Submitted to the Annals of Combinatorics November 30, 2000

On PBIBD Designs Based on Triangular Schemes

Malcolm Greig^1, Donald L. Kreher^2, and Alan C.H. Ling^2

1 Greig Consulting, North Vancouver, B.C., Canada

greig@sfu.ca

2 Department of Mathematical Sciences, Michigan Technological University,

Houghton, MI 49931-1295, USA faling,kreherg@mtu.edu

Received January 18, 1999

AMS Subject Classi�cation: 05B30, 05C65, 60C05, 62K99

Abstract. We settle all but four of the remaining open small parameter situations for partially balanced incomplete block designs with 2 associate classes (PBIBD(2)) that can be based on Triangular schemes.

Keywords: partially balanced incomplete block designs, association schemes, triangular designs.

1. Introduction

A strongly regular graph with parameters (v,d,ţ_1,ţ_2) is an ordinary graph, regular of degree d, 0 < d < v − 1, such that any two vertices have ţ_1 common neighbors when they are adjacent and have ţ_2 neighbors when they are nonadjacent. A strongly regular graph is also called a two class association scheme. Two vertices are ^rst associates if they are adjacent; otherwise, they are second associates. In this article we concentrate on the strongly regular graph T (n) known as the triangular graph. The vertices of this graph are the v =

(_n 2 ) pairs of an nŰelement set, with two pairs being adjacent if they have an element in common. Thus, in the triangular graph, two pairs are ^rst associates if they are incident edges of the complete graph, K_n. Given a strongly regular graph we can obtain a a partially balanced incomplete block design with two associate classes PBIBD(2) with parameters (v,b,r,k, (λ_1,λ_2))

if the v vertices can be arranged into b blocks of size k such that every vertex occurs in r blocks, and if two vertices are adjacent, then they occur in λ_1 blocks; otherwise they occur in λ_2 blocks. A triangular design is a PBIBD(2) in which the strongly regular graph is a triangular graph. Thus a triangular design has v =

(_n 2 ) vertices.

Table 1: Status of remaining parameter situations for Triangular designs, k,r ≤ 10

Series v b r k λ_1 λ_2 ρ_1 ρ_2 Status 1 15 27 9 5 3 2 9 5 ∃ Section 2.1 2 15 30 10 5 2 4 2 10 ∃ Section 2.2 3 21 42 10 5 1 3 1 11 ̸∃ Corollary 3.2 4 21 42 10 5 3 1 15 5 ∃ Section 2.3 5 21 21 6 6 2 1 8 3 ∃ Section 2.4 6 21 28 8 6 3 1 13 3 ∃ Section 2.5 7 21 35 10 6 2 3 4 9 ∃ [1] 8 21 35 10 6 3 2 11 6 Open 9 21 30 10 7 2 4 0 10 ∃ Section 2.6 10 21 30 10 7 4 2 14 4 Open 11 21 30 10 7 5 1 21 1 ̸∃ Corollary 3.3 12 21 21 10 10 4 5 2 7 Open 13 36 63 7 4 0 1 1 8 ∃ [3] 14 45 63 7 5 0 1 0 8 ∃ [3] 15 45 45 9 9 1 2 1 9 ∃ [3] 16 55 99 9 5 0 1 1 10 ̸∃ Corollary 4.4 17 55 55 10 10 3 1 23 5 Open 18 66 99 9 6 0 1 0 10 ̸∃ [7]

A comprehensive table of triangular designs and a review of some construction methods can be found in [3] and a general method for constructing triangular designs can be found in [5]. [4] and [8] report that there are 18 unsettled parameter situations when r,k ≤ 10. We list in Table 1 these parameter situations, (for more details on the eigenvalues ρ_i, see Section 4), and give their current status, including the new designs exhibited in this article and the situations which we rule out.

