JCD465: Submitted to JCD on 25 April 2000.

A hole-size bound for incomplete t-wise balanced designs

Donald L. Kreher and Rolf S. Rees^�

Department of Mathematical Sciences, Michigan Technological University, Houghton, Michigan, U.S.A. 49931-1295.

Abstract

An incomplete t-wise balanced design of index λ is a triple (X, H, B) where X is a vŰ element set, H is a subset of X is called the hole, and B is a collection of subsets of X called blocks, such that every t-element subset of X is either in H or in exactly λ blocks, but not both. If H is a hole in an incomplete t-wise balanced design of order v and index λ, then |H| ≤ v/2 if t is odd and (v − 1)/2 if t is even. In particular, this result establishes the validity of Kramer’s conjecture that the maximal size of a block in a Steiner t-wise balanced design is at most v/2 if t is odd and at most (v − 1)/2 when t is even.

Keywords: t-wise balanced designs, designs with holes.

1 Introduction

A tŰwise balanced design (tBD) of type tŰ(v, K, λ) is a pair (X, B) where X is a v−element set of points and B is a collection of subsets of X called blocks, with the property that the size of every block is in K and every tŰelement subset of X is contained in exactly λ blocks. If K is a set of positive integers strictly between t and v, then we say the tBD is proper. A tŰ(v, K, λ) design is also denoted by S_λ(t, K, v). If |K| = 1, then the tBD is called a tŰ(v, k, λ) design, where K = {k}. If λ = 1, then the notation S(t, K, v) is often used and the design is a Steiner system.

An incomplete tŰwise balanced design (ItBD) of type tŰ(v, h, K, λ) is a triple (X, H, B) where X is a vŰelement set of points, H is an hŰelement subset H ⊆ X (called the hole), and B is a collection of subsets of X called blocks, such that every tŰelement subset of points is either contained in the hole or in exactly λ blocks, but not both. Thus, a ItBD of type tŰ(v, h, K, λ) is

�Correspondence address: Department of Mathematics and Statistics, Memorial University of Newfoundland, St. John’s, Newfoundland, Canada A1C 5S7

equivalent to a tBD of type tŰ(v, K ∪ {h}, λ) having a block of size h which is repeated λ times. In particular, when λ = 1, a tBD of type tŰ(v, k, λ) is a ItBD of type tŰ(v, h, K, 1) for any h ∈ K, provided of course that the tBD actually has a block of size h.

In 1983, Kramer [1] posed the following conjecture:

Let (X, B) be a proper tBD with t ≥ 2, and λ = 1. If k is the size of any block in (X, B), then k ≤ (v − 1)/2 when t is even; while k ≤ v/2 when t is odd.

Kramer veri^ed this conjecture for t ≤ 5 and was able to show that in each case the bound was best possible by constructing an in^nite family of tBDs meeting the bound. Recently, Ira and Kramer [3] considered this conjecture for t = 6, and were able to show the following.

Theorem 1.1 If B is a block in a proper Steiner 6Űwise balanced design, then |B| ≤ v/2.

This falls just short of Kramer’s conjecture for t = 6. On the otherhand, as the authors in [3] point out, no proper Steiner tBD has been constructed when t ≥ 6. In this paper we will prove the following result:

Theorem 1.2 Let (X, H, B) be a proper ItBD with t ≥ 2. If h = |H| ≥ t is the size of the hole in (X, H, B), then h ≤ (v − 1)/2 when t is even, while h ≤ v/2 when t is odd.

Setting λ = 1, we verify Kramers’s conjecture for all t ≥ 2:

Corollary 1.3 In any proper tBD (X, B) of type tŰ(v, K, 1) , we have k ≤ (v − 1)/2 when t is even, while k ≤ v/2 when t is odd, where k is the size of any block in (X, B).

