynold’s number, Res. The relation between the
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strength of the momentum forces and the strength of the viscous forces is described
by R*. And finally, the strength of the Coriolis forces is described by the Rossby
number, R,, or the dimensionless angular velocity, w*. The constant ¢ relates the

three forces in terms of R* and R,.
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Chapter 5
PATHLINES

5.1 Change In Angular Position of Fluid

From Equations 2.21 and 2.32 the velocity components of the fluid relative to the
rotor, U and V, can be calculated for any radius. With the relative velocities known
the change in the position of a fluid particle can be determined.

In Figure 5.1 a fluid particle trajectory is shown for a portion of a rotor disk. The
radial positions for points P, and P, are the same; likewise for P; and P,. Assuming
the fluid particle position is known at point P, we wish to find the point P, that lies
on the fluid particle trajectory. Since the radial position is a specified parameter in
the model, the velocity components, U and V, are known for the radial positions P
and P;. However, the fluid does not travel from P, to Pj, rather, it travels from P,
to P,. Therefore, the change in angular position, A, has to be determined. We can
find the time required for the fluid to move from P, to P; by examining the radial

change in velocity from P; to P;. The average radial velocity between P, and P; is
defined as

Ar
Ua.,g = Kt-; (5.1)

therefore, the time difference between P, and P; is

35
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™ — T3

= T T (5.2)

Since the velocity components and radial position are the same at P; and P,, Equa-

At

tion 5.2 expresses the time required for the fluid particle to travel from P, to P, in

terms of P, to Ps.

The relative angular velocity of the fluid, (1, is determined by dividing the relative
tangential velocity, V, by the radius;

Q=

S| <

(5.3)

Analogous to the average radial velocity, but working in the tangential direction,

the average angular velocity of the fluid between P, and P; is defined as

Af
~ - (5.4)

Thus, the change in angular position between P, and P; is

Qavg =

Af = Qg At . (5.5)
As was the case with radial time differences, the A8 between P; and Pj is the same
as the Ad between P, and P,.

The incremental change in angular position, A, can be expressed in terms of
known velocities and radial positions by substituting Equation 5.2 in for At and

rewriting ,,, in terms of V and r. The resulting expression for Af is

- WW+r Vg
Af = (r‘ "’)(’"’ 1T ) . 5.6
rre U, + U, (5.6)

Now, if the radial and angular positions of the initial point, P;, are known, the new

angular position, 6, for a specified r; can be calculated from Equation 5.6.
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fluid particle
entrance to rotor

Figure 5.1: Incremental Change in Fluid Particle Position
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5.2 Pathlines And Relative Velocities

Given an initial angular position (say, 0°), then if the incremental radius is small
enough, a smooth succession of fluid element positions can be obtained resulting in
a pathline of a fluid particle. Figure 5.2 illustrates a typical pathline for a turbine
configuration. The disk is rotating at an angular velocity, w, in the direction shown.
Note that near the outer radius the fluid particle is moving in a tangential direction
opposite that of the rotation §f the disk. In this situation the rotor velocity, rw is
greater than the tangential velocity of the fluid, V. Therefore, the relative tangential
velocity, V, is less than zero. In Figure 5.2, as the fluid travels radially inward, the
relative tangential velocity becomes less negative until a peak forms in the pathline.
At this position the relative tangential velocity is zero. Below this peak the relative
tangential velocity becomes positive.
Figure 5.2 is unique to the turbine configuration. In the outer radial region where

V is negative the system is acting as a pump; i.e. the rotor is imparting energy to the
fluid. Another way to look at this region is that the fluid is exacting a torque from
the rotor. In the inner radial region the rotor is exacting a torque from the fluid; the
system is acting as a turbine. Overall, the torque created by the fluid in the inner
region is greater than the torque absorbed by the fluid in the outer region. Thus, the
system as a whole performs like a turbine. This type of situation is unlikely for the
pump configuration. The initial relative tangential velocity, V, is generally less than
the speed of rotor at the entrance (inner radius) with the relative velocity becoming
less negative as the radial position increases and the fluid absorbs energy from the
rotor. Since there is no other source of energy than the rotating disks, the relative
velocity of the fluid can never be greater than the speed of the disk. Therefore, there
will be no peak in the pathline.

In addition to illustrating the fluid trajectory, the pathline gives an indication of
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Figure 5.2: Typical Pathline For Turbine Configuration
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the energy transfer occurring between the fluid and the rotor. The latter concept of
a pathline is more appropriate since the boundary conditions and fluid velocities are
not dependent upon the angular position, §. The fluid is defined to be entering the
disk simultaneously at all points on the circumference, this results in a pathline for
every point on the circumference. The single pathline shown in Figure 5.2 is actually

one of infinitely many, parallel pathlines on that disk.



Chapter 6
TORQUE AND POWER

This chapter utilizes the solution for fluid velocities and pressures within the system
determined in Chapter 2 and Chapter 3 for calculating the performance of the system.
In the pump configuration the performance is a work input, whereas in a turbine.
configuration the performance is work gained. To determine the work for either case
both the angular velocity and the torque must be known. The angular velocity is
specified as a boundary condition (See Chapter 3). The torque may be determined

from the conservation of angular momentum.

6.1 Conservation of Angular Momentum

There are two approaches to determining the torque of this system. One is to define
the system as a control volume and apply conservation of ang|ula.r momentum to that
control volume. The second is to sum the forces acting on a differential fluid element
(Figure 1.3) and integrate that sum over the volume of the system. For this study
the control volume approach will be used.

The control volume to which the conservation principle is applied is shown in
Figure 6.1. The control volume incloses the fluid located within the rotor, but does
not include the disks. Thus, the control volume has four sides; one side is the inner

radius of the rotor, another is the outer radius, and the remaining two sides are along

41



A st M P S st e s 4

CHAPTER 6. TORQUE AND POWER 42

the disk face at n = +£1. Also, the control volume rotates such that the relative
velocity between the control volume and the rotor is zero.

The general conservation principles are only valid for inertial systems. Since a
rotating control volume is non-inertial, the conservation of angular momentum must

be modified. In Appendix E the conservation of angular momentum for a rotating

system is shown to be

- - a - - o
Toatton. + Tartacsc = 35 [ (Fx®)pdv+ [ (7x5)p5-dA

+ ) FX [OXF+ 2% T+ Sx (@x7)] pd¥.  (6.1)
™,

In Equation 6.1, 7is a position vector of a particle within the control volume, # is the
velocity of that particle, and T is torque. Both 7 and ¥ are relative to the rotating
control volume. The rotation of the control volume is described by &. In Equation 6.1
the first two terms on the right are in the form for the general conservation of an
intensive property within an inertial control volume. In this instance the quantity
being conserved is angular momentum, p (Fx ¥). However, the control volume in not
inertial so a correction in the form of the third term on the right of Equation 6.1
is required. This term contains a rate of change in angular momentum, p (u";xf"), a
Coriolis force, p (20 x ¥), and a centripetal force, p [&x (& x 7)].

In applying Equation 6.1 to the control volume defined in Figure 6.1 the following

assumptions are made:
¢ steady, incompressible flow,
e no variations with respect to 8; & (=) =0,
¢ fully-developed boundary layer flow.

For the control volume defined there is no shaft work since no shaft crosses any surface
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Figure 6.1: Control Volume Definition for System Model (N = 0)
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of the control volume. With these assumptions Equation 6.1 becomes

-

Zurfacec'y. = /BC v (FX ‘l-)') pi)’-d/-f

+ X [6x7+ 25 %7 + & x (@x7)] pdv. (6.2)
M,

6.2 Torque

The torque of the rotor shaft can be shown to be equal the torque on the surface of
the control volume. Therefore, the torque into or out of the system (as opposed to

into or out of the control volume) can be written in terms of Equation 6.2:

Topage = /BCV(FXf)')pi)'-d/-{
+ X [OxF+ 20 xT +&x (3 x7)| pdv. (6.3)
M,

The position vector, 7, for the control volume is defined as
T = ré, + zé,, (6.4)
and the velocity vector as
v = u(r,z)é, + o(r,z)é. (6.5)

Recalling the coordinate system defined in Chapter 1 (See Figure 1.2) the rotation of

the control volume, &, is described as

G = we,. (6.6)

From the assumption of fully-developed boundary layer flow the velocity components
may be written as the product of a centerline velocity (n = 0) and a velocity profile

function, F(n). The velocity vector, ¥, expressed in this manner is

7 = [U(r)é, + V(r)é | F(n). (6.7)
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Using Equations 6.4, 6.6, and 6.7 let us examine the surface integral of the moment

of momentum relation (Equation 6.3. The area vectors, dA, for each surface of the |

control volume are
o dA; = dAs¢,
o dA; = dA,
o dA3 = —dAsé,
o dA, = —dA4é,

Since there are no axial components for the velocity the dot product in the surface

integral becomes
7-dA = F(n)[UsdA; — UsdAy). (6.8)

Evaluating the cross product, ¥x ¥, results in
T = F(n) [rVeé, + bn (Ues — V&,)| . (6.9)

Substitute Equations 6.8 and 6.9 into the surface integral of Equation 6.3 and evaluate

the integral of surface areas 2 and 4 as shown in Figure 6.1:

/ac_v_ (Fx ) pi-dA = p{41r6 (o) (ro¥) = (sl (ri¥%))] / 1.7“(1;)}@,, (6.10)

In Chapter 2 the solution for the radial velocity, U, (Equation 2.21) results in a

constant, a, such that

a = Ur = Uyr, = Uir; (6.11)

Also in Chapter 2, the integral of the square of the velocity profile, 2(n), is defined
as Ay (Equation 2.12). Therefore, the surface integral (Equation 6.10) becomes

/a . (Fx9)p5-d& = Xy (4mpba) (roT, ~ V) (6.12)
™.
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Now, examine the volume integral of the angular momentum in Equation 6.3.

First evaluate the cross product terms using Equations 6.4, 6.6, and 6.7:
PX[Ex (@x7)] = &y (~w?r) &, (6.13)

and
P (2x7) = W [(rU)é, + 67 (Vés — Ue, )] F(n) . (6.14)

Substitute Equations 6.13 and 6.14 into volume integral and integrating over 6 and

zZ:

/C 7 x [OxF+ 2 x T +Fx(@x7)| pdv = /rodr[/\g(47rp5a)(2rw)]é,. (6.15)
. r

Equation 6.15 can be integrated over the radius to give
/C 7 [BxF+20xT+Bx(@x7)] pdv = A (47pa)w (r2 —r2) &, . (6.16)
M,

Subsequently, the conservation of angular momentum becomes

-d

Tohast = (4mpba) {/\1 (rOVO - r,~17,-) + Aw (ro2 - r.-z)} és . (6.17)
In Chapter 3 the mass flow rate for the model (N = 0) is found to be
m = 4rpba . (6.18)

The sign on the constant a depends upon the system configuration (pump or turbine).

For multiple pairs of disks Equation 6.18 is corrected by N
m = 4x(N + 1)péa . (6.19)

Thus, the coefficient N + 1 also transforms the shaft torque of the model to a shaft

torque of a system.

In Chapter 1 the axis of rotation is defined to lie on the z-axis. Therefore,

Tohast = ~Tonasibs . (6.20)
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From the definition of ¢ (Equation 2.34) the coefficient Aqw is found to equal AicR .

The magnitude of the torque is now
T = -\m [ (roVo - 'r,-V;) + ¢R (r,,2 - r.-z)] ; (6.21)

where a negative T indicates work gained (turbine) and a positive T indicates work

required (pump).

6.3 Power

Note that V and c are the only functions of angular velocity, w, in Equation 6.21 and
both are first order functions. Therefore, the torque is a function of w such that as
the angular velocity increases the torque decreases linearly.

If the system is operating as a turbine then the torque is work out of the system.

In the pump configuration torque is work input. The power of the system is defined

as
P=Tw. (6.22)
In terms of horsepower,
Tw
php = M . (623)

In Equation 6.23 the torque is specified in in —Ib; and the angular velocity is specified
in terms of rpm. Torque is a linear function of angular velocity and power (or work)
is a function of torque multiplied by angular velocity. Therefore, work is a quadratic
function of angular velocity. Through Equations 6.21 and 6.22 the overall performance

of the system can be studied.



Chapter 7
RESULTS AND DISCUSSION

The fluid-disk system introduced in Chapter 1 has been mathematically specified. A
model for fluid flow between co-rotating disks based upon conservation principles is
complete and from this model the work into or out of the system can be calculated
from conservation of angualar momentum relationships. In addition, several char-
acteristic parameters have developed within the model. Now, the fluid-disk system
can be studied through performance (torque and power) and/or fluid flow behavior
(pathlines and characteristic parameters). The analysis in this chapter will be limited

to a turbine configuration of the system.

7.1 Model Verification

The most critical assumption made in developing this model is that of fully-developed
boundary layer flow. In actual fluid flow through a rotor the velocity profile will not
be constant, but will develop over some distance from the entrance point. If this
distance, or entrance length, is significant compa.réd to the total length the fluid
traverses, then the fluid model calculations will be inaccurate. The total length the
fluid travels can be determined by the pathline. However, if the model is inaccurate,
so to the pathline. The transverse length the fluid travels can still be approximated
by the radial distance the fluid travels, r, — r;; understanding that this distance will

48
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always be less than the actual transverse length.

The entrance length is not so easily approximated. In studying turbulent source
flow between parallel, co-rotating disks Bakke, Kreider, and Kreith [7] determined
experimentally that the friction factor of their system approached that of a square
duct for relatively small disk spacings. Their analysis was for a pump configuration
with relatively large disk spacings relative to this study. The correlation of a friction
factor to that of a square duct occurs in systems with parameters closer to this study
(i.e. R* approaching 1). Although this correlation is for a pump configuration, it
is used in this study with the understanding that this is a rough estimate for the
entrance length calculation.

Now, assuming the flow develops similarly to that of flow in a square duct, the
Reynold’s number based on the hydraulic diameter of the duct is equivalent to the

boundary layer Reynold’s number, Res. The expression for entrance length in a duct

given in White [8] is

% ~ 0.04Re; + 0.5. (1.1)

Substituting some typical values in for Res results in a range of possible entrance

lengths:
86 < z; < 2006 . (7.2)

An entrance length of 86 corresponds to an R* on the order of 1 or greater. An

entrance length of 2008 corresponds to an R* on the order of 1072, Using an outer

radius of 3 inches results in

.25inches < z; < 9inches. (7.3)

For very small R* fully-developed flow may never develop. Therefore, the assumption
of fully-developed boundary layer flow is improper for systems having small R*. This
supports the conclusion made in Chapter 2 on the limitations of this model at small

R* due to the domination of momentum effects.
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Table 7.1: System Specification for Figures 7.1 and 7.2
curve éin Res « R

1 015 382 200 -.9806

2 0095 382 315.8 -1.5482
3 .0085 382 3529 -1.7304
4 0075 382 400 -1.9611
3 .0065 382 461.5 -2.2628

p: 2516/ ft3 ro: 3in m: -7510b/s
p: 1224 107%0b/ft-s r: lin a: 15deg
N: 50

For R* on the order of 1 the viscous effects are important and the model appears
to be well suited. Since the flow is nearly tangential at the outer radius an entrance

length of even 504 is negligible when flow along the pathline is considered.

7.2 System Performance

In Chapter 6 the conservation of momentum principle was applied to the system
using the model for fluid flow developed in Chapters 2 and 3. Since only the turbine
configuration is being analyzed, the sign convention for torque and power has been
reversed from that of Chapter 6 for easier analysis in this chapter. Work gained from
the fluid will be signified by a positive torque and power while work lost from the
fluid will be signified by a negative torque and power.

Figure 7.1 illustrates torque as a function of angular velocity for various half-disk
spacings, . The five numbered curves represent the same system with five different
half-disk spacings. As the & decreases the torque curve shifts upward, becoming

positive over a greater range of w. The corresponding variations in Res, «, and R*
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for same §’s in Figure 7.1 are shown in Table 7.1. In Figure 7.1 the torque for a
given system is at a maximum when the rotor is stationary. As the angular velocity
increases the torque decreases linearly until a maximum w is obtained at zero torque.
If the angular velocity is increased further a torque must be supplied to the system; i.e.
a negative torque. The negative torques of Figure 7.1 result from specifying boundary
conditions that 'are infeasible for the system. Since both the angular velocity and the
mass flow rate are fixed, it is possible to specify an angular velocity which can not be
reached with the mass flow rate given. Therefore, torque must be supplied in order
to reach the specified w. The slope of the torque curve is dependent upon the mass
flow rate. As mass flow rate increases the slope of the torque also increases.

For a fixed mass flow rate the relation in Figure 7.1 moves upward into the positive
torque region at an increasing rate for a constant increase in the aspect ratio, 4. For
example, the change in 4 from lines 4 to 3 is same as that from lines 2 to 1, but the
torque line shift from 1 to 2 is greater than that from 4 to 3. This upward acceleration
of the torque line is due to the increase in relative velocities that occurs as + increases.
As shown in Equation 6.21 the torque is a function of velocity squared. Therefore,
a linear increase in. 4 produces a linear increase in the relative tangential velocity
which in turen produces a quadratic increase in the torque for any given w. This
increasing torque pattern continues until the model fails. As 4 continues to increase
the given mass flow rate is forced through a reduced area; subsequently, the velocities
will eventually increase to supersonic at which point the model is no longer valid. An
interesting aspect of this velocity change is that although the aspect ratio increases
to where the velocities are supersonic, the bounda.ry layer Reynold’s number, Re;,
remains constant (See Table 7.1).