2. Constructions

Let X be an nŰelement set and consider the triangular graph T (n) on the pairs in X. If G is a subgroup of SYM(X ), then G acts on the pairs in X in a natural way: g({x,y}) = {g(x),g(y)}. This action preserves incidence and so any such subgroup is an automorphism group of T (n). Let Δ^1,Δ^1_2,...,Δ^1_{N1} be the orbits under G of incident (^rst associate) pairs and let Δ^2_1,Δ^2,...,Δ^2_{N2} be the orbits under G of non-incident (second associate) pairs. Also, for ^xed k, 0 < k <

(_n 2 ) , let Γ_1,Γ_2,...Γ_M be the orbits of kŰedge subgraphs of T (n). We de^ne the incidence matrix A to be the N_1 + N_2 by m matrix whose [Δ^c_i ,Γ_j]Űentry is

A[Δ^h_{ih} ,Γ_j] = {K ∈ Γ_j : K ⊆ T },

where T is any ^xed representative in Δ^h_{ih} , h ∈ {1,2}, 1 ≤ i_h ≤ N_h and 1 ≤ j ≤ m. Then there is a triangular design with parameters (v,b,r,k, (λ_1,λ_2)) if and only if there is a non-negative integer solution ⃗u to the matrix equation

A⃗u = [ λ_1J_{N1} λ_2J_{N2} ] . We used the algorithms described in [6] to construct and solve these matrices for various parameter situations and various groups G. In [5], the authors use a similar method; however, the only automorphism group they consider is the full symmetric group. The results of our effort are given below.

2.1.

Parameters: (15,27,9,5, (3,2)) Group generators: ⟨(0,1,2), (3,4,5)⟩ Group order: 9 Base blocks: 0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5

2.2.

Parameters: (15,30,10,5, (2,4)) Group generators: ⟨(0,1,2,3,4,5), (0)(1,5)(2,4)(3)⟩ Group order: 12 Base blocks: 0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5

2.3.

Parameters: (21,42,10,5, (3,1)) Group generators: ⟨(0,1,2,3,4,5,6), (0)(1,2,4)(3,6,5)⟩ Group order: 21 Base blocks:

4 3 2 1 0 6 5 4 3 2 1 0 6 5

2.4.

Parameters: (21,21,6,6, (2,1)) Group generators: ⟨(0,1,2,3,4,5,6), (0)(1,2,4)(3,6,5)⟩ Group order: 21 Base blocks:

4 3 2 1 0 6 5

2.5.

Parameters: (21,21,6,6, (3,1)) Group generators: ⟨(0,1,2,3,4,5,6), (0)(1,2,4)(3,6,5)⟩ Group order: 21 Base blocks:

4 3 2 1 0 6 5 4 3 2 1 0 6 5

2.6.

Parameters: (21,30,10,7, (2,4)) Group generators: ⟨(0,1,2,3,4,5)(∞), (0)(1,5)(2,4)(3)(∞)⟩ Group order: 12 Base blocks: 0 1 2 3 5 ∞ 0 1 2 3 4 5 ∞ 0 1 2 3 4 5 ∞

3. Destructions

This section really represents a generalization of a technique used by Chang et al. in their Theorem 1 and its corollaries [4]. Although we don’t give the details here, it is worth noting that one of their exhaustive searches, (the ^rst in [4, Table 11]), could have been avoided in a manner similar to Corollary 3.2.

To show that a given parameter situation (

(_n 2 ) ,b,r,k, (λ_1,λ_2)) is impossible, we consider any subgraph Γ of K_n. If D_Γ = [d_0,d_1,...,d_n] is the degree sequence of Γ, then Γ contains exactly α = α(Γ) = ∑^n_i=_0

(_{di} 2 ) pairs of incident edges. That is, Γ contains α ^rst associate pairs and β =

(_m 2 ) − α second associate pairs; where m =^1_2 ∑^n_i=_0 d_i is the number of edges of Γ. Let N_i be the number of blocks of a PBIBD(2) with the given parameters that intersect Γ in i edges. Counting blocks, edges, and pairs of edges, we obtain the matrix equation M⃗N = ⃗R, (3.1)

where M = 1 1 1 1 ··· 1 0 1 2 3 ··· n 0 0 1 3 ···

(_n 2 ) (3.2)