To obtain Theorem 1.2, we use as an essential tool the following result, which allows us to consider only proper ItBDs of type tŰ(v, h, {t + 1}, λ):

Theorem 1.4 Suppose there exists a proper ItBD of type tŰ(v, h, K, λ) with 2 ≤ t ≤ h < v. Then there exists a proper ItBD of type tŰ(v, h, {t + 1}, λ^′) where

λ^′ = λ ∏ k∈K (k − t). Proof: Let (X, H, B) be a proper tBD of type tŰ(v, h, K, λ) with 2 ≤ t ≤ h < v. Let K = {k_1, k_2, . . . , k_ℓ}. For each i = 1, 2, . . . , ℓ and each block B ∈ B of size k_i, take

c_i = ℓ∏ j=1,j≠i (k_j − t) copies of B and then construct on each copy a tŰ(k_i, t + 1, k_i − t) design (obtained by simply taking all (t + 1)Űelement subsets of B). We claim that the resulting design is a ItBD of type tŰ(v, h, {t + 1}, λ^′). Indeed, let T be any tŰelement subset of our point set X. If T ⊆ H, then T was not contained in any block in the original design and so is not contained in any block in the new design. Otherwise, suppose that T is contained in r_i blocks of size k_i in the original design, i = 1, 2, . . . , ℓ. Then r_1 + r_2 + · · · + r_ℓ = λ.

In the new design, T is contained in

r_1c_1(k_1 − t) + r_2c_2(k_2 − t) + · · · + r_ℓc_ℓ(k_ℓ − t) = ℓ∑ i=1 { r_i ℓ∏ j=1,j≠i (k_j − t) } (k_i − t)

= (r_1 + r_2 + · · · + r_ℓ) ℓ∏ j=1 (k_j − t) = λ ∏ k∈K (k − t) blocks, as required.

Thus, it suf^ces to prove Theorem 1.2 in the particular case K = {t + 1}. We can simplify the problem further by making the following observation, as noted in the case λ = 1, [1]:

Lemma 1.5 Suppose that Theorem 1.2 is true when t is even. Then it is also true when t is odd.

Proof: Suppose to the contrary that we have a proper ItBD of type tŰ(v, h, K, λ) with h > v/2, where t is odd, t ≥ 3. Then v ≤ 2h − 1. Now take the derived design through a point in the hole to obtain a proper I(t − 1)BD of type (t − 1)Ű(v − 1, h − 1, K − 1, λ) with v − 1 ≤ (2h − 1) − 1 = 2h − 2 = 2(h − 1), which is a contradiction to the hypothesis because t − 1 is even.

Thus, we need only consider the case t even; ^nally, we reduce the problem to that of proving the non-existence of proper ItBDs of types tŰ(2h − 1, h, {t + 1}, λ) and tŰ(2h, h, {t + 1}, λ), as follows. We ^rst prove Theorem 1.2 for t = 2 and K = {3}.

Lemma 1.6 If there is an incomplete 2Ű(v, h, {3}, λ) design with h < v, then v ≥ 2h + 1.

Proof: Let (X, H, B) be the indicated incomplete 2Ű(v, h, {3}, λ) design, and let x ∈ H. Then the derived design with respect to X yields a λŰregular multi-graph on the vertex set X \ H; taking derived designs over all x ∈ H yields a λhŰregular multi-graph on X \ H. Now let v ∈ X \ H. Then for any v^′ ∈ X \ H with v^′ ≠ v, the number of times the pair {v, v^′} occurs in our multigraph cannot exceed λ, for otherwise the pair {v, v^′} would have appeared in more than λ triples in (X, H, B). Hence, λh ≤ λ(v − h − 1) and so v ≥ 2h + 1 as desired.

Now suppose t^′ ≥ 4 is even and that we have established the non-existence of proper It^′BDs of types t^′Ű(2h−1, h, {t^′ +1), λ) and t^′Ű(2h, h, {t^′ +1), λ), and that we have established Theorem 1.2 for t = t^′−2. Then there cannot exist a proper It^′BD of type t^′Ű(v, h, {t^′+1), λ) for any v ≤ 2h−2, for if otherwise, then by deriving through two points in the hole we would obtain a proper ItBD of type tŰ(v−2, h−2, {t+1), λ), where v−2 ≤ 2h−4 = 2(h−2), contrary to our assumption. Hence Theorem 1.2 holds for t^′. By inductive reasoning, starting with Lemma 1.6, we can summarize the above discussion as follows:

Lemma 1.7 If there do not exist proper ItBDs of type tŰ(2h − 1, h, {t + 1}, λ) or tŰ(2h, h, {t + 1}, λ) for any λ and any 2 ≤ t ≤ h, where t is even, then Theorem 1.2 holds ( for all 2 ≤ t ≤ h < v, K and λ).