Figure 7.2 illustrates the power curves for the same set of systems as Figure 7.1.
Since power, P is the product of torque and angular velocity the same type of patterns

illustrated in Figure 7.1 are seen in Figure 7.2. In addition to an increase in the
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maximum obtainable angular velocity with an increase in 4, the w associated with

the peak power also increases.

7.3 Model Behavior

The variation in pressure across the disk has been virtually ignored to this point.
Although an expression for the pressure as a function of radius is developed in Chap-
ter 2 (Equation 2.38), it has not yet been used. Analytically, the radial pressure
drop calculated for various turbine configurations has been very small (on the order
of a few p.s.i.) for all but a few extreme system configurations (such as supersonic
velocities). The small radial pressure drop has also been found experimentally by
Armstrong|9].

Figure 7.3 illustrates normalized pressure drop curves for various R*. When the
magnitude of R* is equal to 1 the normalized pressure has a downward curvature
(albeit slight) in the vicinity of the outer radius and an upward curvature in the
vicinity of the inner radius. For an R* of 1 viscous effects are slightly more impor-
tant than momentum effects at the outer radius. As the radius decreases the local
R* also decreases and the momentum effects become slightly more important than
viscous effects. Thus, a change occurs in the curvature of the normalized pressure.
As R* decreases the curvature becomes more pronounced and the inflection point on
the curve moves towards the outer radius. This indicates that the momentum effects
are becoming more and more dominant. The inflection point very quickly becomes
attached to the outer radius as R* decreases. If R* were to become greater than 1
the inflection point would move towards the inner radius and the normalized pres-
sure would have a pronounced downward curvature. Unfortunately, the data which
illustrated the effects of viscous domination for Figure 7.3 was lost and could not be

recovered in time for this thesis. If R* becomes very large or very small the curvature
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will become greater. A better depiction of viscous-momentum effects in the pressure
relation for B* on the order of 1 would possibly be a normalized pressure gradient in
which the inflection point would become a change in sign for the curve.

Figure 7.4 illustrattes how the pathline is effected by a change in R*. At relatively
large R* thereis little or no negative relative velocity at the outer radius. The negative
relative tangential velocity, V, occurs in the region where the pathline is opposite
the direction of rotation (See Figure 5.2). As R* decreases the dip of negative V
becomes more pronounced and the point of zero relative tangential velocity move
radially inward. Another way to examine the effects of R* is with a parameter whose
variation will decrease R*. For example, if the half-disk spacing, §, is increased, R* will
decrease. In relation to pathlines, if the disk spacing is increased while maintaining
all other system parameters, then the mass flow rate has a larger area to flow through;
hence, the absolute velocities at the outer radius will decrease. Since the outer edge
velocity of the disks rw, is unchanged, the pathline will begin to move backwards
relative to the rotation as the relative tangential velocity of the fluid, V, becomes
negative. An interesting feature of Figure 7.4 is that although R* varies, the fluid
pathlines all exit the rotor at the same angular position on the inner radius. This
indicates that the final change in angular position is a function of w and not of R*.

Since R* is a dimensionless function of r, it will vary over the radius of the disk.
Figure 7.5 illustrates the contours of R* over the radius of the disk. The negative
values of R* indicate a turbine configuration of the system. For a pump configuration
the contours are identical in magnitude, but the sign of R* is positive.

Figure 7.6 illustrates the variation in the relative tangential velocity, V, over the
radius of the disk for an increasing angular velocity, w. R* is a constant for this figure.
The interesting feature is the point of coalescence at approximately r/r, = .45.
This point is apparently a function only of R*, but the exact relationship is still

undetermined.
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7.4 Summary

In conclusion, this chapter offers a brief overview of the use of the analytical model
in studying various systems. Much more work is required to fully understand the

behavior of this model. This is readily apparent in Figure 7.6.



Chapter 8
CONCLUSION

8.1 Summary of Model

For the two disk system described in Chapter 1 the fluid velocity components at the
centerline (7 = 0) and the pressure are determined through conservation of mass and

conservation of momentum principles to be:

U(r) = g; (8.1)
V(r) = b—Sf‘ﬂ-{;)—_c; (8.2)
1
“P(r) = —/\l{a +(b- c)][—+Rlnr]}
=\M+1
—.Al { -bR 'g-:o (2(R l 1 [me+2 - 2c(m + 3)Fm+2]]}
- & [wz. ;—2 + d; (8.3)
where
m(R‘) = E ( )m

m=0
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and

R=p = L (84
R = % (8.5)

7= 3 (86)

Re; = %]- (8.7)

c = —;%% (8.8)

The performance of the system can be described by torque which is determined

from the conservation of angular momentum:

T = -\ [(roVo - r,-Vi) + cR (r,,2 - r,-z)] . (8.9)

This set of equations can be applied to fluid flow within the system described in either
a pump configuration or a turbine configuration; only the boundary conditions vary.
Several dimensionless parameters appear in the development of the model and these

parameters describe the force balance relationships between various effects.

8.2 Recommendations

For an R* on the order of or greater than 1 (viscous flows) the model appears to be an
appropriate solution. At this point it is premature to discuss the validity of the model
in detail since no experimental data is readily available for comparison and a great
deal of literature has yet to be reviewed. However, preliminary results are promising

and an experimental turbine has been built. This turbine will be made operational
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in order to gather experimental data. In addition, an in depth data base on available
literature in this area has been in progress and the information from other researchers
will be examined with respect to this model.

There are several areas which require immediate investigation. The first is an
examination of how stable a velocity profile is across the radius of the rotor. In other
words, when the velocity profile developes in the outer radial region, does it remain
the same shape for the duration of the flow? Also, the analysis on the dimensionless
parameters needs to be continued; particularly on w* and c* and the relationship that
these two have with R*. The performance of the system (as a turbine or a pump) can
be examined in greater detail by applying the first and second laws of thermodynamics
to the control volume defined in Chapter 6. This should give some insight into the
efficiency of various system configurations and the relationship between the viscous
losses and energy transfer between fluid and disks. An optimization study on the
torque with respect to the rotor parameters r,, r;, and § has been initiated and
appears to offer additional information on the nature of the relationship between
performance and the dimensionless parameters.

In general, this thesis concentrates on the development of the model. Analysis
with the model is far from complete and a great deal more work is needed both

analytically and experimentally.
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Appendix A

Conservation of Mass

A.1 Reduction of Continuity

The conservation of mass, or continuity, is expressed vectorially as
p+ V(o) =0. (A1)

For the system described in Chapter 1 the continuity expression is reduced through

the following assumptions:
¢ steady, incompressible flow,
e constant flow characteristics with respect to 0, 2(8%)- , and
o fully-developed boundary layer flow.

The first assumption eliminates density from the continuity relation (Equation A.1);

leaving

divi = 0. (A.2)
In cylindrical coordinates Equation A.2 appears as

19(ru)  10v 0w _
T or +;55+-a:—0. (A3)
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The tangential velocity term in Equation A.3 is eliminated by the second assumption
of no 6 dependence and the axial velocity term is eliminated by the assumption of
fully-developed boundary layer flow (w = 0). Thus, the continuity relation becomes

solely a function of the radial velocity component, u, and radial position, r,

10(ru)
;:_—a_r_' et 0 . (Ao4)

A.2 Solution for the Radial Velocity Component

Also from the assumption of fully-developed boundary layer flow, the velocity char-
acteristics of the boundary layer (i.e., those velocity components relative to the disk
faces) can be approximated as a product function of a radially dependent function
and a velocity profile function normal to the flow direction. If we define = z/6 and

the velocity profile as F(5), the velocity component u can be expressed as

u(r,n) = U(r)F(n) . (A.5)

The radially dependent function, U(r), is the magnitude of the velocity, u, at the
centerline (7 = 0) of the velocity profile function, F (7).
Substituting Equation A.5 into the continuity relation of Equation A .4,

19[r UM F(n)] _
- 5 =0, (A.6)

we find that the velocity profile function, F(5), can be eliminated since it is not a

function of radius. Equation A.6 then becomes a first order differential equation

dauy U
E_-‘l'—r- =0, (A.7)

which is easily solved. The result is a solution for the radial component of the fluid

velocity

U(r) =

Ne

) (A-S)
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where a is an constant dependent upon the boundary conditions. Equation A.8 is the
same for any assumed velocity profile, F(n). Thus, the radial velocity is independent

of the flow regime; be it laminar or turbulent.
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Appendix B

Conservation of Momentum

B.1 Reduction of the Navier-Stokes Equations

If we begin with the incompressible form of the Navier-Stokes equations for a New-

tonian fluid,
i+ (a-9)a = g—l-p€7P+uv2a, (B.1)

and apply this relation to the system described in Chapter 1, then the following

a.pproxima.tions can be used to reduce Equation B.1:
1. steady, incompressible flow,
9. velocity ‘a,nd pressure indepedent of 0; -%5'3)- =0,
3. fully-developed boundary layer flow, and
4. no body forces.

The first assumption eliminates the time dependence of the velocities. The second
assumption states that the characteristics of the flow are constant with respect to 0.
The velocity and pressure are, therefore, only functions of radial and axial positions.
The assumption of fully-developed boundary layer fow restricts these results to rel:

atively thin disk spacings- 1If 6 becomes 100 large then the boundary layers growin;
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off each disk face will not meet. This assumption eliminates axial flow between the

disks (w = 0); subsequently, the axial dependence of the velocity components can

be modelled as a velocity profile. Neglecting body forces in the fourth assumption

eliminates the inertial body forces; that is, the body forces due to gravity or other

events which are relative to an inertial frame of reference. Note that body forces
relative to the rotating frame of reference, such as Coriolis and Centripetal forces, are
not addressed by this assumption.

Applying these assumptions to Equation B.1 and expanding this equation in the

cylindrical coordinate system defined in Chapter 1 we find that the conservation of

momentum becomes

T .
| Ou o _ _10P Ou 10u_u d'u (B.2)
“or r  poOr Tt ort  ror r? e )
0:
ov  w Pv 10v v i)
“‘a7+7=”(5;z'+:—“rz) T Vg (B:3)
z:
1P
0= Y (B.4)

From this reduction we find that the pressure is only a function of radial po-
sition. Therefore, with the solution for the radial velocity component, u, known
(Appendix A), the solutions for the tangential velocity component, v, and the pres-
sure, P, can be found independently. The tangential velocity component is found by

substituting the solution for the radial velocity component, u (Equation A.8), into

the §-momentum equation (Equation B.3) and solving this differential relation for v.
The solution for the pressure is then calculated by substituting the solutions for u
and v into the r-momentum equation (Equation B.2).

The assumption of fully-developed boundary layer flow is valid only for those ve-

locity components relative to the solid boundary, which in this case is the rotating disk
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face. However, the conservation of momentum relation expressed in Equation B.1 is
valid only for velocity components relative to an inertial frame of reference. Therefore,
the velocity components in Equations B.2 and B.3 must be expressed as functions of
a velocity relative to the disk face so that assumption 3 may be used effectively. The
radial velocity component does not change with the change of reference frames; u is
the same if measured against a fixed frame of reference or if measured against the
disk face. However, the tangential velocity component, v, does vary with the change
in reference frames. If we define the tangential velocity relative to an inertial frame of

reference as v and the tangential velocity relative to the rotating frame of reference,

or disk face, as v, then

v=19+4+ 1w, (B.5)

where w is the angular velocity of the rotor. The tangential velocity component
relative to the rotor, o, will be referred to as the relative tangential velocity and v will
be referred to as the absolute tangential velocity.

Substituting Equation B.5 into the momentum equations for the absolute tangen-

tial velocity and expanding the velocity components results in

r:
ou o __ 9 1dP Pu 10u u &*u
ugy ~y TIwoe = o (?9_ :5:-3) tvar (B
and
g:
0v  uv v 106 © *v
u—a-;+——+2uw—u(5;; ;—a-;—ﬁ)-i'l/é;; (B7)

Coriolis accelerations, 2uw and 20w, appear in both the radial and tangential di-
rections. In addition, the radial direction also exhibits a centripetal acceleration, rw?

.

There is no centripetal effects in the tangential direction.
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B.2 Velocity Profile Function

From the assumption of fully-developed flow, the velocity components relative to the
disk face, u and ¥, can be expressed as the product of a radially dependent function
and a velocity profile function normal to the boundary layer. Defining 7 to be equal

to z/6 and the velocity profile function to be F(), the velocity components become
u(r,n) = U(r)F(n), (B.8)

o(r,n) = V(r)F(n). (B.9)

Substituting Equations B.8 and B.9 into Equations B.6 and B.7 for the velocity

components transforms the momentum equations to ordinary differential equations:

-
(U%—?) Frn) — (200) Fin) — (re?) =
x (%‘l+l%’i - 2) Fo) + H 2D (B.10)
0:
(U§+§) Fi(n) + (2Uw) F(n) =
(‘;—V E%K_K) Fon) + ”6—"2‘3% (B.11)

Integrating Equations B.10 and B.11 over the disk spacing (—1 < 7 < 1) results

in the velocity profile functions, F(5), becoming constants.
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o
jb’f‘ Define those constant coefficients as
L o= [ P, (B.12)
= 1
: do = [ Flman, - (B.13)
2
ds = / [a F (’7)] dn ,and (B.14)
Ao = /0 dp = 1. (B.15)

Approximating a laminar boundary layer with a parabolic velocity profile,

Fn)=1- 792, (B.16)

results in A—coefficients of A; = 8/15, A\; = 2/3, and A; = -2.
Substituting the A-coefficients into the integrated momentum equations and di-

viding out a 26 factor common to each term:

r
At (U%—Y—) - X (2V0) - (r?) = —%%?
+ v, (%+%Z—€- - %) + A3%j-, (B.17)
0:
M (U‘fi—‘:+tjr—‘7) + A (2Uw) = v), (‘fi‘: +%%— :;) + ,\3‘;‘2’. (B18)

B.3 Incorporating Continuity

From the conservation of mass (See Appendix A) the radial velocity can be expressed

in differential form as Equation A.T;

= =-=, (B.19)
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or in the final form as Equation A.8;
U(r) = ; . (B.20)
B.3.1 r-momentum

Substitute Equations B.19 and B.20 into the viscous dilation terms of the
r-momentum equation (Equation B.17) to obtain

U 1dU U
F-F;?—ﬁ—()' (B.21)

Also, replace the derivative of U in the convective term of Equation B.17 with Equa-

tion B.19 and multiply throﬁgh by a —1. This leaves the r-momentum equation as a
derivative of pressure only:

r.:

At (Uz“:vz) + % (2Vw) + (re?) = %% — s (';—?) . (B.22)

B.3.2 6-momentum

Now examine the §-momentum equation (Equation B.18) with the solution for the

radial velocity (Equation B.20) substituted in for U,

,\lg (ﬂ+Z) + A (2§w) = vhy (‘W+1‘W K) + A ('—’K) . (B.23)

dr r dr? " rdr 12 6

Dividing through Equation B.23 by v),:

Ma [ldV V a (2w &V 1dv vV Ar? [V
W (J“‘:s) +5(3) = (wﬂ“:z-;ﬁ *nE\E) o (B

Examining the a/v coefficient we find that this is equivalent to the Reynold’s

number based on disk radius;

rU

2 =2 = Re,, (B.25)
14 14
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and if we define the aspect ratio of the rotor (r/é) as 4 then Equation B.24 becomes

A1 1dv vV w\ _ (d*V 1dV V s . [V
s (r - +r2) + Re, (T) = (dr2 +-= ) - 27 () - @)

r2
Equation B.26 can be rearranged to a standard form of a Bessel’s equation. How-
ever, for this system, both Re, and v are generally much greater than one. Assuming
that _ _
&2V dV
dr?  dr’
then by an order of magnitude reduction we can neglect the viscous dilation terms

for the conservation of §-momentum. Equation B.26 now becomes

I II III

7ANRY v B.27
i\lRe, (1dV+K> + Rer(?ri) - ﬁi-‘72 (V) = 0. (B.27)

/\2 ;W 7‘2 /\2 7‘—2'

The three terms of Equation B.27 are descended from
ul0, _
I. momentum flux, = [_6? (rv)] ,

II. Coriolis force, 2ww, and
v

II1. viscous dissipation, Voot -
z

Now divide through Equation B.27 by (A1 Re;)/(A2r). This results in a conser-

" vation of #-momentum expressed in terms of an ordinary differential equation for

V:

dr r? A1

The 72/ Re, term can be rewritten in terms of another Reynold’s number:

dv Ny \V e
+(1_A1Re,) +22%0 =0 (B.28)

2 2
T _rTr(rvN_T(XYN_o
Re. = & (rU) 3 (w) Re; ’ (B.29)
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where Re; is the Reynold’s number based on disk spacing. If the term v/Re;s is
much greater than the A-coefficients or much less than the A-coefficients then Equa-
tion B.28 becomes much easier to solve. The A-coefficients are all on the order of

one; however, the ordér of 4/ Re; is not known.

B.4 v vs. Re;s

In evaluating the order of magnitude of the «/Re;s coefficient there are three possi-
bilities with regard to Equation B.28:

2

1. — 1
Res < ’
2

2. — ~1 d
R65 » &0
Y

3. — 1.
R85 -

The first case (y/Res < 1) is unlikely for this system since case 1 would indicate

that viscous effects are negligible. The second and third cases are viable, though.
The magnitude of v/ Re; can be determined by applying the boundary conditions

using general values of fluid and rotor parameters. The mass flow rate boundary

condition is

m = 4x(N +1)pérU (B.30)

which leads to an expression for Res,

1 m
The radial Reynold’s number can also be expressed in this fashion:
Re, = —0— (™ (B.32)
T An(N+1) \pb) |
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Table B.1: Typical Rotor and Fluid Parameters for Turbine Configuration

Rotor Fluid (air)
r o~ 107! ft p ~ 107! to 10~2lbn/ f2
§ ~ 1073t0 10 ft p o~ 10731b, [ ft — sec
N ~ 10°to 10!