⃗N = [N_0,N_1,N_2,N_3,...,N_n]T (3.3) and ⃗R = [b,mr,λ_1α + λ_2β]T. (3.4)

If we can ^nd ⃗UT = [u_0,u_1,u_2]T such that ⃗UTM ≥ 0, and z = ⃗UT⃗R < 0, then no PBIBD(2) with parameters (

(_n 2 ) ,b,r,k, (λ_1,λ_2)) can exist. Observe that the iŰth entry of ⃗UTM is f (i) = u_0 + u_1i + u_2 ( i 2 ) , a quadratic in the variable i.

Thus, one way to ensure that ⃗UTM ≥ 0 is to require that u_2 ≥ 0 and that f (i) = f (i + 1) = 0 for some integer i, 0 ≤ i ≤ n − 1. Then f (x) ≥ 0 for all x ≤ i and x ≥ i + 1. We may further assume that u_2 = 1, because dividing by a positive u_2 will not change the sign of z.

The columns of M are pairwise linearly independent. Thus there is a unique choice of u_0,u_1,u_2, such that u_2 = 1 and f (i) = f (i + 1) = 0 for a given integer i. This choice is ⃗UT = [ ( i + 1 2 ) ,−i,1]. Consequently, we have established the following:

Theorem 3.1. Let Γ be an subgraph of K_n with m edges and α pairs of incident edges. Then, necessary conditions for the existence of a Triangular PBIBD(2) with parameters ( ( n 2 ) ,b,r,k, (λ_1,λ_2)) include b ( i + 1 2 ) − imr + λ_1α + λ_2β ≥ 0

for each integer i = 0,1,2,...,n − 1. (α + β =

(_m 2 ) .) Two of the subgraphs Γ that seem to be the the most useful in the context of Theorem 3.1 are the star K_{1;n} and the nŰcycle C_n. Using these graphs we have the following corollaries.

Corollary 3.2. The necessary conditions for the existence of a Triangular PBIBD(2) with parameters ( ( n 2 ) ,b,r,k, (λ_1,λ_2))

include b ( i + 1 2 ) − i(n − 1)r + λ_1 ( n − 1 2 ) ≥ 0 for each integer i = 0,1,2,...,n − 1.

Using Corollary 3.2 with i = 1 shows that no triangular PBIBD(2) can have the parameters (21,42,10,5, (1,3)).

Corollary 3.3. The necessary conditions for the existence of a Triangular PBIBD(2) with parameters ( ( n 2 ) ,b,r,k, (λ_1,λ_2))

include b ( i + 1 2 ) − inr + λ_1n + λ_2( ( n 2 ) − n) ≥ 0

for each integer i = 0,1,2,...,n − 1.

Using Corollary 3.3 with i = 2 shows that no triangular PBIBD(2) can have the parameters (21,30,10,7, (5,1)).

In the opening paragraph of this section, we described our technique as a generalization of Chang et al.’s method. This is possibly inaccurate, as their relevant theorems are stated without proof, and we were unable to reproduce several of their theorems. In spite of this, we can con^rm that their lists of possible designs are complete within the range they consider; however, in our enumeration, we applied positivity of eigenvalues as a criterion, so our intermediate lists differ markedly from theirs.

Given the paucity of theoretical criteria for non-existence of any designs, the other aspect of this method that certainly deserves mention is the question of its generality. It is clear that the only designs it might exclude are those where λ_1 differs markedly from λ_2. Unfortunately, we were unable to ^nd a general series of designs that this method excludes, but that are not also excluded by the eigenvalue criterion.