In the next section, we will establish the non-existence of ItBDs of the type given in Lemma 1.7, and thereby establish Theorem 1.2. Then in section 3 we will construct some families of designs meeting the bounds of Theorem 1.2. In particular, for each odd t ≥ 3 and each h ≥ t + 1 we will construct a ItBD of type tŰ(2h, h, {t + 1}, (2h − t)t! (_{h−1} t ) ); by deriving through a point in the hole in these designs we will obtain for each even t ≥ 2 and each h ≥ t + 1 a ItBD of type tŰ(2h+1, h, {t+1}, (2h−t+1)(t+1)! (_h t+1 ) ). We will then show that there cannot exist any proper ItBD of type tŰ(v, h, K, λ) meeting the bounds of Theorem 1.2 when min{k : k ∈ K} ≥ t + 2.

We conclude this section by pointing out that if there exists a proper ItBD of type tŰ(v, h, K, λ) and a proper tBD type tŰ(h, K, λ), then we can construct the tBD on the points of the hole in the ItBD to obtain a proper tBD of type tŰ(v, K, λ) having a tBD of type tŰ(h, K, λ) as a (proper) sub-design. The reverse construction also holds: just remove the blocks (but not the points) of the sub-design to obtain an incomplete tBD. Thus Theorem 1.2 yields the following result concerning the maximal size of a sub-design in a tBD of type tŰ(v, K, λ):

Corollary 1.8 Suppose that there is a proper tBD of type tŰ(v, K, λ) containing a tBD of type tŰ(w, K, λ) as a proper sub-design. Then v ≥ 2w when t is odd, while v ≥ 2w + 1 when t is even.

2 The nonexistence of certain ItBDs.

In this section we show that proper ItBDs of types tŰ(2h−1, h, {t+1}, λ) and tŰ(2h, h, {t+1}, λ) cannot exist for any even t. We begin by proving two combinatorial identities. We use the notation

g_t(h) = h(h − 1)(h − 2) · · · (h − t + 1) = t! ( h t ) . (Note g_0(h) = 1, the empty product.)

Lemma 2.1 For every even integer t ≥ 2, and h ≥ t, 1 t! t∑ j=1 (−1)^jg_{j−1}(h − 1)g_{t−j+1}(h − 1) = ( h − 1 t − 1 ) .

Proof: 1 t! t∑ j=1 (−1)^jg_{j−1}(h)g_{t−j+1}(h − 1)

= 1 t! [ −g_t(h − 1) + g_1(h)g_{t−1}(h − 1) + t∑ j=3 (−1)^jg_{j−1}(h)g_{t−j+1}(h − 1) ]

= − ( h − 1 t ) + ( h t ) + 1 t! t∑ j=3 (−1)^jg_{j−1}(h)g_{t−j+1}(h − 1)

Now if t = 2, then the sum term is vacuous; otherwise by observing that

g_{j−1}(h)g_{t−j+1}(h − 1) = [h(h − 1) · · · (h − j + 2)][(h − 1)(h − 2) · · · (h − t + j − 1)] = [h(h − 1)(h − 2) · · · (h − t + j − 1)][(h − 1) · · · (h − j + 2)] = g_{t−j+2}(h)g_{j−2}(h − 1), we see that for each j = 3, . . . ,^t_2 + 1, the j and t − j + 3 terms in the sum cancel. (They have opposite sign, because t is even). Thus in either case the sum term is equal to 0, and we get 1 t! t∑ j=1 (−1)^jg_{j−1}(h)g_{t−j+1}(h − 1) = − ( h − 1 t ) + ( h t ) = ( h − 1 t − 1 )

as desired.