Using Equations B.31 and B.32 the three cases become

m m
. — 1)42 —
L 4r(N+1)y < - yor, 4m(N + 1)v* < i

m 2 M
2. 47 (N + 1)y el or, 47(N + 1)y 5

3. 4an(N+1)y > % ,or, 4r(N +1)y* > %
The values for the rotor and fluid parameters in the turbine configuration are

shown in Table B.1. Substituting these values into the three cases will yield limitations

on the mass flow rate:
1. m < 1073 lb,/sec,
2. m ~ 1073 b, /sec, and
3. m > 1073 Iby,/sec.

Let N equal 0 and study the three order of magnitude cases for the model instead
of the system. For this model the velocities must remain subsonic; therefore, the
radial velocity, U, is on the order of 10? ft/sec. Now, by examining Equation B.30

again we find

m ~ (47)-1072.1073.1071-10* ~ 1073. (B.33)
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This result corresponds to case 2, which is the most general of the three cases.

B.5 The R Constant

Returning to Equation B.28 we can rearrange the Reynold’s number term using the

relations described in B.29:

_ X _ofM¥ )\,
Re = 2 (2/\1 52a) re. (B.34)

Now define a term R such that

—As 14

This term, R, is a constant for the system and has units of [1/length?]; subsequently,

we can define a dimensionless quantity, R*, by
R* = Rr?. (B.36)

The dimensionless quantity R*, can also be written in terms of the aspect ratio, 7,

and Reynold;s numbers, Res and Re,.:

e _ [=2) v _ (=X AP
R = (2,\1) Res (2,\1) Re, ' (B-37)

Thus, when viscous effects are dominant R* 3> 1 and when both viscous and mo-

mentum effects are important R* ~ 1.

B.6 Summary

The conservation of momentum equations have been reduced to two ordinary differ-
ential equation in terms of the relative tangential velocity and pressure. Using the
definition of R stated in B.35 the §-momentum equation can be written as

av 1 Ag

-+ (; +2Rr) V + 2,\—1w =0. (B.38)
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The r-momentum equation (Equation B.22) can be rearranged to the form

1dP U? + V2 _ ) vU
These two relations can be solved seperately. Thus, with continuity and Equa-

tions B.38 and B.39 the velocity and pressure of the fluid can be determined for

any point within the model.



Appendix C

Solut ion to I-Momentum

From Appendix B we found that the behavior of the relative tangential velocity com-
ponent of the fluid is described by the conservation of momentum in the #-direction
(Equation B.38). The.results of Appendix B pertinent to the solution for the rela.tive:
tangential velocity, V, are repeated.

The resulting differential equation is

dv NV A
¥+(1+2Rr);-+2/\1w_0. (C.1)
The constant R is defined as
A3 v
R = ~2); 5%’ (C.2)

and the term Rr? as a dimensionless quantity, R*, which can be written in terms of

two different Reynold’s numbers:

. __ _A3 Y :ﬁ 72 ‘
R - (2)1) R65 - (2A1) Re,. ' (03)

79
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C.1 Homogeneous Solution

Finding the solution for V begins with the homogeneous form of Equation C.I;

oy (z+2) =0 (C.4)
dr r

Let the solution for the relative tangential velocity, V, take the form of an infinite

power series:

Vh =r’ E bmr"' 3 (C5)

m=0

where s is an undetermined exponent and the b,, are constant coefficients. Differen-

tiating Equation C.5 and substituting into Equation C.4 results in

[f:(s+m)bmr‘+’""] + (} + 2Rr) [f: b,,,r°+'"] =0. (C.6)

m=0 m=0
Using term-wise addition Equation C.6 can be combined into a single series of the

form

fj bn [(s +m+1)re+m-t 4 2R = 0, (C.7)

m=0

Now, expand the series several terms and collect like powers of r:
0 = r'b(s+1)]
+ 7 [b(s+2)]
+ 1[5 (2R) + b (s +3)]
+ (51 (2R) + by (s +4)]

+ r**3 b, (2R) + by(s +5)] + --- (C.8)
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For the series to equal zero, each term in r from Equation C.8 must equal zero.

Since the radius, r, can vary, the coefficient for each power of r must equal zero:

rl: by(s+1) =0 —~ ifby # 0,thens = —1
r: bi(s+2) =0 —~ ifs=—1,thend =0
rtl: Bo(2R) + b (s+3) =0 — b= (—-2Rbk)/(s+3)
r*2: b (2R) + by(s+4) =0 — ifb = 0,thenby =0
r*+3: B (2R) + by(s+5) =0 —  by=(-2Rb)/(s+5)
r*t4: by (2R) + bs(s+6) =0 — ifby = 0,thends = 0
rt5 . b (2R) + bs(s+7) =0 —  bg=(—2Rby)/(s+7)

The odd coefficients in the power series solution of V are zero. Substituting the

value of s into the even coefficients results in:

by = 28 by ‘

_ (z2R), _ (c2Rp _oR)™
SRR S =
b = SR p, = AL p, m=0,1,2,3,

Therefore, the recursion formula for the b,, coefficients is:

(=R)"

m!

bom =

bb; m=0,1,2,3,-- _ (C.9)
Now, redefine the unknown coefficient, 8, as just b and define a function F,, such

that

Fm = —' . (C-].O)

1
m!
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The homogeneous solution for Equation C.4 is now

Vo= g f;jo(—Rr?)’“ Fn. (C.11)

Recalling the definition of R*, now define a series function, S, as

Sm = Z (=R*)" Fn . (C.12)
m=0
Therefore,
7 = b_Sﬂiﬁ—). (C.13)

C.2 Particular Solution

The particular form of Equation C.1 includes the angular velocity term, 2qw/A;,

which is a constant with respect to r;

dv, 1 .y
-2 4 (- + 2Rr )V, = —23% (C.14)

Assume the solution to Equation C.14 is of the form of a Laurent series:

V,=ar! + o + ar, (C.15)

where the c-coefficents are unknown.

Similar to the homogeneous solution, differentiate Equation C.15 and substitute

into Equation C.14 for V, and dV,/dr;

A
[—clr'2 + ca] + (}- + 2Rr) [clr"l +c + C31‘1] = —222u. (C.16)
r Al

Expanding Equation C.16 and collecting like powers of r:
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( 2RC3 ) 7‘+2 + ( 2R62 ) T+l
+ (2¢3 + 2Rcy ) r°

+ ()t + (a1 + ¢ )rt?

Az o
| (—2A—1w) r.

Equating the coefficients of like powers of r results in:

rt2: 2Rcs = 0 = =0
r¥1: 2Rc, = 0 - 2 =0
r%: 2¢3 + 2Rc; = —2%4.; - o = _i\f%
rli =0

r?: —ci 4+ =0

Therefore, the particular solution depends only upon the ¢, term;

o Agw -1
%= (-3m)

Now, define a constant ¢ such that

Azw
MR’

The particular solution becomes

83

(C.17)

(C.18)

(C.19)

(C.20)
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C.3 Total Solution

The total solution for the relative tangential velocity, V, is the sum of the homo-
geneous solution (Equation C.13) and the particular solution (Equation C.20). The

final result is:

bSn(R*)-c

r

V(r) = (C.21)
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Appendix D

Solution to ~-Momentum

In Appendix B the r-momentum relation (Equation B.2) is reduced to

I II II1 1Y A%
1dP U?+v? _ 2 vU (D.1)
pr i /\1( ) + /\2(2Vw) + (rw ) + Aa(F) , .

where the five terms are accelerations resulting from the following forces:
I. pressure,
II. momentum,
II1. Coriolis,
IV. centripetal, and
V. viscous.

The solutions for the radial and relative tangential velocity components are de-
veloped in Appendix A and Appendix C, respectively. The results are repeated here

for convenience;

u(r) = =, (D.2)

85
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and
_ b *) —
V(r) = ———S"‘(}i) c, (D.3)
where a and b are unknown constants. The constant c¢ is defined as
_ /\2 w
c = /\IE . (D4)

Other definitions from Appendix B are:

/\31/

R = 32 (D.5)
R = R, (D6)
Fn = 7,1{' (D.7)

Su(B) = 3 (—R)Y"Fn . (D.8)

D.1 Integrations

To solve for the pressure, P, substitute Equations D.2 and D.3 for the velocity com-

ponents and integrate Equation D.1 with respect to r. Thus, Equation D.1 becomes

%P(r) = [Wér + [mer + [(vrar + [ (©9)

Integrating the viscous term {V} first:

/{V}dr = //\3(%{;—,>dr
- u()e

Aava [1
= %5 [

Asva

= 5 Inr. (D.10)
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The coefficient, A3va/é?, can be shown to be equivalent to —2A;a?R. Therefore, the

integral of the viscous term {V} is

/ {V}dr = (-\a?) Rlnr?. (D.11)
Next, integrate the centripetal term {IV}:
2
/{IV} dr = /(rwz)dr = (wz)r—2- . (D.12)

The Coriolis term {III} contains an infinite series, S,,(R*), which must be handled

through term-wise integration. Thus,

{Ill}dr = [X(2Vw)dr
(2V)

[a(20) [-g S (~Re*)"Fm - -:-] dr

m=0

= A (20) [bfj(-R)’“F,,,/rzm-ldr - c‘/;l‘-dr] . (D.13)

m=0

Since the integration of r?™~1 will result in a coefficient of 1/2m, the series must be
expanded by one term before integrating in order to allow for the first element of the

series in which m equals zero. Equation D.13 now appears as

— 1‘_ — - m 2m~1 — }_
/{III}dr = 2wy [b(/rdr + El( R) Fm/r dr) c/rdr] .
(D.14)
Completing the integrations and making a transformation on the series to bring the
intitial element back to zero results in Equation D.14 becoming

[{par = 20, (5 - c)lar + 3> (‘R)MF"‘ZZ_;]

m=1

= 2wA|(b—¢)lnr + bZ(—R‘)mFm-%n—]

m=1 2

. - 1
= 2wl (b= )l Y (=R )" Fppm7——| (D1
| (5= edar 4 03 (R Frg ] o
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From the definition of ¢ (Equation D.4), the Aw coefficient is found to equal A;cR.
With this substitution the integration of the Coriolis term {III} is

{Il}dr = =\1{ (¢ = bc) Rlnr® — 2bcR f: (-R* )"‘“—E"A D.16

/ B ' ‘ " m=0 2(m + 1) . ( . )

The substitutions for the velocity components result in the momentum term {II}

transforming to

m = n (22

r

_ M@ (85a()=cY’
T o | r2 r

_ i_;:(aucz) + BSn(R)Sm(R) - 2eSa(R)] . (D7)

Before integrating the momentum term {II}, the double series, S5,,(R*)Sn(R"),
must be resolved. The double series,
Sm(R")Sm(R") = [E (—R‘)"‘Fm] [E (—R‘)"‘Fm] , (D.18)
m=0 m=0
can be combined into a single series through term-wise multiplication. Thus,
Smsm = o0 —R* (1] ;R. m + -R* 041 ;f. m=1 + —R*)0+2 ;}:‘ m=2
EO[‘—(%'%—H— Rt — + St t—

—Rp"\0+m(_peym-—m
+-+ { R(o)-bﬂ!%m}-znz)l ’ (D.19)

which reduces to

o0

>~ (—B)" [ty + vty + vty + -+ witamy) - (D-20)

m=0

SmSm =
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Table D.1: Values of Functions F,, and G,, for Various m

m Fm Gn
0 1 1
1 1 2
2 1/2 2
3 1/6 4/3
4 1/24 2/3
5 1/120 4/15
6 1/720 4/45

In order to simplify the subsequent calculations define a factorial function Gm

such that

Gm = wytey + Griybeiy + mratean +  + oEey - (D.21)

Equation D.21 can be reduced to the form of a finite series,
m 1 1 m
Gm = né%;!-—-(m 7 = nganFm_n . (D.22)
The values of the factorial functions, F,, and G, for several m is given in Ta-
ble D.1. The function G,, decreases much less rapidly than F,, as the series progresses.
Therefore, the infinite series containing Gy, will require more summations than the
infinite series containing Fy, in order to meet the same convergence criterion.

The two series functions of the momentum term {II} as written in Equation D.17

have the same form;

Sml(R) = 3 (=R)"Fa (D.23)
and
Sn(R)Sm(R) = 3 (R )"Gm . (D.24)

m=0
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Therefore, the momentum term {II} (Equation D.17) can be rewritten in terms of a

single series.

{m = -;\—;-(a2+c2) + b f;o(-R‘)'"Fm ~ 2be i;o(—R‘)"‘Gm]
= %;(a2+c2) + go(—R*)m[bsz - 2chm]]

= Al{(a2+c2)r1—3 + "i:o(—R)"‘ [6°Gm — 2bcFn | (r’m-s)} (D.25)

As is the case for the Coriolis term {III} the series for the momentum term {II}
must be expanded before integration in order to avoid a singularity. In this case the

singularity would occur at m = 1 so the series needs to be expanded by at least two

terms. Equation D.25 becomes
{1} = Al{(a2+c’)-r13 + (b’—2bc):—3 + 2(b2—-bc)(—R)%}

+ Y (-R" [8Gm — 2bcFn ] (%)

m=2

- Al{[a2+(b—c)2]-:—3' + 2(8 - be) (—-R)%}

0

+ M Y (~R)™ [#*Gp — 2bcFn | (r*™2) . (D.26)

m=2
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Using term-wise integration, the momentum term {II} can be integrated as

//\l(u)dr
Al{[a+(b—c)]/ Sdr + 2 (8- (R)/ dr}

0 Y (<R [$Gm — 2beF ] [ 12 dr

m=2

/ {11} dr

I

D= Al{[a +(b- c)]-- +2(2—bc)(—R)1nr}

2(m 1)

+A12( ~R)™ [b*Gn 2chm]2( my

m=2

-1

. = ,\1{[¢;2.}.(I;—¢;)2]2r2 - (b’—bc) Rlnrz}

r2(m-1).

+ M(=R) 3 (=Ry™ [$Gp — 2bcFn ] o o

m=2 - ]‘)

= [P+ ()] 5y + (B -be) Riar}

)ml

— MR Z(R'

—y [6°Gm ~ 2bcF ] . (D.27)

Now, transform the series so that the initial element, m, is zero.
[umdr = —Al{ @ +(b=c)] =5 + (¥ =) Rlnrz}
2r2

N /\IR Z ( R:)m-i-l

Tt 1) [6°Gmi2 — 26cFnya) (D.28)
m=0
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D.2 Solution

Combining the integration of the momentum term {II}, the Coriolis term {III}, the

centripetal term {IV}, and the viscous term {V} results in a solution for the pressure:

1 n{ [+ (b=cF] 55 + (#-bc) Rlar?
_P(r) = o ( R‘)m“ {II}
4 {meX—:o 2( n 1) [me+2 - 2CFm+2]}
-\ {(¢ - bc) Rinr? }
(=R {111}
{”Rmz.o 2t D) | 2°F"‘“]}
+{15} )
—Al{(az) Rlnrz} {v}
+d
(D.29)

where d is a constant of integration. Equation D.29 can be simplified by collecting

like powers of r. Also, the two series can be combined through term-wise addition.

The result is

%P(r) - -Al{[ c)](—+R1nr)}

2
2] T
+ [w?] g +d. (D.30)
Finally, the factorial functions, F,,, can be combined such that

Fm+2 + Fm+1 = (m+3)Fm+2 . (D31)
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. Therefore, the solution for the pressure from the r-momentum equation is:

%P(r) = —Al{[a +(b-c)? ](— + Rinr? )}
{00 35 Gy 100w = 2elm + i) }

+ [wz]; +d. - (D3
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Appendix E

Conservation of Angular
Momentum

E.1 Rotating Control Volume

An inertial control volume is on which is stationary or moves with a constant velocity
relative to a fixed frame of reference. The conservation principles are only valid
for inertial systems. For the system described in Chapter 1, the most convenient
control volume is defined as the fluid contained within the disks, but not the disks
themselves, with the control volume rotating at the same angular velocity as the
rotor. This control volume is non-inertial; therefore, the rotation must be accounted
for in the conservation principles. |

| Figure E.1 illustrates how the non-inertial control volume, of the rotating disks, is
related to an inertial frame of reference. The position vector R is the position of the
control volume relative to the inertial frame of reference. The position vector 7 is the
position of a fluid particle P relative to the rotating control volume. The position of

P relative to the inertial frame of reference is Z:
F=R+ 7. (E.1)
In order to clarify further development, a notation convention to distinguish be-

94
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Figure E.1: Rotating Control Volume Relative to Inertial Frame of Reference
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tween the time derivative of the inertial and non-inertial systems is defined:

( ) ) _ D ( ) _  Time Derivative Relative

Dt to the Inertial System

. e : (E.2)
d ( ) _  Time Derivative Relative
dt to the Rotating System

The velocity of particle P relative to the inertial coordinate system is the time

derivative of the position vector Z;

D@ _D(s. -\ _DR DM
Dt _Dt(R'H) =t T D (E.3)
which becomes
SR D(7)
VP = ‘/rel + Dt . (E.4)

V... is the velocity of the rotating control volume relative to the inertial frame of ref-
erence. For the control volume described above the position vector R and the relative
velocity V.1 are defined to be zero. In other words, the rotating frame of reference and
the stationary frame of reference are attached to the same spatial location. Therefore,

the position and velocity of particle P are

Ip = T. (E.5)
and
Vp = Dt (E.6)

In Equations E.5 and E.6 both the magnitude and the direction of the position vector
7 are functions of time. For a cylindrical coordinate system 7 is defined as

o d ~ o o Pl

= ré + -8 + & . (E.7)

Therefore, Equation E.6 is

- D . D . .
Vp = Dt r) = E("jej) = eJ"DT + "th" (E.8)
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In Equation E.8 the i indice can be either the radial component r, the angular compo-
nent 0, or the axial component z. The total derivative of r; is the velocity of the fluid
particle P with respect to the rotating coordinate system (or the control volume).
The time derivative of the unit vectors can be shown to be the cross product of the
axis of rotation. (See references [11] or [10].) The time derivative operator relative
to the inertial frame of reference (Equation E.2) can be written with respect to the

rotating control volume as

B()-4( )eex( e

where & is the angular velocity of the control volume. Now, the absolute velocity of

a particle P within the control volume can be expressed as
. D .. DL _ & . .
Vp = ﬁ(z) —I—)Z(r)— o toxT. (E.10)

Using these conventions a relationship for the conservation of angular momentum will

be developed.