4. Embedding

In the more familiar group divisible association scheme, if rk −vλ_2 = 0, (i.e., the ŞsemiregularŤ case), then we may remove one of the groups and still get a PBIBD(2) with the group divisible association scheme, also still in the semi-regular case. We also note that if N is the incidence matrix of a PBIBD(2) with the group divisible association scheme, then rk − vλ_2 is one of the eigenvalues of NN^T .

In the triangular association scheme, T (n), the eigenvalues of NN^T are rk, ρ_1 = r + (n − 4)λ_1 − (n − 3)λ_2 and ρ_2 = r − 2λ_1 + λ_2 with multiplicities of 1, n − 1, and n(n − 3)/2. There are some similarities of the case ρ_1 = 0 with the semi-regular case. First, we note that for a triangular PBIBD(2) we have:

bk = vr (4.5)

r(k − 1) = 2(n − 2)λ_1 + ( n − 2 2 ) λ_2. (4.6)

Under the assumption that ρ_1 = 0, we also have:

(n − 3)λ_2 = r + (n − 4)λ_1,

and equation (4.6) gives us

(n − 2)λ_1 = r(c − 1) (4.7)

where c = 2k/n. Also, equation (4.5) can be rewritten as b = (n − 1)r/c.

Now, as in Corollary 3.2, we consider a star K_{1;n}, and the vector

⃗UT = [a^2/2,1/2 − a,1]T.

From equation (3.2), the i-th element of ⃗UTM is (i − a)^2/2 (where we number from zero), and, evaluating at a = c and using m = n − 1, α =

(_n�_1 2 ) and β = 0, together with equation (4.7), we also have z = ⃗UT⃗R = 0. This implies that every block must contain c edges of K_{1;n}; consequently, deleting this star again gives us a PBIBD(2), only now with the triangular association scheme T (n − 1). This establishes Theorem 4.1.

Theorem 4.1. Given a triangular PBIBD(2) with parameters (( n 2 ) ,b,r,k, (λ_1,λ_2) )

with c = 2k/n integer and a zero eigenvalue, ρ_1, of multiplicity n − 1, then

(1) every block is a cŰregular subgraph of K_n, and

(2) deleting any K_{1;n}�_1 yields a triangular PBIBD(2) with parameters (( n − 1 2 ) ,b,r,k − c, (λ_1,λ_2) )

with an eigenvalue of λ_2 − λ_1 of multiplicity n − 2.

Observe that the Series 9 in Table 1 ^ts the criterion of Theorem 4.1. Here c = 2 and indeed all of its blocks are 2Űregular subgraphs. Furthermore deleting the star centered at the point ∞ we get Series 2.

So now the natural question is when can we reverse this process, i.e., given a triangular PBIBD(2) with parameters (( n 2 ) ,b,r,k, (λ_1,λ_2) )

with an eigenvalue of λ_2 − λ_1 of multiplicity n − 1 and c = 2k/(n − 1) integer, when can we add c points to each block to get a triangular PBIBD(2) with parameters (( n + 1 2 ) ,b,r,k + c, (λ_1,λ_2) )

with an eigenvalue of zero of multiplicity n.

By an approach similar to that presented above, again considering a star, we can easily show that its edges only occur together in sets of size c − 1 or size c, and that there are r blocks with size c − 1. So, we take the set of r blocks with intersection of size c − 1 with the edges of the star at {i} as the set to which we add the edge (i,n + 1). This determines the embedding.

Since we know how often an edge of a star must pair with the remaining edges of the star, it is easy to show that each edge is a member of λ_1 of the c − 1 sets; similarly for edges not in the star, each must lie in the same block as a c − 1 set λ_2 times. We next must show that every block receives c new points. Since any block contains 2k = (n − 1)c edges from the n stars, and this is some mix of c − 1-sets and c-sets, clearly this mix is c of c − 1-sets and n − c of c-sets, hence each block will receive c new edges in our embedding. Thus every block when considered as a subgraph of K_n has exactly c vertices of degree c − 1 and n − c vertices of degree c. The ^nal problem is to show that every pair of new points occurs together λ_1 times. That is if we consider for each block the set of vertices of degree c−1, then these b sets must form a 2Ű(n,c,λ_1) design (with repeated blocks). We state this as our next theorem.