Lemma 2.2 For every even integer t ≥ 2, and h ≥ t t∑ j=1 (−1)^{j−1}g_{j−1}(h)g_{t−j+1}(h) = − tg_t(h) 2h − t . Proof: We proceed by induction on t. When t = 2 we get 2∑ j=1 (−1)^{j−1}g_{j−1}(h)g_{2−j+1}(h) = h(h − 1) − h^2 = − 2h(h − 1) 2h − 2 , as required. Now de^ne

f_t(h) = t∑ j=1 (−1)^{j−1}g_{j−1}(h)g_{t−j+1}(h) and let t ≥ 4. Then

f_t(h) = t∑ j=1 (−1)^{j−1}g_{j−1}(h)g_{t−j+1}(h)

= t−1∑ j=0 (−1)^jg_j(h)g_{t−j}(h)

= g_t(h) + t−2∑ j=1 (−1)^jg_j(h)g_{t−j}(h) − g_{t−1}(h)h

= g_t(h) − g_{t−1}(h)h + h^2 t−2∑ j=1 (−1)^jg_{j−1}(h − 1)g_{t−j−1}(h − 1)

= g_t(h) − g_{t−1}(h)h − h^2 t−2∑ j=1 (−1)^{j−1}g_{j−1}(h − 1)g_{t−j−1}(h − 1)

= g_t(h) − g_{t−1}(h)h − h^2f_{t−2}(h − 1)

= g_t(h) − g_{t−1}(h)h + h^2

(t − 2)g_{t−2}(h − 1) 2(h − 1) − (t − 2) (1) = g_{t−1}(h)(h − t + 1) − g_{t−1}(h)h + h (t − 2)g_{t−1}(h) 2h − t = g_{t−1}(h) ( (−t + 1)(2h − t) + h(t − 2) 2h − t )

= g_{t−1}(h)(h − t + 1) ( −t 2h − t )

= g_t(h) ( −t 2h − t ) , as desired. (The induction assumption was used in step (1).)

Now suppose that we have a proper ItBD (X, H, B) of type tŰ(2h−1, h, {t+1}, λ) with h ≥ t. For each j = 0, 1, · · · , t − 1, let B_j = {B ∈ B : |B ∩ H| = j} and T_j = {T ⊆ X : |T | = t and |T ∩ H| = j}. Let t_i = |T_i|. Then t_i = (_h i )(_{h−1} t−i ) . If we set x_j = |B_j|, then counting pairs (T, B), such that T ⊂ X, |T | = t, and T ⊂ B ∈ B in two ways we see that the following equations hold.

(t + 1 − i)x_i + (i + 1)x_{i+1} = λt_i

for i = 0, 1, · · · , t − 2, and 2x_{t−1} = λt_{t−1}. The coef^cient matrix of this system of equations is

A = t + 1 1 t 2 t − 1 3 ... ...

3 t − 1 2

.

If we set ⃗x = [x_0, x_1, . . . , x_{t−1}] and ⃗t = [t_0, t_1, . . . , t_{t−1}], then because each tŰelement subset of X not contained in H must occur in λ blocks, the matrix equation A⃗x = λ⃗t must hold. The matrix A is upper triangular with non-zero main diagonal. Thus the matrix A is invertible, whence ⃗x = A^{−1}(λ⃗t) = λA^{−1}⃗t. Indexing the rows and columns of A^{−1} by 1, 2, . . . , t it can be readily veri^ed that

A^{−1}[1, j] = (−1)^{j−1} 1 j (_{t+1} j ) for j = 1, 2, . . . , t. Therefore

x_0 = λ t∑ j=1 (−1)^{j−1} 1 j (_{t+1} j ) ( h j − 1 )( h − 1 t − j + 1 )

= − λ t + 1 t∑ j=1 (−1)^j 1 (_t j−1 ) ( h j − 1 )( h − 1 t − j + 1 )

= − λ t + 1 { 1 t! t∑ j=1 (−1)^jg_{j−1}(h)g_{t−j+1}(h − 1) } . Thus, applying Lemma 2.1 we see that

x_0 = −λ t + 1 ( h − 1 t − 1 ) < 0. This is a contradiction, because x_0 counts the number of blocks disjoint from the hole H and consequently cannot be negative. Therefore, no proper ItBD of type tŰ(2h − 1, h, {t + 1}, λ) with h ≥ t can exist.