E.2 Conservation of Angular Momentum

The conservation of angular momentum states that for an inertial system the sum of

the torques acting the system equals the rate of change of angular momentum:

'i'ayatem = %(ﬁ) ’ (Ell)

where H is the angular momentum of the system and is defined as

H= FxV)pdy. (E.12)
[, (&x7)

In Equation E.12 7 is the position vector of the particle relative to the fixed frame of

reference (See Figure E.1.) and V is the velocity of that particle relative to the fixed
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frame of reference. Using Equations E.5 and E.6 the conservation of momentum can

be expressed as
- D

Tomtem = 57 (Fx V) pdv. (E.13)
Since the integral is not time dependent Equation E.13 can be written as
o Df o . DV

From Equation E.6 the velocity V is equal to D7/ Dt which results in the first integral

on the right side of Equation E.14 becoming zero:
Drf Df &

Also using Equation E.6 the cross product of the second integral on the right side of

Equation E.13 may be rewritten as

. DV _ D /(D7
TX—DT—TXD-Z(—D7>. (E16)

Now, using the differential operator defined in Equation E.9, Equation E.16 can be
expressed as

fx D (DF) _
Dt\Dt]

= Fx'ﬂ £l—1?+"x"
- T Di\@ YT
= FX i f+"x1’~‘ + @ x f+"x"
= AN CX\@ TR
- d (dr d . L dr -
= rx.d—t(a—t)+d—t(wx’-")+( x—t)+wx(wxf')]
= FX i f + gx“ 3x & "xj +& % (& xF)
= @\a)T\& )T\ E) T gt TeTexT
. [d [df I L dar -
= rxbz(z)+( xr)+2(wxd—t)+wx(wxf")] (E.17)
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The velocity of a particle relative to the rotating control volume is df/dt and is

defined as ¥. Using Equation E.17 the conservation of momentum relation (Equa-

tion E.14) becomes

-

— d p - - - -
Toystem = Cvrx[E('b')+(wxr)+2(wxff)+wx(wxf’)]pd¥, (E.18)

which can be broken into two integrals

= . dv
7'sy.stem. = Lv (7' X E) pdV

+/cv Fx[(ExF) +2@x D) +Fx @ x )] pav. (E19)

The first integral term on the right side of Equation E.19 can be simplified through
use of the chain rule and Equation E.15;

2% Levn - Fus
™% T @V T @t
d & dF
= gx9 - F>xg
= Lexe) -0 (E.20)
T odt ' '

Thus, Equation E.19 becomes
T = & / (7 x 7) pd¥
system — dt on P

+/0va [(Gx7)+2@xD)+3x @x )] pav. (E21)

The first integral on the right side of Equation E.21 can be expanded again through
the use of Reynold’s Transport Theorem:

d [ . 9 . A
S Exnpav =2 [ (Fxdpdv + [ (Fx)ps-dd.  (B22)
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The total torque acting on the control volume can now be expressed as
- a -
7; stem = 47 r X V) pv -
ot va(rxmpdv+/£)Cv(rxv)pv dA
+ [ Px[(@xF)+2@xN+Ex (@x7)]pdv. (E23)
Cv

The sum of the torques acting on the system, fw,tm, can be broken down into

various types of effects;

T’ystcm = -‘aurfacecu + ﬁodycu + fshaftcv . (E'24)

For the system under study there are no torques due to body forces.

Therefore, using Equations E.22, E.23, and E.24 the conservation of momentum

for a rotating control volume can be expressed as

- -

a - - - g
Tihastow t Tourfaceow = 3 /CV (Fxv)pdv + jacv (Fxv)pv-dA

+ /c'va [Bx7)+2@x D)+ x @ x7)]pdv.
(E.25)

E.3 Solution to Moment of Momentum

Figure E.2 shows two views of the rotating control volume. The left view is th control
volume looking at the face of one disk. The view on the right is an end view of the
disks. There are four surfaces on the control volume. The first surface {I} is on the
z = & disk face, the second surface {II} is on the outer radial edge, the third surface
{II1} is on the z = —§ disk face, and the fourth surface {IV} is on the inner radial
edge. The control volume contains the fluid for a single pair of disks; thus, the results

of analyzing this control volume are valid for the model described in Chapter 1.
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In analyzing the control volume the following assumptions are applied:
o steady-state flow,
¢ steady rotation, w = 0, and
® no variations with respect to 0.

With these assumptions the conservation of momentum relation (Equation E.25) can

be simplified to

f‘haﬂcv + iurfacec,, = ‘/GCV (FX ‘l-;) pt-)" dA‘

+/ Px[2@x0)+3 % (@ xF)]pdv .
C¥

(E.26)
The vector quantities of Equation E.26 are defined from Figure E.2 as
r=ré + zé, (E.27)
& = wé,,and (E.28)
7 = u(r,z)é, + o(r,z)ép + w(r,2)é, . (E.29)

Also, fully-developed boundary layer flow is assumed. Therefore, w goes to zero and
the remaining velocity components may be separated into a radial dependent function
and an axial dependent function. If 7 is defined as z/6 and the axial function as F(n)
then the velocity (Equation E.29) can be expressed as

<
]

U(r)F(n)é. + V(r)F(n)é

= (U(r)é. + V(r)és) Fn) - (E.30)

In Equation E.30 the radial functions U and V are the fluid velocity components at

n = 0 and the axial function F(n) is a velocity profile function.
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Side View

Figure E.2: Control Volume Definition
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E.3.1 Surface Integral Evaluation

With Equations E.27, E.28, and E.30 the cross product terms of Equation E.26 can

be evaluated. Examining the cross product quantity of the surface integral first:
(Fx¥) = (ré, +2¢,) x (U, + Véy) F(n)
= (ré, + bné,) x (Ué, + V&) F(n)
= (rVe, + 6qU% — éqVe, ) F(n)
= (rVe.) F(n) + 6 (U, — Ve, )nF(n). (E.31)

Now, the infinitessimal area vectors, dﬁ, for the four sides of the control volume in

Figure E.2 are defined as

dA, = dAé, , (E.32)
dA; = dAze, , . (E33)
dAs = —dAsé, , (E.34)
dAy = —dA, . (E.35)

Subsequently, the dot product of the surface integral becomes
§-dA = (Ué +Vé)F(n)-dA
= (UdA; ~ UsdAg) F(n) - (E.36)

Equation E.36 shows that the surface integral of Equation E.26 can be seperated into

the integral over the outer radial surface and the integral over the inner radial surface.
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Thus,
/a (7x ) pi- dA = (E.37)
= / (raVaes) F(n) + 6 (Uaés — &) nF(n)] UnF(n)da
=0 [ o, (Vi) Fn) + 6 (Vido = Vide) nF(m)] UuF(m)dAs
= o{ [ [(rataPies) 7(n)] dt
+ [ 6 (vitts - UTai) 172 (o) iy
= o{ [ [(va¥ies) 7)) s
- /A ‘ [ (U8 - UsVie,) nF*(n)] dA..} :

(E.38)

Examining the first integral over Aj:

IR CAZEL O T ey M ((UAZNELD)

6 /_1  dn - 2mrs [(TzUz‘—’zéz) F (’7)]

= 2n8 [rs (rUaae.)] /_1 F(a)dn.  (E39)

In Appendix B the integral from 0 to 1 of the velocity profile squared is defined
as \;. Since F?(n) is an even function,

[ llf"(n)dq =2 " Fn)dp = 2. (E.40)

Similarly, the function nF%(n) is an odd function and

[ Fm)dn = 0. (E.41)
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Therefore, Equation E.39 will become

/ (Fx 7) pi - dA = 4mps) (r22U2‘72 - r42U4V4) é, (E.42)
aCw

From the continuity equation in Appendix A, rU = a;

[ Fx9)p3-dA = ampbars (raPe = ria ) & - (E43)
aCw

After substituting Equation E.43 into the moment of momentum relation, Equa-
tion E.26 becomes

-

Zhaﬂcg + 7-.—mr,facec;; = 47"P5‘1/\1 (ro‘-/o - ri‘-/i) é;
+ [ Fx[2@x9)+3x(@xM]pdv.
Cv
(E-44)
E.3.2 Volume Integral Evaluation

Begin the evaluation of the volume integral term of Equation E.44 by substituting

Equations E.27, E.28, and E.30 into the cross product terms. The second cross

product term becomes

T XF = wé, X (ré, + oné,) = wrég, (E.45)
SX (@ XF) = wé, x (wrég) = —w’ré,, (E.46)
FX[Bx (@ x)] = (ré +8né,) x [~w?ré,| = —w?rénéy . (E4T)

And the first cross product term is
BxT = wé, x (Ué, +Vég) F(n) = w (Vo — V&) F(n) (E.48)

FxE3xd) = (ré +6né) x [2w (Ve - V&,) F(n)]

2rwlUF(n)é, — bnwUF(n)é, + SnwV F(n)és

= 2w [rUe, +z (Ve — Ue,)| Fln) - (E.49)
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Substituting Equation E.47 andE.49 into the volume integral;

/Cv Px[2(@ % 7)+& x (@ x 7)) pd¥ =
= [ {2w[rve +6n (Ve - U&)] F(n) - w'réne,} pav
= [ 2w (rU) Fniuav + /C  20pn (Vs - UE,) F(n)av
- /C L prbnody . (E.50)

Now, evaluate the first volume integral on the right side of Equation E.50;
) ro 2x 5 )
/C L 2p(rU) Fn)edv = / “dr /o rdf /_ dz(20p(rU)F(n)é, ]
= [Car [21" (2wp(rU)) 6 /_1 Fn)dn a,] . (E51)
Recall the definition of the integral of F(n)from Appendix B;

[ Fayin = 2 [ Faydn = xa. (E52)

Substituting this into Equation E.51 results in
| /C L 200 (V) Fn)ésdv = / " [ p8(rU)rwha) dré,
= 4rpdawls2 / To rdré,

= 4mwpbawls (r,,2 - r,-’) é, . (E.53)

With the use of the relationship described in Equation E.41 the second and third

volume integrals of Equation E.50 can be shown to be equal to zero.
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Appendix F

Program Listing

This FORTRAN-77 program solves for the angular position, radial velocity, relative
tangential velocity, and pressure at fixed incremental radii for a given system in a
turbine configuration. In addition, the resulting torque of the system operating at
the specified angular velocity is given. The mass flow rate is entered in as negative
for inward flow; therefore, a torque output by the system will also be negative. Note,
if the angular velocity specified is greater than the system can support the torque
will appear to be positive indicating that torque is required as input to rotate at that
speed.

The program uses a parabolic velocity profile to model laminar flow. The resulting

A—coefficients are:
o )\ = 8/15,
o A2 = 2/3, and

.A3=—2.

108
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DISKFLOW1.FOR

Program for determining fluid velocities and rotor performance for
flow between corotating, parallel annular disks as found in a Tesla
turbine or pump. The model is a closed form solution of the
Navier-Stokes equations with the assumptions of fully-developed,
incompressible, isotropic, laminar flow. Also, the agsumption is
made that radial Reynold’s number [A/Nu] is much greater than unity.

Jeff Allen
University of Dayton
April 10, 1990

oo aaa

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
EXTERNAL FACTRL,SFJ,SFK,SFV,SFP

COMMON / GLOBAL / PI,GC

COMMON / FLUID / RHO,VMU,VNU

COMMON / ROTOR / RO,RI,DEL,ND

COMMON / SYSTEM / VMFR,ARAD,ADEG,WRAD,WRPM,POUT
COMMON / OUTPUT / PRO,TORQ,POWER

COMMON / EQNCONST / A,B,C,D,RC

DOUBLE PRECISION FACTRL,SFK,SFJ,SFV,SFP
DOUBLE PRECISION RADVEL,TANVEL,PRESSURE
CHARACTER FILENAME#*12

€ Define universal constants.

PI = 3.1415927464
GC = 32.174

C Input rotor parameters, fluid properties, and turbine parameters.
CALL INPUT

C Input data file name for output.
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CALL FNAME(FILENAME)

C Calculate rotor performance and model constants.

CALL PERFORMANCE

C Print input data and velocity constants.

CALL SYSTEMPRT(FILENAME)

C Calculate path lines, velocities, and pressures; then print.
CALL ROTORPRT(FILENAME)

C End of program.

END
c
C *xrxkkiakkknknkiik SUBROUTINES ks oo koo ko ko ok ok

C

C = = INPUT s====z=ze== = SCossoosIsasEsazEEDSs
C

SUBROUTINE INPUT

Subroutine for input of rotor parameters, fluid properties, and
turbine operating parameters in specified dimensions.

For TURBINE operation the fluid flows radial inward so the mass flow
rate should be entered as a negative value. Subsequently, the torque
that is calculated is negative since it is counter to the direction
of rotation. The power is positive to indicate that work is gained
from the system for the parameters entered.

For PUMP operation the mass flow rate should be entered as a positive
value. Also, the torque will be positive because it is in the same
direction as the rotation. The power is negative to indicate that
work must be supplied to the system.

OO0 000000 a

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
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COMMON / GLOBAL / PI,GC

COMMON / FLUID / RHO,VMU,VNU

COMMON / ROTOR / RO,RI,DEL,ND

COMMON / SYSTEM / VMFR, ARAD , ADEG,WRAD,WRPM, POUT

C Define the pressure at the inner radius - atmospheric [gauge or absolute].
POUT = 0.
C Read in rotor parameters.

WRITE(6,600)
READ(5,500) RO
WRITE(6,601)
READ(5,501) RI
WRITE(6,602)
READ(5,502) DEL
WRITE(6,604)
READ(5,504) ND

RO = RO/12.
RI = RI/12.
DEL = DEL/12.

500 FORMAT(E12.0)
501 FORMAT(E12.0)
502 FORMAT(E12.0)
504 FORMAT(I12)

600 FORMAT(’1°,/,’ ’,3X,°ROTOR PARAMETERS:?,/,
$ /,’ ’,5X,’Enter the outer radius of the disk [inl: °,$)
601 FORMAT(® ’,5X,’Enter the inner radius of the disk [inl: °,$)
602 FORMAT(’ °,5X,’Enter the disk half-spacing [in]: °’,$)
604 FORMAT(’ °,5X,’Enter the number of disks on the rotor: N )]

C Read in the fluid properties.

WRITE(6,605)
READ(5,505) RHO
WRITE(6,606)
READ(5,506) VMU

e
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VNU = VMU/RHO

505 FORMAT(E12.0)
506 FORMAT(E12.0)

605 FORMAT(/,’ *,3X,’FLUID PROPERTIES:’,/,
2 /,” ?,5X,’Enter fluid density [lbm/f£t~3]: ’,$)
606 FORMAT(’ ’,6X,’Enter fluid viscosity [lbm/ft-s]: ’,$)

C Read in the operating parameters.

WRITE(6,607)
READ(5,507) WRPM
WRITE(6,608)
READ(5,508) VMFR
WRITE(6,615)
READ(5,515) ADEG

WRAD = PI*WRPM/30.
ARAD = PI*ADEG/180.

507 FORMAT(E12.0)
508 FORMAT(E12.0)
515 FORMAT(E12.0)

607 FORMAT(/,’ ’,3X,’0PERATING PARAMETERS:’,/,

& /,” ’,5X,’Enter the angular velocity [rpm]: ’,$)
608 FORMAT(® ’,5X,’Enter mass flow rate [lbm/s]: ’,$)
615 FORMAT(’ ’,85X,’Enter the angle of tangency [degl: ’,$)

RETURN
END
C

C =s=s==sssuzssasza= FNAME sc=c==zzzzszzzssezz=zss=sszcoszcossssszzsssssses

c
SUBROUTINE FNAME (FILENAME)

C This subroutine asks the user for the name of the data file for
C storing the output.
C

IMPLICIT DOUBLE PRECISION (A-H,0-Z)

a
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CHARACTER USRINPT*80,NAME*8,EXT*4,FILENAME*12, ANSWER*1
LOGICAL CHECK

C Input the file name.

1000 WRITE(6,620)
READ(S,’ (A)’) USRINPT

620 FORMAT(/,® ’,3X,’FILE NAME: °’,/,
& /,’ ?,5X,’Enter name of output file w/o extension: ’,$)

C Find the end of the file name.

I=1
J=0
DO WHILE (I .LE. 8)
IF (USRINPT(I:I) .NE. ’ ’) THEN
J=J+1
END IF
I=1+1
END DO

C Assign letters to FILENAME and add extension.