Theorem 4.2. Given a triangular PBIBD(2) with parameters (( n 2 ) ,b,r,k, (λ_1,λ_2) )

with an eigenvalue of λ_2 − λ_1 of multiplicity n − 1 and c = 2k/(n − 1) integer, then

(1) every block is a subgraph of K_n, that has exactly c vertices of degree c−1 and n−c vertices of degree c;

(2) if the sets of vertices of degree c−1 form a (n,b, (n−1)λ_1/2,c,λ_1)ŰBIBD, then we may extend the given triangular PBIBD(2) to a triangular PBIBD(2) with parameters (( n + 1 2 ) ,b,r,k + c, (λ_1,λ_2) )

Observe that Series 2 in Table 1 ^ts the criterion of Theorem 4.2 in which the BIBD of vertices of degree c − 1 = 1 are all the pairs each repeated twice, a (6,30,10,2,2)Ű BIBD. Hence we may extend this design to obtain Series 9.

In the special case in which λ_1 = 0, it is straightforward to show that c = 1. The required (n,b,r,1,0)ŰBIBD trivially exists so the conditions of Theorem 4.2 hold. We record this useful result as Theorem 4.3.

Theorem 4.3. Given a triangular PBIBD(2) with parameters (( n 2 ) ,n(n − 2)λ_2, (n − 2)λ_2, (n − 1)/2, (0,λ_2) ) , we may extend this to a triangular PBIBD(2) with parameters (( n + 1 2 ) ,n(n − 2)λ_2, (n − 2)λ_2, (n + 1)/2, (0,λ_2) ) . Now we can exploit the result of Lam et al. [7] to resolve another open case.

Corollary 4.4. A triangular PBIBD(2) with parameters

(55,99,9,5, (0,1))

does not exist.

It might be noted that another of Chang et al.’s exhaustive searches, (the second in [4, Table 11]) could have been avoided, as it would extend to the design in last of their exhaustive searches Ű although in that last search, they also excluded a PBIBD(2) based on the 3 pseudo-triangular association schemes on 28 points, in addition to the triangular scheme T (8). Batten and Beutelspacher [2, pp. 46Ű47] have con^rmed this search for the triangular T (8) scheme.

References

1. K.R. Aggarwal, A note on construction of triangular P.B.I.B. design with parameters v = 21,b = 35,r = 10,k = 6,λ_1 = 1 and λ_2 = 2, Ann. Math. Statist. 43 (1972), 371.

2. L.M. Batten and A. Beutelspacher, Theory of ^nite linear spaces, Cambridge University Press, Cambridge, UK, 1993.

3. W.H. Clatworthy, Tables of Two-associate class partially balanced designs, Nat.

Bur. Standards Appl. Math. Series 63 (1973).

4. Chang Li-chein, Liu Chang-wen, and Liu Wan-ru, Incomplete block designs with triangular parameters for which k ≤ 10 and r ≤ 10, Sci. Sinica 14 (1965), 329-338.

5. C-S. Cheng, G.M. Constatine, and A.S. Hedayat, A uni^ed method for constructing PBIBD Designs based on triangular and L_2 schemes, J. Roy. Statist. Soc. Ser. B 16 (1984) 31-37.

6. D.L. Kreher and D.R. Stinson, Combinatorial Algorithms: Generation, Enumeration and Search, CRC Press, Boca Raton, FL, 1998.

7. C.W.H. Lam, L. Thiel, S. Swiercz and J. McKay, The nonexistence of ovals in a projective plane of order 10, Discrete Math. 45 (1983), 318Ű321.

8. D. Raghavarao, Constructions and combinatorial problems in design of experiments, (rev. ed.), Dover, Mineola, NY, 1988.