Now consider a proper ItBD of type tŰ(2h, h, {t + 1}, λ) with h ≥ t . Using the same analysis as before, we arrive at the matrix equation A⃗x = λ⃗t, except this time t_i = ( h i )( h t − i )

for i = 0, 1, . . . , t − 1. So in this case we get

x_0 = λ t∑ j=1 (−1)^{j−1} 1 j (_{t+1} j ) ( h j − 1 )( h t − j + 1 )

= λ t + 1 t∑ j=1 (−1)^{j−1} 1 (_t j−1 ) ( h j − 1 )( h t − j + 1 )

= λ (t + 1)! {_t ∑ j=1 (−1)^{j−1}g_{j−1}(h)g_{t−j+1}(h) }

Thus, applying Lemma 2.2 we see that

x_0 = λ (t + 1)! ( − tg_t(h) 2h − t ) = −λt (t + 1)(2h − t) ( h t ) < 0, again a contradiction. Thus, no proper ItBD of type tŰ(2h, h, {t + 1}, λ) with h ≥ t can exist. We have therefore established the following:

Theorem 2.3 There do not exist proper ItBDs of types tŰ(2h − 1, h, {t + 1}, λ) or tŰ(2h, h, {t + 1}, λ) for any λ and any 2 ≤ t ≤ h, when t is even.

Hence, by Lemma 1.7 we have established Theorem 1.2 and so the validity of Kramer’s conjecture (Corollary 1.3). In particular, setting K = {k} in Corollary 1.3 we obtain the following:

Theorem 2.4 A Steiner system S(t, k, v) has k ≤ v/2 when t is odd and k ≤ (v − 1)/2 when t is even.

3 Meeting the bounds of Theorem 1.2

In this section we will show that for every t and every h ≥ t + 1 there exists a ItBD that meets the bound given by Theorem 1.2. Hence, these bounds are sharp! We require the following results.

Lemma 3.1 Let M be the t by t matrix whose [i, j]Űentry is given by

M[i, j] = h − t + i if j = i, h − i if j = i + 1, 0 if j ≠ i or i + 1,

for 0 ≤ i, j ≤ t − 1, and where h ≥ t + 1. Then the (unique) solution ⃗v to the matrix equation M⃗v = ⃗w, where ⃗w = [0, 0, . . . , 0, h − t + 1]^T has v_{t−i} = (−1)^{i−1} g_i(h − t + i) g_i(h − 1)

for i = 1, 2, . . . , t, and where g_i are the functions de^ned in Section 2.

Proof: We proceed by induction on i. For clarity, we ^rst explicitly write out the matrix equation M⃗v = ⃗w: h − t h h − t + 1 h − 1 h − t + 2 h − 2 ... ... h − 2 h − t + 2 h − 1 v_0 v_1 v_2 . . v_{t−2} v_{t−1}

=

0 0 0 . . 0 h − t + 1

.

Clearly we have (h − 1)v_{t−1} = h − t + 1, and so

v_{t−1} = h − t + 1 h − 1 . Consequently, the result is established for i = 1. Suppose 2 ≤ i ≤ t. Then from the matrix equation we see that (h − i)v_{t−i} + (h − t + i)v_{t−(i−1)} = 0, and so by induction we have v_{t−i} = −(h − t + i) h − i v_{t−(i−1)} = −(h − t + i) h − i ( (−1)^{i−2} g_{i−1}(h − t + i − 1) g_{i−1}(h − 1) ) . Hence, v_{t−i} = (−1)^{i−1} g_i(h − t + i) g_i(h − 1) , as desired.