READ(USRINPT(1:8),?(A8)°) NAME
EXT = ’.DAT’
FILENAME = NAME(1:J)//EXT

C Check to see if file already exists.
INQUIRE(FILE=FILENAME,EXIST=CHECK)

IF (CHECK) THEN
WRITE(6,621)
READ(S,’(A)’) USRINPT
READ(USRINPT(1:1),’(A1)?) ANSWER
IF ((ANSWER .NE. ’Y’) .AND. (ANSWER .NE. ’y’) ) THEN
GOTO 1000
END IF
END IF
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621 FORMAT(//,’ ?,5X,’The output file already exists.’,

& /,’ ’,5X,’Do you wish to write another version [y/n]: ’,$)
RETURN
END
C ;
C ss==s PERFORMANCE = = Sosssssssssasss
C

SUBROUTINE PERFORMANCE

C This subroutine calculates the constants for the model as well as
C the torque and power for the system.
C

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
EXTERNAL FACTRL,SFJ,SFK,SFV,SFP

COMMON / GLOBAL / PI,GC

COMMON / FLUID / RHO,VMU,VNU

COMMON / ROTOR / RO,RI,DEL,ND

COMMON / SYSTEM / VMFR,ARAD,ADEG,WRAD,WRPM,POUT
COMMON / OUTPUT / PRO,TORQ,POWER

‘ : COMMON / EQNCONST / A,B,C,D,RC

DOUBLE PRECISION FACTRL,SFK,SFJ,SFV,SFP

C Calculate the radial velocity integration constant, A.

A = VMFR/ (4.*1.?It(ND+1)*DEL*RHO)

C Calculate radial viscosity constant, RC, and the angular constant, C.
RC = (15./8.)*VNU/(DEL*DEL*A)

¢ = (5./4.)*(WRAD/RC)

C Calculate the tangential velocity integration constant, B.

VOA = DABS( (A/RO)/DTAN(ARAD) )
VO = VOA - RO*WRAD

BNUM = VO*RO + C

b Sy SN NP AR e 2, e

[T
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ICODE = 100
CALL SERIES(SFV,RO,BDEN,IERR,NSUMS)
IF (IERR .EQ. 1) THEN

CALL ERRCODE(ICODE)
ENDIF

B = BNUM/BDEN

C Calculate the pressure integration constant, D, at the inner radius.

PTRI = PRESSURE(RI)
D = POUT - PTRI

C Calculate the torque [ft-1bf] and power output [hp].

CALL TORQUE(TORQ)
POWER = -WRAD+TORQ/S50.

C

RETURN

END

c

C ss===saz=sszsz=s== SYSTEMPRT e e L L bt oy prppy
C

SUBROUTINE SYSTEMPRT(OUTFILE)

c

C This subroutine prints the system parameters (rotor and turbine)

C used in the evaluation of the rotor design.

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
EXTERNAL FACTRL,SFJ,SFK,SFV,SFP

COMMON / GLOBAL / PI,GC

COMMON / FLUID / RHO,VMU,VNU

COMMON / ROTOR / RO,RI,DEL,ND

COMMON / SYSTEM / VMFR,ARAD,ADEG,WRAD,WRPM,POUT
COMMON / OUTPUT / PRO,TORQ,POWER

COMMON / EQNCONST / A,B,C,D,RC

PRV
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CHARACTER OUTFILE#12

C Open output file.
OPEN(UNIT=2,FILE=OUTFILE,STATUS=’NEW’)
C Print file name and origin.

WRITE(6,645) OUTFILE
WRITE(2,645) OUTFILE

C Print fluid properties.

WRITE(6,647)
WRITE(6,648) RHO,VMU,VNU

WRITE(2,647)
WRITE(2,648) RHO,VMU,VNU

C Print rotor parameters.

WRITE(6,649)
WRITE(6,650) RO*12.,RI*12.,DEL#12.,ND

] WRITE(2,649)
: WRITE(2,650) RO*12.,RI*12.,DEL*12.,ND

C Print turbine parameters.

ADEG = 180.*ARAD/PI
PO = PRESSURE(RO)+D

WRITE(6,664)
WRITE(6,665) ADEG,VMFR,P0/144.,POUT/144.

WRITE(2,654)
WRITE(2,655) ADEG,VMFR,P0/144.,POUT/144.

C Print performance characteristics.

WRITE(6,656)
WRITE(6,657) WRAD,WRPM,TORQ*12,POWER

e iy
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WRITE(2,656)
WRITE(2,657) WRAD,WRPM,TORQ*12,POWER

¢ Print values of constants.

WRITE(6,658)
WRITE(6,659) A,B,C,RC,D/144.

WRITE(2,658)
WRITE(2,659) A,B,C,RC,D/144.

C FORMAT statements.

645 FORMAT(’1°,///,’ ’,9%,A12)

647 FORMAT(///,’ ’,9%,’ = s==s == FLUID ==’,
& ’=a=s==as==a-u======a"/)
648 FORMAT(® ’,14X,’ Density (ibm/£t"3]):’,1X,E12.5,/,
& 15X,’ Viscosity [1bm/ft-s]:’,1X,E12.5,/,
& 15X,’Kin.Viscosity [ft~2/s]:’,1X,E12.5,/)
649 FORMAT(///,’ ’,9X,?=======sss=s=z=s=s=z=== ROTOR ==’,
& 'z=sssssss=casssaz=a’ /)
650 FORMAT(’ ’,14X,’ Outer Radius [in]:’,1X,F12.5,/,
& 18X,’ Inner Radius [in]:’,1X,F12.5,/,
& 18X,? Disk Spacing {in}:’,1X,F12.5,/,
& 15X,? Number of Disks:’,1X,I12,/)
654 FORMAT(///,’® ?,9X,’=c==sscccassazsssass TURBINE =,
& )azzza=zscassssssss=s? | [)
656 FORMAT(’ ’,14X,’ Tangency Angle [degl]:’,1X,E12.5,/,
& 15X, ’Mass Flow Rate [lbm/s]:’,1X,E12.5,/,
& 15X,’ Outer Pressure [psigl:’,1X,E12.5,/,
& 15X,’ Inner Pressure [psigl:’,1X,E12.5,/)
656 FORMAT(/// ,? ?,9X, '===s=ss===s==szss== PERFORMANCE’,
& ) m==sszzassssssazas? | /)
! 657 FORMAT(’ ’,14X,’Angular Velocity [1/s]:’,1X,E12.5,/,
& 15X, ? [rpm]:’,1X,E12.5,/,
& 15X,’ Torque [in-1bf]:’,1X,E12.5,/,

& 158X,? Power [hp]:’,1X,E12.5,/)
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658 FORMAT(///,’ ’,9X,’'=s=ss==sss=ss=s==== CONSTANTS ’,
& Izzxssssssssssnsssss? ’/)

659 FORMAT(’ ’,14X,’ A [ft"2/s]:’,1X,E12.5,/,
& 15%,° B [ft~2/s]:’,1X,E12.5,/,
& 18X,’ ¢ [ft"2/8]:’,1X,E12.5,/,
& 18X,’ Re [1/ft"2]:’,1X,E12.5,/,
& 18X,’ D (psil:’,1X,E12.5,/)

c

RETURN

END

c

C s=z==s= sz== ROTORPRT == == ss=s == =

c

SUBROUTINE ROTORPRT(OUTFILE)

c

C This subroutine prints the fluid pathlines, velocities, and pressures
C at various radii.

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
EXTERNAL FACTRL,SFJ,SFK,SFV,SFP

COMMON / GLOBAL / PI,GC

COMMON / FLUID / RHO,VMU,VNU

COMMON / ROTOR / RO,RI,DEL,ND

COMMON / SYSTEM / VMFR,ARAD,ADEG,WRAD,WRPM,POUT
COMMON / OUTPUT / PRO,TORQ,POWER

COMMON / EQNCONST / A,B,C,D,RC

DOUBLE PRECISION XR(100),XT(100),U(100),V(100),P(100)
DOUBLE PRECISION R1,R2,Ui,U2,V1,V2,DXR,DT,DXT

INTEGER NINT
CHARACTER OUTFILE*12

WRITE(6,685) OUTFILE
WRITE(2,685) OUTFILE

NINT = 20
DXR = (RO - RI)/NINT

e g
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I=1
R = RO
DO WHILE (I .LE. NINT+1)
XR(I) = R
11[¢9) RADVEL(R)
V(1) TANVEL(R)
P(I) PRESSURE(R) + D
R =R - DXR
I=1I+1
END DO

+

XT(1) = 0.

I=1

DO WHILE (I .LE. NINT)
R1 = XR(I)
R2 = XR(I+1)
Ul = U(I)
U2 = U(I+1)
Vi = V(I)
V2 = V(I+1)
CALL THETA(R1,U1,Vi,R2,U2,V2,DT,DXT)
XT(I+1) = XT(I) - DXT
I=I+1

END DO

I=1

DO WHILE (I .LE. NINT+1)
WRITE(6,686) XR(I)#*12.,XT(I)*180./PI,U(I),V(I),P(I)/144.
WRITE(2,686) XR(I)*12.,XT(I)*180./PI,U(I),V(I),P(I)/144.
I=I+1

END DO

C Close the data file.

CLOSE (UNIT=2)

C FORMAT statements.

685 FORMAT(*1’,’ ’,9X,A12,////,’ °,

& 9X, ’s=ss===ss==’ 'sss=====’ ) INTERNAL CONDITIONS °’,

& ? = =2 ) ===”’====a====”//’

& 10X,? R (in) ',2X,’ Theta (deg)’,2X,’ U (ft/s) °’,
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& 2X,’ Vbar (ft/s)’,2X,’ P (psig) °,/,
& 10X, ===mmmmmmean 1,2K,? mmmmmmmmeeae ?,2X, 0 mmmmmmemmeee ,
& 2K, mmmmmmmmeee G "

686 FORMAT(’ ',9X,F12.5,2X,F12.3,2X ,E12.5,2X,E12.5,2X ,E12.5)

RETURN

END

c

C s=s==sas==s====zz=z SERIES ===z=z=zszsc=csssscocszzssszzssssacssasssssssss
c

SUBROUTINE SERIES(SF,PAR,VAL,IERR,NSUM)

c

C This subroutine sums a function SF(PAR,M) from M = 0 to MMAX or until
C the convergence criterion is met.

c

C SF  := Series Function being evaluated at each increment M.

C PAR := PARameter being passed to the function.

C VAL := VALue of the summed series.

C NSUM := Number of SUMmations made.

C IERR := Integer ERRor code set during the summation.

C IERR = 0 := Normal completion.

C IERR = 1 := The maximum number of additions was made

without passing the convergence criterion.

The convergence criterion is for the last term calculated to be less
than current total, VAL, multiplied by some constant, EPSLON.

aOaaaaaq
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IMPLICIT DOUBLE PRECISION (A-H,0-Z)
INTEGER IERR,L,M,MMAX,NSUM,ITEST
DOUBLE PRECISION SF,PAR,VAL,EPSLON,TERM

C Set up limits.

EPSLON = .0001
MMAX = 50

IERR = 0

ITEST = 0

C Initialize variables.
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VAL = 0.
TERM = 0.
M=0

C Add function terms.
DO WHILE (ITEST .EQ. 0)

TERM = SF(PAR,M)
VAL = VAL + TERM

IF (ABS(TERM) .LT. ABS(EPSLON*VAL)) THEN
ITEST =1
IERR = 0

ENDIF

IF (M .GT. MMAX) THEN
ITEST = 1
IERR = 1

ENDIF

M=M+1
END DO
NSUM = ¥ - 2
RETURN

END

c

C sss=s=szz=zz=szse==z= ERRCODE =ssszz=czzzssscoszossssscozzaszssssesscasscs
c

SUBROUTINE ERRCODE(ICODE)

INTEGER ICODE

WRITE(6,690) ICODE

690 FORMAT(////,’ ?,9K,  sskkkuiunn’ 2 ddkkaknknk’ | 2 ks’
& Pakiokkokkk ) DRk kR | [
& 10X, ,48X,°%°,/,
& 10X, ’* CONVERGENCE ERROR: °,I4,
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& 15X%,7%’,/,
& 10X, %’ ,48X,’*",/,
& 10X, 2 koo ! | 2 dkiokiokiokk? | ) kkkkkkhkkk’ |
& Tikpkkkkkiok ) ) kkkokiokkkkk?’ [ // /)
RETURN
END
c
C skddokkkkkpkkkikiok SERIES FUNCTIONS skakisokiskokoksokokok ki ki kiikikokkdokikokk
c
C This part of the program contains the functional parts of the
C inifinite series for the relative tangential velocity and the pressure.
c
C FACTRL(M) := M!
C SFJ := Series Function Jm : 1/M
C SFK := Series Function Km : 1/N! * 1/(M-N)!
C SFV := Series Function for V : (-R)"M * Jm * r~2M
C SFP := Series Function for P : f(R,Jm,Km,r)
c
C s==s==zzzmsza=ssa=zaz= SFV FUNCTION ===szzzzsssss=ss=scosscossssssssnssss=s
c
DOUBLE PRECISION FUNCTION SFV(R,M)
c
C This is a recurring function that is summed from O to infinity. It
C is used in the evaluation of the relative tangential velocity and the
C torque.
c
C R := Radius at which the function is being evaluated.
CM := Current summation point in series.
c
C eecrmmcc e cc s r s cccrrc e s s ccccccccccccccccnccccrcscscecncccccn e

IMPLICIT DOUBLE PRECISION (A-H,0-2)
COMMON / EQNCONST / A,B,C,D,RC

INTEGER M,N

N = 2*M

SFV = ((=RC)*xM) * SFIJ(M) * (R**N)
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END
c
C ==ssss=ss====zzz=== SFP FUNCTION =====ss==zzz=z=z==z=sss=zsss=sz=ss=szzz====

c
DOUBLE PRECISION FUNCTION SFP(R,M)

The infinite series portion of the pressure formulation.

R := Radius the function is being evaluated at.
M := Current summation point in series.

IMPLICIT DOUBLE PRECISION (A-H,0-Z)

Q

COMMON / EQNCONST / A,B,C,D,RC

INTEGER M,N

Q

LsM+2
N=M+1

SFP1 = ( (-RC*R*R)**N )/(2.*N)
SFP2 = B#SFK(L) - 2.*C*(M+3)*SFJ(L)

SFP = SFP1 * SFP2

END
c

C ===s=ssssssazzzzas SF] FUNCTION =s==s=tsss=s=zzs=s=szssscssssssssssasssz

c
DOUBLE PRECISION FUNCTION SFJ(M)
IMPLICIT DOUBLE PRECISION (A-H,0-Z)

INTEGER M

SFJ = 1./FACTRL(M)
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END

c

C =s=====ss=czzza=zsas SFK FUNCTION ss===scz===s==sse=sssscoss=asosscassosssa
c

DOUBLE PRECISION FUNCTION SFK(M)

SFK = 0 ,
DO WHILE (N .LE. M)
SFK = SFK + (1./FACTRL(N))=*(1./FACTRL(M-N))
N =N+1
END DO

END

C

C ==zs==s===sssczzc==s FACTRL FUNCTION ======s=ssssscncasaosossacoasssss=s
C

DOUBLE PRECISION FUNCTION FACTRL(I)

C s=rmmcecccccncccccccnccccc s e mc e cc e cccc s ccccccccccrcccc e e e e e e o o e
INTEGER I,J

C ------------------------------------------- - D D D en . .
FACTRL = 1

J=1

DO WHILE (J .LE. I)
FACTRL = FACTRL#J
J=J+1

END DO

END

C

C iokdokkkiorrkiorkk FLUID MODEL *******************************#*******
C

C ===s==szz=z=ass=szsss RADVEL ===s=zz=z==z==s=zszzssscocssasasessssccscsznmsas
c

DOUBLE PRECISION FUNCTION RADVEL(R)

c
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C This function evaluates the radial velocity at a given radius.

IMPLICIT DOUBLE PRECISION (A-H,0-2)

COMMON / EQNCONST / A,B,C,D,RC

END

c
C ====s=ss=ss=ss==== TANVE][ sssscsseosocesseacsssasscsessssssasasssscozssss
c

DOUBLE PRECISION FUNCTION TANVEL(R)

C

C This function evaluates the tangential velocity relative to the
C rotating disk at a given radius.

C

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
EXTERNAL FACTRL,SFJ,SFK,SFV,SFP

COMMON / EQNCONST / A,B,C,D,RC
DOUBLE PRECISION VS
ICODE = 500
CALL SERIES(SFV,R,VS,IERR,NSUMS)
IF (ICODE .EQ. 1) THEN

CALL ERRCODE(ICODE)
ENDIF

TANVEL = (B*VS - C)/R

C = s==== PRESSURE = ==s== ss=

DOUBLE PRECISION FUNCTION PRESSURE(R)
C
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C This function evaluates the pressure at a given radius.

Q

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
EXTERNAL FACTRL,SFJ,SFK,SFV,SFP

COMMON / GLOBAL / PI,GC

COMMON / FLUID / RHO,VMU,VNU

COMMON / SYSTEM / VMFR,ARAD,ADEG,WRAD,WRPM,POUT
COMMON / EQNCONST / A,B,C,D,RC

DOUBLE PRECISION P1,P2,P3,P4,PS5,P6

C e c——————
P1 = RHO/GC
P2 = -(8./15.)
P3 = A*A + (B-C)*(B-~C)
_ P4 = ,5*R*R + RC*DLOG(R#*R)
| ICODE = 600

CALL SERIES(SFP,R,PS,IERR,NSUHS)
IF (IERR .EQ. 1) THEN
CALL ERRCODE(ICODE)
ENDIF
P6 = .5*(WRAD*R)*(WRAD*R)
PRESSURE = Pix( P2%( P3*P4 + B*RC*P5 ) +P6)
END

s=ss===c==ss=s==== TQRQUE ====================é=======================

QOO0

SUBROUTINE TORQUE(TORK)
c
C This subroutine evaluates the total rotor torque.

IMPLICIT DOUBLE PRECISION (A-H,0-2)

it
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EXTERNAL FACTRL,SFJ,SFK,SFV,SFP

COMMON / GLOBAL / PI,GC

COMMON / ROTOR / RO,RI,DEL,ND

COMMON / SYSTEM / VMFR,ARAD,ADEG,WRAD,WRPM,POUT
COMMON / EQNCONST / A,B,C,D,RC

DOUBLE PRECISION T1,T2,TORK

C =emmmmemmmcmccmcccccccccccccccccccccccccce—cmcececescccecccees—ese——————
T1 = (8./15.)*(VMFR/GC)

VO = TANVEL(RO)

VI = TANVEL(RI)

T2 = (RO*RO - RI*RI)/2.

TORK = Ti*( RO*VO - RI#VI + 2#RC#C*T2 )

Q
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SUBROUTINE THETA(Rt,U1,V1,R2,U2,V2,DTIME,DTHETA)

C

C This subroutine calculates the angular position at each radial
C position.

IMPLICIT DOUBLE PRECISION (A-H,0-Z)

DOUBLE PRECISION R1,R2,U1,U2,V1,V2,DTIME,DTHETA

DTIME = 2.*(R1 - R2)/(U1 + U2)

DTHETA = ( (R1 - R2)/(R1*R2) )*( (R2*V1 + R1sV2)/(U1 + U2) )




Appendix G
Data Files

The following pages contain data files that were produced by the program listed in
Appendix F. What is contained in this appendix is a small sampling of the data files
that were produced, but this appendix does contain the majority of the data used in

the analysis presented in Chapter 7.

129

e L



FLOW-100.DAT

FLUID =

_Density [lbm/ft~3]: 0.25000E+00
Viscosity [lbm/ft-s]: 0.12000E-04
Kin.Viscosity [ft~2/s]: 0.48000E-04

= ====== ROTOR
Outer Radius [in]: 3.00000
Inner Radius [in]: - 1.00000
Disk Spacing [in]: 0.06250
Number of Disks: 0
===== = TURBINE ==========c==========

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [lbm/s]: =-0.67858E-02
Outer Pressure [psig]: 0.13691E-02
Inner Pressure [psig]: 0.00000E+00

PERFORMANCE

Angular Velocity [1/s]: 0.00000E+00
[(rpm]: 0.00000E+00

Torque [in-1lbf]: =-0.11392E-02

Power [hp]: 0.00000E+00

CONSTANTS =======

(£t~2/s8]: -0.41472E+00
[ft~2/s]: 0.14265E+01
(£t~2/s8]: 0.00000E+00

¢ [1/ft*2]: -0.80000E+01
[psi]: 0.24990E-02

OXYOowy»

Laax



FLOW-100.DAT

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000
1.60000
1.50000
1.40000
1.30000
1.20000
1.10000
1.00000

Theta (deg)
0.000
10.838
21.700
32.613
43.603
54.700
65.934
77.339
88.951
100.810
112.963
125.459
138.357
151.725
165.641
180.196
195.503
211.695
228.941
247.448
267.486

INTERNAL CONDITIONS

U (ft/s)
-0.16589E+01
-0.17161E+01
=0.17774E+01
-0.18432E+01
=-0.19141E+01
=0.19906E+01
=0.20736E+01
=0.21637E+01
-0.22621E+4+01
~0.23698E+01
-0.24883E+01
~0.26193E+01
=-0.27648E+01
=-0.29274E+01
-0.31104E+01
-0.33177E+01
=-0.35547E+01
-0.38282E+01
-0.41472E+01
=-0.45242E4+01
=0.49766E+01

Vbar (ft/s)

0.94079E+01
0.94185E+01
0.94508E+01
0.95059E+01
0.95851E+01
0.96900E+01
0.98227E+01
0.99856E+01
0.10182E+02
0.10415E+02
0.10689E+02
0.11011E+02
0.11386E+02
0.11824E+02
0.12334E+02
0.12932E+02
0.13634E+02
0.14464E+02
0.15454E+02
0.16644E+02
0.18096E+02

EE e — T TP Y

P (psig)
0.13691E-02
0.13130E-02
0.12570E-02
0.12008E=-02
0.11443E-02
0.10874E-02
0.10299E-02
0.97161E-03
0.91228E~03
0.85171E-03
0.78967E-03
0.72588E-03
0.66004E-03
0.59179E-03
0.52073E-03
0.44637E-03
0.36815E-03
0.28537E-03
0.19718E~03
0.10251E-03

-0.24093E-18



FLOW-101.DAT

S FLUID

Density [lbm/ft~3]: 0.25000E+00
Viscosity (lbm/ft-s]: 0.12000E-04
Kin.Viscosity [ft~2/s]: 0.48000E-04

ROTOR
Outer Radius [in]: 3.00000
Inner Radius [in]: 1.00000
Disk Spacing (in]: 0.06250
Number of Disks: 0
TURBINE =

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [lbm/s]: -0.33929E-02
Outer Pressure [psig]: 0.35109E-03
Inner Pressure [psig]: 0.00000E+00

Angular Velocity [1/s]: 0.00000E+00
[rpm]: 0.00000E+00

Torque [in-1bf]: -0.46740E-03

Power [hp]: 0.00000E+00

=== CONSTANTS

[£t~2/s8]: =0.20736E+00
[ft~2/s8]: 0.43263E+00
[ft~2/s]: 0.00000E+00
c [1/ft*2]: -0.16000E+02
[psij: 0.51679E-03

oxQwy



FLOW-101.DAT

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000
1.60000
1.50000
1.40000
1.30000
1.20000
1.10000
1.00000

Theta (degq)

203.450

INTERNAL CONDITIONS

U (ft/s)

-0.82944E+00
-0.85804E+00
-0.88869E+00
-0.92160E+00
-0.95705E+00
-0.99533E+00
-0.10368E+01
-0.10819E+01
-0.11311E+01
-0.11849E+01
-0.12442E+01
-0.13096E+01
-0.13824E+01
-0.14637E+01
-0.15552E+01
-0.16589E+01
-0.17774E+01
-0.19141E+01
-0.20736E+01
-0.22621E+01
-0.24883E+01

Vbar (ft/s)
0.47040E+01
0.45574E+01
0.44305E+01
0.43223E+01
0.42318E+01
0.41586E+01
0.41023E+01
0.40629E+01
0.40404E+01
0.40354E+01
0.40484E+01
0.40808E+01
0.41340E+01
0.42102E+01
0.43123E+01
0.44441E+01
0.46105E+01
0.48184E+01
0.50770E+01
0.53987E+01
0.58017E+01

P (psig)
0.35109E-03
0.33188E-03
0.31348E-03
0.29576E-03
0.27859E-03
0.26188E-03
0.24553E-03
0.22944E-03
0.21352E-03
0.19769E-03
0.18186E-03
0.16594E-03
0.14984E-03
0.13347E-03
0.11672E-03
0.99474E-04
0.81591E-04
0.62915E-04
0.43257E-04
0.22384E-04
-0.60233E-19



FLOW-102.DAT

=== FLUID ====s====s=m======m=——a=

Density [lbm/ft~3]: 0.25000E+00
Viscosity [1bm/ft-s]: 0.12000E-04
Kin.Viscosity [ft~2/s]: 0.48000E-04

= ROTOR
Outer Radius [in]: 3.00000
Inner Radius [in]: 1.00000
Disk Spacing [in]: 0.03125
Number of Disks: 0
=== TURBINE

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [lbm/s]: -0.13572E-01
Outer Pressure [psig]: 0.21906E-01
Inner Pressure [psig]: 0.00000E+00

PERFORMANCE

Angular Velocity [1/s]: 0.00000E+00
(rpm]: O0.00000E+00

Torque [in-1bf]: -0.91134E-02

Power [hp]: 0.00000E+00

S ] CON STANT S ——————————————— S

A [ft*2/s]: -0.16589E+01
B [ft~2/s]: 0.57062E+01
C [ft~2/s]: 0.00000E+00
Rc [1/ft*2]: -0.80000E+01
D [(psi]: 0.39984E-01




FLOW-102.DAT

INTERNAL CONDITIONS =

R (in) Theta (degq) U (ft/s) Vbar (ft/s) P (psiqg)
3.00000 0.000 -0.66355E+01 0.37632E+02 0.21906E-01
2.90000 10.838 -0.68643E+01 0.37674E+02 0.21008E-01
2.80000 21.700 -0.71095E+01 0.37803E+02 0.20112E-01
2.70000 32.613 -0.73728E+01 0.38024E+02 0.19213E-01
2.60000 43.604 -0.76564E+01 0.38340E+02 0.18310E-01
2.50000 54.700 -0.79626E+01 0.38760E+02 0.17399E-01
2.40000 65.934 -0.82944E+01 0.39291E+02 0.16479E-01
2.30000 77.339 -0.86550E+01 0.39943E+02 0.15546E-01
2.20000 88.951 -0.90484E+01 0.40727E+02 0.14597E-01
2.10000 100.810 =-0.94793E+01 0.41659E+02 0.13628E-01
2.00000 112.963° -0.99533E+01 0.42757E+02 0.12635E-01
1.90000 125.459 -0.10477E+02 0.44043E+02 0.11614E-01
1.80000 138.358 -0.11059E+02 0.45544E+02 0.10561E-01
1.70000 151.725 -=0.11710E+02 0.47294E+02 0.94688E-02
1.60000 165.641 -0.12442E+02 0.49337E+02 0.83317E-02
1.50000 180.196 -0.13271E+02 0.51728E+02 0.71420E-02
1.40000 195.503 -0.14219E+02 0.54537E+02 0.58904E-02
1.30000 211.696 -0.15313E+02 0.57858E+02 0.45659E-02
1.20000 228.941 -0.16589E+02 0.61815E+02 0.31548E-02
1.10000 247.448 -0.18097E+02 0.66578E+02 0.16402E-02
1.00000 267.486 -0.19907E+02 0.72387E+02 -0.46259E-17



FLOW-103.DAT

FLUID

_Density (lbm/ft~3]: 0.25000E+00
Viscosity [lbm/ft-sj: 0.12000E-04
Kin.Viscosity [ft~2/s]: 0.48000E-04

=====ss=sssssss=ss=s==== ROTOR ===s==========c==c==—===
Outer Radius [in]: 3.00000
Inner Radius [in]: 1.00000
Disk Spacing [in]: 0.02083
Number of Disks: 0
TURBINE

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [lbm/s]: -0.20358E-01
Outer Pressure [psig]: 0.11090E+00
Inner Pressure [psig]: 0.00000E+00

PERFORMANCE

Angular Velocity ([1/s]: 0.00000E+00
(rpm]: 0.00000E+00

Torque [in-1bf]: -0.30758E-01

Power [hp]: 0.00000E+00

CONSTANTS

A [ft~2/s]: -0.37325E+01
B [ft~2/s]: 0.12839E+02
C [ft~2/s]: 0.00000E+00
Rc [1/ft*2]: -0.80000E+01
D [psi]: 0.20242E+00
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3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000
1.60000
1.50000
1.40000
1.30000
1.20000
1.10000
1.00000

Theta (deg)
0.000
10.838
21.700
32.613
43.604
54.700
65.934
77.339
88.951
100.810
112.963
125.459
138.358
151.725
165.641
180.196
195.503
211.696
228.941
247.448
267 .486

INTERNAL CONDITIONS

U (ft/s)

-0.14930E+02
-0.15445E+02
-0.15996E+02
-0.16589E+02
-0.17227E+02
-0.17916E+02
-0.18662E+02
-0.19474E+02
-0.20359E+02
-0.21328E+02
-0.22395E+02
-0.23574E+02
-0.24883E+02
-0.26347E+02
=0.27994E+02
-0.29860E+02
-0.31993E+02
-0.34454E+02
-0.37325E+02
-0.40718E+02
-=0.44790E+02

Vbar (ft/s)
0.84672E+02
0.84767E+02
0.85057E+02
0.85553E+02
0.86266E+02
0.87211E+02
0.88405E+02
0.89871E+02
0.91636E+02
0.93734E+02
0.96204E+02
0.99097E+02
0.10247E+03
0.10641E+03
0.11101E+03
0.11639E+03
0.12271E+03
0.13018E+03
0.13908E+03
0.14980E+03
0.16287E+03

P (psig)
0.11090E+00
0.10636E+00
0.10181E+00
0.97265E-01
0.92692E-~01
0.88084E-01
0.83425E-01
0.78701E-01
0.73895E-01
0.68989E-01
0.63964E-01
0.58797E~01
0.53464E-01
0.47936E-01
0.42179E-01
0.36156E~01
0.29820E-01
0.23115E-01
0.15971E-01
0.83034E~02

-0.24672E-16



FLOW-104.DAT

== FLUID

,Density [lbm/ft~3]: 0.25000E+00
Viscosity [lbm/ft-s}): 0.12000E-04
Kin.Viscosity [ft~2/s]: 0.48000E-04

ROTOR =
Outer Radius [in]: 3.00000
Inner Radius [in]: 1.00000
Disk Spacing fin]: 0.01563
Number of Disks: 0
= TURBINE ===scommmsmsmssmmmmee

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [1lbm/s]: -0.27143E-01
Outer Pressure [psig]: 0.35050E+00
Inner Pressure [psig]: 0.00000E+00

=== PERFORMANCE ===

Angular Velocity [1/s]: 0.00000E+00
(rpm]: 0.00000E+00

Torque [in-1bf]: -0.72907E-01

Power [hp]j: 0.00000E+00

s===m==s============ CONSTANTS ====c====c===m===c====

A [ft*2/s]: -0.66355E+01
B [ft~2/s]: 0.22825E+02
C [ft~2/s8]: 0.00000E+00
Rc [1/ft*2]: -0.80000E+01
D [psi]: 0.63975E+00



FLOW-104.DAT

R (in)

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000
1.60000
1.50000
1.40000
1.30000
1.20000
1.10000
1.00000

Theta (deq)
0.000
10.838
21.700
32.613
43.604
54.700
65.934
77.339
88.951
100.811
112.963
125.459
138.358
151.725
165.641
180.196
195.503
211.696
228.941
247.448
267.487

INTERNAL CONDITIONS

U (ft/s)

~0.26542E+02
~0.27457E+02
-0.28438E+02
=0.29491E+02
-0.30626E+02
-0.31851E+02
~=0.33178E+02
=0.34620E+02
=0.36194E+02
=0.37917E+02
=0.39813E+02
-0.41909E+02
-0.44237E+02
-0.46839E+02
-0.49766E+02
-0.53084E+02
-0.56876E+02
-0.61251E+02
=-0.66355E+02
-0.72388E+02
=0.79626E+02

Vbar (ft/s)
0.15053E+03
0.15070E+03
0.15121E+03
0.15209E+03
0.15336E+03
0.15504E+03
0.15716E+03
0.15977E+03
0.16291E+03
0.16664E+03
0.17103E+03
0.17617E+03
0.18218E+03
0.18918E+03
0.19735E+03
0.20691E+03
0.21815E+03
0.23143E+03
0.24726E+03
0.26631E+03
0.28955E+03

0.35050E+00
0.33614E+00
0.32178E+00
0.30740E+00
0.29295E+00
0.27839E+00
0.26367E+00
0.24874E+00
0.23355E+00
0.21804E+00
0.20216E+00
0.18583E+00
0.16897E+00
0.15150E+00
0.13331E+00
0.11427E+00
0.94247E-01
0.73055E-01
0.50478E-01
0.26243E-01
-0.74015E-16



FLOW-105.DAT

Density [lbm/ft~3]: 0.25000E+00
Viscosity (lbm/ft-s]: 0.12000E-04
Kin.Viscosity [ft*2/s]: 0.48000E-04

ROTOR =======
Outer Radius (in]: 3.00000
Inner Radius [in]: 1.00000
Disk Spacing [in]: 0.01250
Number of Disks: 0
TURBINE

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [lbm/s]: -0.33929E-01
Outer Pressure [psig]: 0.85571E+00
Inner Pressure [psig]: 0.00000E+00

PERFORMANCE =======

Angular Velocity [1/s]: 0.00000E+00
[rpm]: O©0.00000E+00

Torque [in-1bf]: -0.14240E+00

Power [hp]: 0.00000E+00

CONSTANTS =========

[ft~2/s]: -0.10368E+02
[ft~2/s8]: 0.35664E+02
[ft~2/s]: 0.00000E+00
c [1/ft*~2]: -0.80000E+01
[(psi]: 0.15619E+01

Oxowy»



FLOW-105.DAT

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000
1.60000
1.50000
1.40000
1.30000
1.20000
1.10000
1.00000

= INTERNAL CONDITIONS

Theta (deq)
0.000
10.838
21.700
32.613
43.604
54.700
65.934
77.339
88.951
100.810
112.963
125.459
138.358
151.725
165.641
180.196
195.503
211.696
228.941
247.448
267.486

U (ft/s)
=0.41472E+02
=0.42902E+02
=0.44434E+02
=0.46080E+02
-0.47852E+02
-0.49766E+02
-0.51840E+02
-0.54094E+02
-0.56553E+02
-0.59246E+02
=0.62208E+02
-0.65482E+02
=0.69120E+02
-0.73186E+02
=0.77760E+02
=0.82944E+02
-0.88869E+02
=0.95705E+02
-0.10368E+03
-0.11311E+03
=0.12442E+03

0.23520E+03
0.23546E+03
0.23627E+03
0.23765E+03
0.23963E+03
0.24225E+03
0.24557E+03
0.24964E+03
0.25455E+03
0.26037E+03
0.26723E+03
0.27527E+03
0.28465E+03
0.29559E+03
0.30836E+03
0.32330E+03
0.34086E+03
0.36161E+03
0.38634E+03
0.41611E+03
0.45242E+03