Lemma 3.2 Let J = [1, 1, . . . , 1]^T and let ⃗v be the vector of Lemma 3.1. If t is odd, then g_t(h − 1)(J + ⃗v) is a non-negative integer column vector ⃗u (where u_{t−i} = g_t(h − 1)(1 + v_{t−i}), i = 1, 2, . . . , t) in which u_{t−i} = 0 if and only if i = t − 1.

Proof: For each i = 1, 2, . . . t,

u_{t−i} = g_t(h − 1)(1 + v_{t−i})

= g_t(h − 1) ( 1 + (−1)^{i−1} g_i(h − t + i) g_i(h − 1) ) . Thus the vector ⃗u is integral, because g_i(h − 1) divides g_t(h − 1). Now we must show that

1 + (−1)^{i−1} g_i(h − t + i) g_i(h − 1)

≥ 0. (2)

It suf^ces to consider only even i , 2 ≤ i ≤ t − 1. When i is even inequality (2), is equivalent to g_i(h − 1) ≥ g_i(h − t + i), which follows easily because i ≤ t − 1. Note in particular that there is equality in (2) if and only if i = t − 1. The result follows.

We can now present our constructions. For any ^nite set Y let Sym(Y ), denote the symmetric group on Y .

Theorem 3.3 For each odd t ≥ 3 and each h ≥ t + 1 there exists a ItBD (H ˙∪Y, H, B) of type tŰ(2h, h, t + 1, (2h − t)t! (_{h−1} t ) ), with Sym(H) × Sym(Y ) as an automorphism group.

Proof: The point set of the design is X = H ˙∪Y , where H and Y are disjoint sets of cardinality h. The hole is H. There are precisely t orbits Δ_0, Δ_1, . . . , Δ_{t−1} of t-element subsets that need to be covered. The orbit Δ_i is the set of t-element subsets that intersect the hole H in exactly i points, i = 0, 1, . . . , t − 1. Similarly, there are precisely t orbits Γ_0, Γ_1, . . . , Γ_{t−1} of possible blocks ((t + 1)Űelement subsets) that are available. The orbit Γ_j is the set of all (t + 1)Űelement subsets that intersect the hole in exactly j points. Thus |Γ_j| = (_h j )(_h t+1−j ) . Now consider the matrix M whose [i, j]Űentry is |{B ∈ Γ_j : T ⊆ B}|, where T is any ^xed representative of Δ_i. Then there is a ItBD (H ˙∪Y, H, B) of type tŰ(2h, h, t + 1, (2h − t)t! (_{h−1} t ) ) with Sym(H) × Sym(Y ) as an automorphism group if and only if there is a non-negative integer vector ⃗u such that M⃗u = (2h − t)t! ( h − 1 t ) J. Furthermore, M is the matrix appearing in Lemma 3.1. Let ⃗u be the vector given in Lemma 3.2. Applying Lemmas 3.1 and 3.2 we see that M⃗u = M[g_t(h − 1)(J + ⃗v)] = g_t(h − 1)M(J + ⃗v) = g_t(h − 1)(MJ + M⃗v)

= g_t(h − 1) 2h − t 2h − t . . 2h − t h − 1 + 0 0 . . 0 h − t + 1 = g_t(h − 1)(2h − t)J = (2h − t)t! ( h − 1 t ) J. The result follows.

Remark 3.4 From Lemma 3.2, the vector ⃗u has u_1 = 0. This means that in the design (H ˙∪Y, H, B) constructed in Theorem 3.3, there are no blocks in the design that intersect H in exactly one point! That is, the block orbit Γ_0 is not used. Hence, the tŰelement subsets in Δ_0 are covered λ = (2h − t)t! (_{h−1} t ) times by the u_0 copies of the orbit Γ_0. (This is a tBD (Y, B‘) of type tŰ(h, {t + 1}, λ). Note that B‘ is just the set of all t + 1-element subsets of Y each repeated u_0 = λ/(h − t) times.) We can remove this sub-design and replace it with lambda copies of the block Y to obtain a ItBD of type tŰ(2h, h, {t + 1, h^⋆}, (2h − t)t! (_{h−1} t ) ). This gives the surprising result that the bound of Theorem 1.2 can be achieved without all blocks having size t + 1.