0.85571E+00
0.82064E+00
0.78561E+00
0.75050E+00
0.71522E+00
0.67966E+00
0.64371E+00
0.60726E+00
0.57018E+00
0.53232E+00
0.49355E+00
0.45368E+00
0.41253E+00
0.36987E+00
0.32546E+00
0.27898E+00
0.23009E+00
0.17836E+00
0.12324E+00
0.64069E-01
-0.22204E-15



FLOW-106.DAT

Density [lbm/ft*3]: 0.25000E+00
Viscosity [1bm/ft-s]: 0.12000E-04
Kin.Viscosity [ft~2/s]: 0.48000E-04

sS=s=s=s=s=====mmomoo=oo=== ROTQOR ====ms===m=me oo
Outer Radius [in]: 3.00000
Inner Radius [in]: 1.00000
Disk Spacing (in]: 0.03125
Number of Disks: )
TURBINE

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [lbm/s]): -0.67858E-02

Outer Pressure [psig]: 0.56175E-02
Inner Pressure [psig]: 0.00000E+00

PERFORMANCE

Angular Velocity [1/s]: 0.00000E+00
(rpm]: 0.00000E+00

Torque [in-1bf]: =-0.37392E~02

Power [hp]: 0.00000E+00

CONSTANTS =
A [ft*2/s]: -0.82944E+00
B [ft~2/s]: 0.17305E+01
C [ft~2/s]: 0.00000E+00
Rc [1/ft~2]: -0.16000E+02
D [psi]: 0.82687E-02




W

FLOW-106.DAT

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000
1.60000
1.50000
1.40000
1.30000
1.20000
1.10000
1.00000

Theta (deg)
0.000
10.660
21.005
31.080
40.926
50.584
60.094
69.493
78.822
88.120
97.427
106.787
116.246
125.855
135.671
145.757
156.188
167.052
178.457
190.533
203.450

INTERNAL CONDITIONS

U (ft/s)

-0.33178E+01
-0.34322E+01
-0.35547E+01
-0.36864E+01
-0.38282E+01
-0.39813E+01
-0.41472E+01
-0.43275E+01
-0.45242E+01
-0.47397E+01
-0.49766E+01
-0.52386E+01
-0.55296E+01
-0.58549E+01
-0.62208E+01
-0.66355E+01
-0.71095E+01
-0.76564E+01
-0.82944E+01
-0.90484E+01
-0.99533E+01

0.18816E+02
0.18230E+02
0.17722E+02
0.17289E+02
0.16927E+02
0.16634E+02
0.16409E+02
0.16252E+02
0.16162E+02
0.16141E+02
0.16194E+02
0.16323E+02
0.16536E+02
0.16841E+02
0.17249E+02
0.17776E+02
0.18442E+02
0.19274E+02
0.20308E+02
0.21595E+02
0.23207E+02

0.56175E-02
0.53102E-02
0.50157E-02
0.47321E-02
0.44575E-02
0.41901E-02
0.39284E-02
0.36710E-02
0.34163E-02
0.31630E-02
0.29097E-02
0.26550E-02
0.23975E~-02
0.21356E-02
0.18676E-02
0.15916E-02
0.13055E-02
0.10066E-02
0.69212E-03
0.35814E-03
-0.96374E-18



FLOW-107.DAT

= ==== FLUID ===

_Density [1lbm/ft~3]: 0.25000E+00
Viscosity [lbm/ft-s]: 0.12000E-04
Kin.Viscosity [ft~2/s]: 0.48000E-04

ROTOR

Outer Radius ([in]:
Inner Radius [in]:
Disk Spacing [in]:

Number of Disks:

= TURBINE

3.00000
1.00000
0.02083

0

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [1lbm/s]: -0.10179E-01
Outer Pressure [psig]: 0.28439E-01
Inner Pressure [psig]: 0.00000E+00

PERFORMANCE
Angular Velocity [1/s]: 0.00000E+00
(rpm]: O0.00000E+00
Torque [in-1bf]: -0.12620E-01
Power [hp]: 0.00000E+00

CONSTANTS

A [ft~2/s]: -0.18662E+01
B [ft~2/s]: 0.38937E+01
C [ft~2/s]: 0.00000E+00
Rc [1/ft*~2]: -0.16000E+02
D (psi]: 0.41860E-01



FLOW-107.DAT

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000
1.60000
1.50000
1.40000
1.30000
1.20000
1.10000
1.00000

Theta (deg)
0.000
10.660
21.005
31.080
40.926
50.584
60.094
69.493
78.822
88.120
97.427
106.787
116.246
125.855
135.671
145.757
156.188
167.052
178.457
190.533
203.450

INTERNAL CONDITIONS

U (ft/s)
-0.74650E+01
=0.77224E+01
-0.79982E+01
=0.82944E+01
-0.86134E+01
-0.89580E+01
=0.93312E+01
=0.97369E+01
=0.10180E+02
=0.10664E+02
-0.11197E+02
-0.11787E+02
=0.12442E+02
=0.13173E+02
=0.13997E+02
=0.14930E+02
=0.15996E+02
=-0.17227E+02
-0.18662E+02
-0.20359E+02
-0.22395E+02

0.42336E+02
0.41017E+02
0.39875E+02
0.38900E+02
0.38086E+02
0.37427E+02
0.36921E+02
0.36566E+02
0.36364E+02
0.36318E+02
0.36436E+02
0.36727E+02
0.37206E+02
0.37892E+02
0.38811E+02
0.39997E+02
0.41495E+4+02
0.43366E+02
0.45693E+02
0.48589E+02
0.52215E+02

0.28439E-01
0.26883E-01
0.25392E-01
0.23956E-01
0.22566E-01
0.21213E-01
0.19888E-01
0.18584E-01
0.17295E-01
0.16013E-01
0.14730E-01
0.13441E-01
0.12137E-01
0.10811E-01
0.94546E-02
0.80574E-02
0.66089E-02
0.50962E~02
0.35039E-02
0.18131E-02
-0.53969E-17



FLOW-108.DAT

FLUID

_Density (1lbm/ft~3]: 0.25000E+00
Viscosity [lbm/ft-s]: 0.12000E-04
Kin.Viscosity [ft*2/s]: 0.48000E-04

ROTOR ========sss=====sSs====
Outer Radius [in]: 3.00000
Inner Radius [in]: 1.00000
Disk Spacing [in]: 0.01563
Number of Disks: 0
TURBINE =

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [lbm/s]: -0.13572E-01
Outer Pressure [psig]: 0.89880E-01
Inner Pressure [psig]: 0.00000E+00

==== PERFORMANCE =

Angular Velocity [1/s]: 0.00000E+00
rpm]: 0.00000E+00

Torque [in-lbf]: -0.29913E-01

Power [hp]: 0.00000E+00

PRpR——

i

CONSTANTS =====

[ft*2/s]: -0.33178E+01
[ft~2/s]: 0.69221E+01
[ft~2/s]: 0.00000E+00

c (1/ft*2]: -0.16000E+02
[psi]: 0.13230E+00

OoX 0w



FLOW-108.DAT

INTERNAL CONDITIONS == ==mm=====x

R (in) Theta (deq) U (ft/s) Vbar (ft/s) P (psig)
3.00000 0.000 -0.13271E+02 0.75264E+02 0.89880E-01
2.90000 10.660 -0.13729E+02 0.72919E+02 0.84963E-01
2.80000 21.005 =0.14219E+02 0.70889E+02 0.80252E-01
2.70000 31.080 =0.14746E+02 0.69156E+02 0.75714E-01
2.60000 40.926 -0.15313E+02 0.67709E+02 0.71320E-01
2.50000 50.584 =0.15925E+02 0.66538E+02 0.67042E-01
2.40000 60.094 -0.16589E+02 0.65638E+02 0.62855E-01
2.30000 69.493 -0.17310E+02 0.65007E+02 0.58736E-01
2.20000 78.822 -=0.18097E+02 0.64647E+02 0.54660E-01
2.10000 88.120 -0.18959E+02 0.64566E+02 0.50608E-01
2.00000 97.427 -0.19907E+02 0.64775E+02 0.46555E-01
1.90000 106.787 -0.20954E+02 0.65293E+02 0.42480E-01
1.80000 116.246 -0.22118E+02 0.66144E+02 0.38360E-01
1.70000 125.855 ~0.23420E+02 0.67364E+02 0.34169E-01
1.60000 135.671 -0.24883E+02 0.68997E+02 0.29881E-01
1.50000 145.757 -0.26542E+02 0.71105E+02 0.25465E-01
1.40000 156.188 -=0.28438E+02 0.73768E+02 0.20887E-01
1.30000 167.052 -0.30626E+02 0.77095E+02 0.16106E-01
1.20000 178.457 -0.33178E+02 0.81231E+02 0.11074E-01
1.10000 190.533 -0.36194E+02 0.86380E+02 0.57303E-02

1.00000 203.450 -0.39813E+02 0.92827E+02 -0.12336E-16




FLOW-109.DAT

Density [1lbm/ft~3]: 0.25000E+00
Viscosity [lbm/ft-s]: 0.12000E-04
Kin.Viscosity [ft~2/s]: 0.48000E-04

ROTOR ==== = =T
Outer Radius [in]: 3.00000
Inner Radius [in]: 1.00000
Disk Spacing [in]: 0.01250
Number of Disks: 0
= TURBINE

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [1lbm/s]: -0.16965E-01
Outer Pressure [psig]: 0.21943E+00
Inner Pressure [psig]: 0.00000E+00

PERFORMANCE =====

Angular Velocity [1/s]: 0.00000E+00
[rpm]: 0.00000E+00

Torque [in-1bf]: -0.58424E-01

Power [hp]: 0.00000E+00

===s==== CONSTANTS ===

A [ft~2/s]: -0.51840E+01
B [ft~2/s]: 0.10816E+02
C [ft~2/s]: 0.00000E+00
Rc [1/ft*2]: -0.16000E+02
D [(psi]: 0.32299E+00



FLOW-109.DAT

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000

1.60000

1.50000

1.40000

1.30000
1.20000
1.10000
1.00000

Theta (deg)

203.450

= INTERNAL CONDITIONS

-0.20736E+02
-0.21451E+02
-0.22217E+02
=0.23040E+02
-0.23926E+02
-0.24883E+02
-0.25920E+02
=0.27047E+02
-=0.28276E+02
=0.29623E+02
-0.31104E+02
-0.32741E+02
=0.34560E+02
=0.36593E+02
-0.38880E+02
=0.41472E+02
=0.44434E+02
=0.47852E+02
-0.51840E+02
-0.56553E+02
-0.62208E+02

0.11760E+03
0.11394E+03
0.11076E+03
0.10806E+03
0.10580E+03
0.10396E+03
0.10256E+03
0.10157E+03
0.10101E+03
0.10088E+03
0.10121E+03
0.10202E+03
0.10335E+03
0.10526E+03
0.10781E+03
0.11110E+03
0.11526E+03
0.12046E+03
0.12692E+03
0.13497E+03
0.14504E+03

0.21943E+00
0.20743E+00
0.19593E+00
0.18485E+00
0.17412E+00
0.16368E+00
0.15345E+00
0.14340E+00
0.13345E+00
0.12355E+00
0.11366E+00
0.10371E+00
0.93652E~-01
0.83421E-01
0.72952E-01
0.62171E-01
0.50994E-01
0.39322E~-01
0.27036E-01
0.13990E-01
-0.43175E-16



iy e e

FLOW-110.DAT

Density [lbm/ft~3]: 0.25000E+00
Viscosity [lbm/ft-s]: 0.12000E-04
Kin.Viscosity [ft~2/s]: 0.48000E-04

Outer Radius [in]: 3.00000

Inner Radius [inj: 1.00000

Disk Spacing [in]: 0.06250

Number of Disks: 0
TURBINE ==

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate {lbm/s]: =0.13572E-01
Outer Pressure [psig]: 0.39354E-02
Inner Pressure [psig]: 0.00000E+00

=== PERFORMANCE

Angular Velocity [1/s]: 0.00000E+00
[(rpm]: 0.00000E+00

Torque [in-1bf]: -0.25305E-02

Power [hp]: 0.00000E+00

= = CONSTANTS
A [ft~2/s]: -0.82944E+00
B [ft~2/s]: 0.36635E+01
C [ft~2/s]: 0.00000E+00
Rc [1/ft*2]: -0.40000E+01
D [psi]: 0.80298E-02



FLOW-110.DAT

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000
1.60000
1.50000
1.40000
1.30000
1.20000
1.10000
1.00000

Theta (deg)

283.694
308.653

INTERNAL CONDITIONS

U (ft/s)

-0.33178E+01
-0.34322E+01
-0.35547E+01
-0.36864E+01
-0.38282E+01
-0.39813E+01
-0.41472E+01
-0.43275E+01
-0.45242E+01
=-0.47397E+01
-0.49766E+01
-0.52386E+01
-0.55296E+01
-0.58549E+01
-0.62208E+01
=-0.66355E+01
-0.71095E+01
-0.76564E+01
-0.82944E+01
-0.90484E+01
-0.99533E+01

Vbar (ft/s)
0.18816E+02
0.19148E+02
0.19521E+02
0.19937E+02
0.20401E+02
0.20919E+02
0.21496E+02
0.22139E+02
0.22858E+02
0.23662E+02
0.24564E+02
0.25578E+02
0.26723E+02
0.28021E+02
0.29501E+02
0.31198E+02
0.33158E+02
0.35442E+02
0.38130E+02
0.41331E+02
0.45200E+02

P (psig)
0.39354E-02
0.37961E-02
0.36543E-02
0.35097E-02
0.33618E-02
0.32104E-02
0.30549E-02
0.28949E-02
0.27299E-02
0.25592E-02
0.23823E-02
0.21982E-02
0.20062E-02
0.18051E-02
0.15937E-02
0.13706E-02
0.11340E-02
0.88163E-03
0.61093E-03
0.31850E-03

=0.77099E~-18



FLOW-111.DAT

FLUID =

Density [1bm/ft~3]: 0.25000E+00
Viscosity [lbm/ft-s]: 0.12000E-04
Kin.Viscosity [ft~2/s]: 0.48000E-04

==== ROTOR =====================
Outer Radius [in]: 3.00000
Inner Radius [in]: 1.00000
Disk Spacing [in]: 0.03125
Number of Disks: 0

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [lbm/s]: -0.27143E-01
Outer Pressure [psig]: 0.62966E-01
Inner Pressure [psig]: 0.00000E+00

= PERFORMANCE

Angular Velocity [1/s]: 0.00000E+00
[rpm]: 0.00000E+00

Torque [in-1bf]: -0.20244E-01

Power [hp]: 0.00000E+00

= == CONSTANTS ========—csc=—=——=—=
A [ft~2/s]: -0.33178E+01
B . [ft~2/s]: 0.14654E+02
C [ft*2/s]: 0.00000E+00
Rc [1/ft*2]: =-0.40000E+01
D (psi]: 0.12848E+00



FLOW-111l.DAT

S TP

A e,

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000
1.60000
1.50000
1.40000
1.30000
1.20000
1.10000
1.00000

Theta (deg)

283.694
308.653

INTERNAL CONDITIONS

U (ft/s)

-0.13271E+02
-0.13729E+02
-0.14219E+02
-0.14746E+02
-0.15313E+02
-0.15925E+02
-0.16589E+02
-0.17310E+02
-0.18097E+02
-0.18959E+02
-0.19907E+02
-0.20954E+02
-0.22118E+02
-0.23419E+02
-0.24883E+02
-0.26542E+02
-0.28438E+02
-0.30625E+02
-0.33178E+02
-0.36194E+02
-0.39813E+02

Vbar (ft/s)
0.75264E+02
0.76593E+02
0.78083E+02
0.79747E+02
0.81604E+02
0.83674E+02
0.85982E+02
0.88557E+02
0.91432E+02
0.94649E+02
0.98256E+02
0.10231E+03
0.10689E+03
0.11209E+03
0.11800E+03
0.12479E+03
0.13263E+03
0.14177E+03
0.15252E+03
0.16532E+03
0.18080E+03

0.62966E-01
0.60738E-01
0.58469E-01
0.56155E~01
0.53789E~01
0.51366E-01
0.48878E-~-01
0.46318E-01
0.43678E-01
0.40948E-01
0.38116E-01
0.35172E-01
0.32099E-01
0.28882E-01
0.25500E-01
0.21930E-01
0.18143E-01
0.14106E-01
0.97749E-02
0.50960E-02
-0.12336E-16



FLOW-112.DAT

FLUID =

Density [1bm/ft~3]: 0.25000E+00
Viscos1ty [lbm/ft-s]: 0.12000E-04
Kin.Viscosity [ft~2/s]: 0.48000E-04

== ROTOR === ]
Outer Radius [in]: 3.00000
Inner Radius [in]: 1.00000
Disk Spacing [in]: 0.02083
Number of Disks: (o}
TURBINE S —

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [lbm/s]: -0.40715E-01
Outer Pressure [psig]: 0.31876E+00
Inner Pressure [psig]: 0.00000E+00

=== PERFORMANCE

Angular Velocity [1/s]: 0.00000E+00
(rpm]: 0.00000E+00

Torque [in-1lbf]: -0.68323E-01

Power [hp]: 0.00000E+00

= CONSTANTS

[ft~2/s]: -0.74650E+01
[ft~2/s]: 0.32971E+02
[ft~2/s]: 0.00000E+00

c [1/ft*2]: -0.40000E+01
[(Psil: 0.65042E+00

OCxQwp




FLOW-112.DAT

P

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000 .
2.10000
2.00000
1.90000
1.80000
1.70000
1.60000
1.50000
1.40000
1.30000
1.20000
1.10000
1.00000