Theorem 3.5 For each even t ≥ 2 and each h ≥ t + 1 there exists a ItBD of type t-(2h + 1, h, t + 1, (2h − t + 1)(t + 1)! (_h t+1 ) ).

Proof: From Theorem 3.3, there is a I(t + 1)BD (H ˙∪Y, H, B) of type (t + 1)Ű(2(h + 1), h + 1, t + 2, (2(h + 1) − (t + 1))(t + 1)!

(_{(h+1)−1} t+1 ) ). Take the derived design through a point x ∈ H to get the desired ItBD.

Remark 3.6 Recall that Sym(H) × Sym(Y ) was a group of automorphisms of the design constructed in Theorem 3.3. If x is any point in the design, then its stabilizer in Sym(H) × Sym(Y ) is an automorphism group of the derived design through x. Hence the designs constructed in Theorem 3.5 have Sym(H \ {x}) × Sym(Y ) as a group of automorphisms.

In Remark 3.4 we noted that the bound of Theorem 1.2 can be achieved without all blocks having t + 1 points (at least when t is odd). We conclude this section by showing that whether t is even or odd, the bound cannot be achieved if the smallest block has t + 2 points (that is, there must be blocks of size t + 1 present in order to meet the bound). Note that it suf^ces to prove this theorem for even t, for if t is odd and there exists a proper ItBD of type tŰ(2h, h, K, λ) with min{k : k ∈ K} ≥ t+2, then the derived design through a point in the hole would be a I(t − 1)BD of type t − 1Ű(2h − 1, h − 1, K − 1, λ) (meeting the bound of Theorem 1.2) with minimum block size at least t + 1 = (t − 1) + 2. We use the same strategy here as in Section 2. First of all, if there exists a proper ItBD of type tŰ(2h + 1, h, K, λ) with min{k : k ∈ K} ≥ t + 2, then by the obvious generalization of Theorem 1.4, there exists a proper ItBD of type tŰ(2h + 1, h, {t + 2}, λ^′) for some λ^′ (in fact λ^′ = λ ∏ k∈K (_{k−t} 2 ) ); thus, we can restrict ourselves to the case K = {t + 2}. That is, it suf^ces to prove the non-existence of a ItBD of type tŰ(2h + 1, h, {t + 2}, λ) for each even t. An induction proof similar to Lemma 2.2 will establish the following combinatorial identity.

Lemma 3.7 For every even integer t ≥ 2, and h ≥ t t∑ j=1 (−1)^{j−1}jg_{j−1}(h)g_{t−j+1}(h + 1) = − tg_{t+1}(h + 1) 2h − t . Proof: We proceed by induction on t. When t = 2, we get 2∑ j=1 (−1)^{j−1}jg_{j−1}(h)g_{2−j+1}(h + 1) = (h + 1)h − 2h(h + 1) = −(h + 1)h =

−2(h + 1)h(h − 1) 2h − 2 as required. Now de^ne

f_t(h) = t∑ j=1 (−1)^{j−1}jg_{j−1}(h)g_{t−j+1}(h + 1)

and let t ≥ 4. Then

f_t(h) = t∑ j=1 (−1)^{j−1}jg_{j−1}(h)g_{t−j+1}(h + 1)

= t−1∑ j=0 (−1)^j(j + 1)g_j(h)g_{t−j}(h + 1)

= g_t(h + 1) + t−2∑ j=1 (−1)^j(j + 1)g_j(h)g_{t−j}(h + 1) − tg_{t−1}(h)(h + 1)

= g_t(h + 1) + h(h + 1) t−2∑ j=1 (−1)^j(j + 1)g_{j−1}(h − 1)g_{t−j−1}(h) − tg_{t−1}(h)(h + 1)

= g_t(h + 1) + h(h + 1) t−2∑ j=1 (−1)^jg_{j−1}(h − 1)g_{t−j−1}(h)