Theta (deg)

283.694
308.653

INTERNAL CONDITIONS ==

U (ft/s) Vbar (ft/s)
=0.29860E+02 0.16934E+03
=0.30890E+02 0.17233E+03
=0.31993E+02 0.17569E+03
=0.33178E+02 0.17943E+03
=0.34454E+02 0.18361E+03
=0.35832E+02 0.18827E+03
=0.37325E+02 0.19346E+03
=0.38948E+02 0.19925E+03
=0.40718E+02 0.20572E+03
-0.42657E+02 0.21296E+03
=0.44790E+02 0.22108E+03
=0.47147E+02 0.23020E+03
=-0.49766E+02 0.24051E+03
-0.52694E+02 0.25219E+03
-0.55987E+02 0.26551E+03
-=0.59720E+02 0.28078E+03
-0.63985E+02 0.29842E+03
-=0.68907E+02 0.31898E+03
=-0.74650E+02 0.34317E+03
-0.81436E+02 0.37198E+03
-0.89580E+02 0.40680E+03

0.31876E+00
0.30749E+00
0.29600E+00
0.28429E+00
0.27231E+00
0.26004E+00
0.24745E+00
0.23449E+00
0.22112E+00
0.20730E+00
0.19296E+00
0.17806E+00
0.16250E+00
0.14621E+00
0.12909E+00
0.11102E+00
0.91851E-01
0.71412E-01
0.49486E~01
0.25799E-01
-0.86351E-16



FLOW-113.DAT

=== ==== FLUID ======================

Density [lbm/ft~3]: 0.25000E+00
Viscosity [lbm/ft-s]: 0.12000E-04
Kin.Viscosity [ft~2/s]: 0.48000E-04

ROTOR
Outer Radius [in]: 3.00000
Inner Radius [in]: 1.00000
Disk Spacing [in]: 0.01563
Number of Disks: 0
T T o e TURBINE LS T Py

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [lbm/s]: -0.54287E-01
Outer Pressure [psig]: 0.10075E+01
Inner Pressure [psig]: 0.00000E+00

Angular Velocity [1/s]: 0.00000E+00
[rpm]: 0.00000E+00

Torque (in-1lbf]: -0.16195E+00

Power [hp]: 0.00000E+00

=================== CONST 'ANTS ========c=cc—cw=———o_

A [ft~2/s]: -0.13271E+02
B [ft~2/s]: 0.58616E+02
C [ft~2/s]: 0.00000E+00
Rc [1/ft*2]: -0.40000E+01
D [psi]: 0.20556E+01




FLOW-113.DAT

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000

1.60000

1.50000

1.40000
1.30000
1.20000
1.10000
1.00000

INTERNAL CONDITIONS
Theta (deg)

U (ft/s)

-0.53084E+02
-0.54915E+02
~0.56876E+02
-0.58982E+02
-0.61251E+02
-0.63701E+02
-0.66355E+02
-0.69240E+02
-0.72387E+02
-0.75835E+02
-0.79626E+02
-0.83817E+02
-0.88474E+02
-0.93678E+02
-0.99533E+02
-0.10617E+03
-0.11375E+03
-0.12250E+03
-0.13271E+03
-0.14477E+03
-0.15925E+03

Vbar (ft/s)
0.30106E+03
0.30637E+03
0.31233E+03
0.31899E+03
0.32642E+03
0.33470E+03
0.34393E+03
0.35423E+03
0.36573E+03
0.37860E+03
0.39302E+03
0.40925E+03
0.42757E+03
0.44834E+03
0.47202E+03
0.49917E+03
0.53053E+03
0.56707E+03
0.61008E+03
0.66130E+03
0.72320E+03

P (psig)
0.10075E+01
0.97181E+00
0.93551E+00
0.89848E+00
0.86063E+00
0.82185E+00
0.78205E+00
0.74109E+00
0.69885E+00
0.65516E+00
0.60986E+00
0.56275E+00
0.51358E+00
0.46210E+00
0.40800E+00
0.35088E+00
0.29029E+00
0.22570E+00
0.15640E+00
0.81536E-01
-0.19737E-15



FLOW-114.DAT

Density [lbm/ft~3]: 0.25000E+00
Viscosity [lbm/ft-s]: 0.12000E-04
Kin.Viscosity (ft+~2/s]: 0.48000E-04

= . ROTOR
Outer Radius (in]: 3.00000
Inner Radius [in]: 1.00000
Disk Spacing [in]: 0.01250
Number of Disks: 0

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [lbm/sj: -0.67858E-01
Outer Pressure [psig]: 0.24596E+01
Inner Pressure [psig]: 0.00000E+00

================== PERFORMANCE ======

Angular Velocity [1/s]: 0.00000E+00
[rpm]: 0.00000E+00

Torque [in-1lbf]: -0.31631E+00

Power [hp]: 0.00000E+00

s================== CONSTANTS ==== ===

A [ft~2/s]: -0.20736E+02
B [ft~2/s]: 0.91587E+02
C [ft~2/s]: 0.00000E+00
Rc [1/ft*2]: -0.40000E+01
D [(psi]: 0.50186E+01




FLOW-114.DAT

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000
1.60000

1.50000

1.40000

1.30000
1.20000
1.10000
1.00000

-0.82944E+02
-0.85804E+02
-0.88869E+02
-0.92160E+02
-0.95705E+02
-0.99533E+02
-0.10368E+03
-0.10819E+03
-0.11311E+03
-0.11849E+03
-0.12442E+03
-0.13096E+03
-0.13824E+03
-0.14637E+03
-0.15552E+03
~0.16589E+03
-0.17774E+03
-0.19141E+03
-0.20736E+03
-0.22621E+03
-0.24883E+03

0.47040E+03
0.47871E+03
0.48802E+03
0.49842E+03
0.51002E+03
0.52296E+03
0.53739E+03
0.55348E+03
0.57145E+03
0.59156E+03
0.61410E+03
0.63946E+03
0.66808E+03
0.70053E+03
0.73752E+03
0.77995E+03
0.82895E+03
0.88605E+03
0.95324E+03
0.10333E+04
0.11300E+04

0.24596E+01
0.23726E+01
0.22840E+01
0.21936E+01
0.21011E+01
0.20065E+01
0.19093E+01
0.18093E+01
0.17062E+01
0.15995E+01
0.14889E+01
0.13739E+01
0.12539E+01
0.11282E+01
0.99608E+00
0.85663E+00
0.70873E+00
0.55102E+00
0.38183E+00
0.19906E+00
=0.49343E-15



FLOW-015.DAT

Density [lbm/ft*3]: 0.25000E+00
Viscos1ty [lbm/ft-s]: 0.12000E-04
Kin.Viscosity [ft~2/s]: 0.48000E-04

ROTOR =
Outer Radius [in]: 3.00000
Inner Radius [in]: 1.00000
Disk Spacing {in]: 0.01042
Number of Disks: o]
TURBINE ========s============

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [lbm/s]: -0.81430E-01
Outer Pressure [psig]: 0.51002E+01
Inner Pressure [psig]: 0.00000E+00

PERFORMANCE ======

Angular Velocity [1/s]: 0.00000E+00
[rpm]}: 0.00000E+00

Torque [in-1bf]: -0.54657E+00

Power [hp]: 0.00000E+00

LRI TR T Rt

= CONSTANTS —a=c===

[£t~2/s8]: =-0.29860E+02
[£t~2/s]: 0.13188E+03
[ft~2/s]: 0.00000E+00

c [1/ft*2]: -0.40000E+01
[psi]: 0.10407E+02

oxawy



FLOW-015.DAT

R (in)

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000
1.60000
1.50000
1.40000
1.30000
1.20000
1.10000
1.00000

Theta (deq)

283.694
308.653

INTERNAL CONDITIONS

U (ft/s)
-0.11944E+03
-0.12356E+03
-0.12797E+03
-0.13271E+03
-0.13781E+03
-0.14333E+03
-0.14930E+03
-0.15579E+03
-0.16287E+03
-0.17063E+03
-0.17916E+03
-0.18859E+03
-0.19906E+03
-0.21077E+03
-0.22395E+03
-0.23888E+03
-0.25594E+03
-0.27563E+03
-0.29860E+03
-0.32574E+03
-0.35832E+03

0.67737E+03
0.68933E+03
0.70274E+03
0.71772E+03
0.73443E+03
0.75306E+03
0.77384E+03
0.79701E+03
0.82289E+03
0.85183E+03
0.88430E+03
0.92081E+03
0.96203E+03
0.10088E+04
0.10620E+04
0.11231E+04
0.11937E+04
0.12759E+04
0.13727E+04
0.14879E+04
0.16272E+04

0.51002E+01
0.49197E+01
0.47360E+01
0.45485E+01
0.43569E+01
0.41606E+01
0.39591E+01
0.37517E+01
0.35379E+01
0.33167E+01
0.30874E+01
0.28489E+01
0.26000E+01
0.23394E+01
0.20654E+01
0.17763E+01
0.14696E+01
0.11426E+01
0.79176E+00
0.41277E+00

-0.11842E~-14



FLOW-116.DAT

- FLUID = =

Density ([lbm/ft~3]: 0.25000E+00
Viscosity [lbm/ft-s]: 0.12000E-04
Kin.Viscosity [ft~2/s]: 0.48000E-04

= - ROTOR
Outer Radius [in]: 3.00000
Inner Radius [in]: 1.00000
Disk Spacing [in]: 0.06250
Number of Disks: 0
s========s==xxm=m===== TURBINE =s=s=====c==========-

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [1lbm/s]: ~0.45239E-01
Outer Pressure [psig]: 0.16963E-01
Inner Pressure [psig]: 0.00000E+00

===== PERFORMANCE === =

Angular Velocity [1/s]: 0.00000E+00
(rpm]: 0.00000E+00

Torque [in-1lbf]: -0.90999E-02

Power [hp]: 0.00000E+00

CONSTANTS =

[ft~2/s]: =-0.27648E+01
[ft~2/s]: 0.14547E+02
[ft~2/s]: 0.00000E+00

c [1/ft*2]: -0.12000E+01
[psi]: 0.37592E-01

oxwawy

Y



FLOW-116.DAT

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000
1.60000
1.50000
1.40000
1.30000
1.20000
1.10000
1.00000

Theta (degq)
0.000
10.993
22.318
34.000
46.070
58.559
71.505
84.948
98.937
113.524
128.771
144.748
161,538
179.238
197.960
217.843
239.05%0
261.783
286.293
312.896
342.002

INTERNAL CONDITIONS

U (ft/s)

-0.11059E+02
-0.11441E+02
-0.11849E+02
-0.12288E+02
-0.12761E+02
-0.13271E+02
-0.13824E+02
-0.14425E+02
-0.15081E+02
-0.15799E+02
-0.16589E+02

- =0.17462E+02

-0.18432E+02
~-0.19516E+02
-0.20736E+02
-0.22118E+02
-0.23698E+02
=0.25521E+02
~0.27648E+02
-0.30161E+02
~0.33178E+02

Vbar (ft/s)
0.62720E+02
0.64564E+02
0.66553E+02
0.68703E+02
0.71031E+02
0.73559E+02
0.76311E+02
0.79318E+02
0.82613E+02
0.86237E+02
0.90240E+02
0.94682E+02
0.99634E+02
0.10519E+03
0.11146E+03
0.11858E+03
0.12674E+03
0.13618E+03
0.14723E+03
0.16030E+03
0.17602E+03

P (psig)

0.16963E-01
0.16425E-01
0.15870E-01
0.15296E-01
0.14703E-01
0.14088E-01
0.13449E-01
0.12785E-01
0.12094E-01
0.11372E-01
0.10617E-01
0.98241E-02
0.89904E-02
0.81108E-02
0.71795E-02
0.61898E-02
0.51334E-02
0.40005E-02
0.27784E-02
0.14516E-02
=0.38549E-17



FLOW-117.DAT

Density [lbm/ft*3]: 0.25000E+00

Viscosit

[lbm/ft-s]: 0.12000E-04

Kin.Viscosity [ft~2/s]: 0.48000E-04

ROTOR
Outer Radius [in]: 3.00000
Inner Radius [in]: 1.00000
Disk Spacing [in]: 0.03125
Number of Disks: o

==============s====== PTURBINE ==============c======

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [lbm/s]: -0.90478E-01
Outer Pressure [psig]: 0.27141E+00
Inner Pressure [psig]: 0.00000E+00

== PERFORMANCE ===

Angular Velocity [1/s]: 0.00000E+00
[(rpm]}: 0.00000E+00

Torque [in-1bf]: -0.72799E-01

~ Power [hp]: 0.00000E+00

CONSTANTS =
A [ft~2/s]: =0.11059E+02
B [ft~2/s]: 0.58188E+02
C [ft~2/s]: 0.00000E+00
; Rc [1/ft*2]: -0.12000E+01
D (psi]: 0.60148E+00



FLLOW-117 .DAT

B 7 oill eiide S04

g

s aa T L N L A TSI PR Aoy

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000
1.60000
1.50000
1.40000
1.30000
1.20000
1.10000
1.00000

Theta (degq)

342.002

INTERNAL CONDITIONS

U (ft/s) Vbar (ft/s)
-0.44237E+02 0.25088E+03
=0.45762E+02 0.25826E+03
~0.47397E+02 0.26621E+03
-0.49152E+02 0.27481E+03
-0.51042E+02 0.28412E+03
~0.53084E+02 0.29423E+03
~0.55296E+02 0.30525E+03
=0.57700E+02 0.31727E+03
-0.60323E+02 0.33045E+03
~-0.63195E+02 0.34495E+03
~-0.66355E+02 0.36096E+03
~0.69848E+02 0.37873E+03
=-0.73728E+02 0.39854E+03
~0.78065E+02 0.42075E+03
-0.82944E+02 0.44582E+03
-0.88474E+02 0.47431E+03
-0.94793E+02 0.50697E+03
-0.10208E+03 0.54474E+03
-0.11059E+03 0.58890E+03
-0.12065E+03 0.64121E+03
=-0.13271E+03 0.70410E+03

0.27141E+00
0.26280E+00
0.25392E+00
0.24474E+00
0.23524E+00
0.22540E+00
0.21519E+00
0.20457E+00
0.19350E+00
0.18195E+00
0.16986E+00
0.15718E+00
0.14385E+00
0.12977E+00
0.11487E+00
0.99037E-01
0.82135E-01
0.64007E~01
0.44455E-01
0.23226E-01
-0.61679E~16



FLOW-118.DAT

s===============m==== FLUID ========c====mmeeee———

Density [lbm/ft~3]: 0.25000E+00
Visc051ty (lbm/ft-s]: 0.12000E-04
Kin.Viscosity [ft*2/s]: 0.48000E-04

= ROTOR =

Outer Radius ([in]: 3.00000

Inner Radius [in]: 1.00000

Disk Spacing [in]: 0.02083

Number of Disks: 0
TURBINE =

Tangency Angle [deg]: 0.10000E+02
Mass Flow Rate [lbm/s]: -0.13572E+00
Outer Pressure [psig]: 0.13740E+01
Inner Pressure [psig]: 0.00000E+00

====== PERFORMANCE

Angular Velocity [1/s]: 0.00000E+00
[(rpm]: 0.00000E+00

Torque [in-1lbf]: -0.24570E+00

Power [hp]l: 0.00000E+00

s======s====s====== CONSTANTS ==s=s===cc——m=—=m—ae

A [ft~2/s]: -0.24883E+02
B [ft~2/s]: 0.13092E+03
C [ft~2/s]: 0.00000E+00
Rc [1/ft*2]: -0.12000E+01
D [(psi]: 0.30450E+01



FLOW-118.DAT

3.00000
2.90000
2.80000
2.70000
2.60000
2.50000
2.40000
2.30000
2.20000
2.10000
2.00000
1.90000
1.80000
1.70000
1.60000
1.50000
1.40000
1.30000
1.20000
1.10000
1.00000

Theta (degq)
0.000
10.993
22.318
34.000
46.070
58.559
71.505
84.948
98.937
113.524
128.771
144.748
161.538
179.238
197.960
217.843
239.050
261.783
286.293
312.896
342.002

INTERNAL CONDITIONS

U (ft/s)

-0.99533E+02
-0.10297E+03
-0.10664E+03
-0.11059E+03
-0.11485E+03
-0.11944E+03
-0.12442E+03
-0.12983E+03
-0.13573E+03
-0.14219E+03
-0.14930E+03
-0.15716E+03
-0.16589E+03
-0.17565E+03
-0.18662E+03
-0.19907E+03
-0.21328E+03
-0.22969E+03
-0.24883E+03
-0.27145E+03
-0.29860E+03

0.56448E+03
0.58108E+03
0.59898E+03
0.61833E+03
0.63928E+03
0.66203E+03
0.68680E+03
0.71386E+03
0.74352E+03
0.77614E+03
0.81217E+03
0.85214E+03
0.89671E+03
0.94669E+03
0.10031E+04
0.10672E+04
0.11407E+04
0.12257E+04
0.13250E+04
0.14427E+04
0.15842E+04

0.13740E+01
0.13304E+01
0.12854E+01
0.12390E+01
0.11909E+01
0.11411E+01
0.10894E+01
0.10356E+01
0.97961E+00
0.92113E+00
0.85994E+00
0.79575E+00
0.72822E+00
0.65697E+00
0.58154E+00
0.50137E+00
0.41581E+00
0.32404E+00
0.22505E+00
0.11758E+00
-0.34540E-15