−h(h + 1) t−2∑ j=1 (−1)^{j−1}jg_{j−1}(h − 1)g_{t−j−1}(h) − tg_{t−1}(h)(h + 1). (3) Now applying Lemma 2.1 we see that t−2∑ j=1 (−1)^jg_{j−1}(h − 1)g_{t−j−1}(h) = (t − 2)! ( h − 1 (t − 2) − 1 ) − g_{t−2}(h) + g_{t−2}(h − 1)

= (t − 2)g_{t−3}(h − 1) − g_{t−2}(h) + g_{t−2}(h − 1) = (t − 2 − h)g_{t−3}(h − 1) + g_{t−2}(h − 1) = −g_{t−2}(h − 1) + g_{t−2}(h − 1) = 0.

Hence, by induction Equation (3) becomes

f_t(h) = g_t(h + 1) − h(h + 1)f_{t−2}(h − 1) − tg_{t−1}(h)(h + 1)

= g_t(h + 1) − h(h + 1) { −(t − 2)g_{t−1}(h) 2(h − 1) − (t − 2) } − tg_{t−1}(h)(h + 1) = g_t(h + 1) ( 2h − t + (t − 2)h − (2h − t)t 2h − t )

= g_t(h + 1) ( −t(h − t + 1) 2h − t )

= − tg_{t+1}(h + 1) 2h − t , as desired.

Now suppose that we have a proper ItBD of type tŰ(2h + 1, h, {t + 2}, λ) for t even and h ≥ t. Using the analysis of Section 2 we conclude that there must be a non-negative integer vector ⃗x = [x_0, x_1, . . . , x_{t−1}] satisfying the matrix equation A⃗x = λ⃗t where ⃗t = [t_0, t_1, . . . , t_{t−1}], t_i = (_h i )(_{h+1} t−i ) , and

A =

(_{t+2} 2 ) 1 · (t + 1)

(_2 2 ) (_{t+1} 2 ) 2 · t (_3 2 ) (_t 2 ) 3 · (t − 1)

(_4 2 ) ... ... ...

(_5 2 ) (t − 2) · 4 (_{t−1} 2 ) (_4 2 ) (t − 1) · 3 (_3 2 ) .

Hence, ⃗x = λA^{−1}⃗t. Indexing the rows and columns of A^{−1} by 1, 2, 3, . . . , t, the ^rst row of A^{−1} can easily be shown to be

A^{−1}[1, j] = (−1)^{j−1}j (_{t+2} 2 )(_t j−1 ) for j = 1, 2, . . . , t, and so applying Lemma 3.7 (in the anti-penultimate step)

x_0 = λ (_{t+2} 2 ) t∑ j=1 (−1)^{j−1}j (_h j−1 )(_{h+1} t−j+1 ) (_t j−1 )

= λ t! (_{t+2} 2 ) t∑ j=1 (−1)^{j−1}jg_{j−1}(h)g_{t−j+1}(h + 1)

= λ t! (_{t+2} 2 ) ( −tg_{t+1}(h + 1) 2h − t )

= −2λtg_{t+1}(h + 1) (t + 2)!(2h − t) < 0, and we have a contradiction to the requirement x_0 ≥ 0. Hence, no ItBD of the given type can exist. To summarize,1 we have shown the following:

Theorem 3.8 There do not exist proper ItBDs of types

tŰ(2h + 1, h, K, λ) (t even) or tŰ(2h, h, K, λ) (t odd) for any λ and any 2 ≤ t ≤ h, with min{k : k ∈ K} ≥ t + 2.

Acknowledgments

References

[1] E.S. Kramer, Some results on t-wise balanced designs, Ars Combin. 15 (1983), 179Ű192.

[2] E.S. Kramer, Şt-wise balanced designs,Ť The Handbook of Combinatorial Designs, C.J. Colbourn and J.H. Dinitz (Editors), CRC Press, 1996.

[3] M. Ira and E.S. Kramer, A block-size bound for Steiner 6-wise balanced designs, J. Combin.

Designs, 8 (2000), 141-145.