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Abstract Deferred correction is a well-established method for incrementally in-
creasing the order of accuracy of a numerical solution to a set of ordinary differen-
tial equations. Because implementations of deferred corrections can be pipelined,
multi-core computing has increased the importance of deferred correction meth-
ods in practice, especially in the context of solving initial-value problems. In this
paper, we review the theoretical underpinnings of deferred correction methods in
a unified manner, specifically the classical algorithm of Zadunaisky/Stetter, the
method of Dutt, Greengard, and Rokhlin, spectral deferred correction, and integral
deferred correction. We highlight some nuances of their implementations, including
the choice of quadrature nodes, interpolants, and combinations of discretization
methods, in a unified notation. We analyze how time-integration methods based
on deferred correction can be effective solvers on modern computer architectures
and demonstrate their performance. Lightweight and flexible Matlab software is
provided for exploration with modern variants of deferred correction methods.

Keywords ordinary differential equations - initial-value problems - deferred
correction - parallel computing - method of lines - multi-core computing

Mathematics Subject Classification (2010) 65B05 - 65L05 - 65L06 - 656M20 -
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1 Introduction

Differential equations have proven to be a powerful tool for mathematically de-
scribing the evolution of physical systems since the days of Newton and Leibniz
in the late 1600s. Unbeknownst to many, the solutions to differential equations
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significantly impact our daily lives, from the shapes of our planes, trains, and
automobiles to how our financial markets behave to what we predict the weather
will be. More specialized applications of differential equations range from modeling
quantum mechanical systems to infectious disease spread to the universe at large.
Many of these models take the form of partial differential equations (PDEs), and
many others take the form of ordinary differential equations (ODEs). Because the
nature of most differential equations is such that solutions can only be obtained
numerically, the so-called method of lines, which semi-discretizes a PDE in all but
one of its independent variables, is an abundant source of ODEs that arise from
the process of numerically solving PDEs.

There is increasing demand for highly accurate solutions to differential equa-
tions, and with that comes a corresponding increasing demand for efficient numeri-
cal methods. One of the most efficient ways to generate highly accurate solutions to
ODEs is through the use of high-order methods. Unfortunately, high-order meth-
ods can be difficult to derive and much more involved to implement than low-order
ones. This has made researchers ponder whether there is a way to increase the ac-
curacy of the results of their functioning low-order codes without the need of a
new algorithm or an increase in resolution (and hence computational costs and
times to solution).

Deferred correction (DC) methods are well-established methods for construct-
ing high-order approximations to the solution of differential equations based on
lower-order numerical methods by a process of iterated corrections. The general
idea is that a numerical solution to an initial-value problem (IVP) or boundary-
value problem (BVP) for a system of ODEs is computed and then subsequently
refined by solving a sequence of related problems. Under suitable assumptions,
this process can be repeated to produce solutions with an arbitrarily high order of
accuracy. We use the terminology “DC method” to generally refer to the process
of refining the numerical solution to an ODE by iteration. This includes methods
that have been referred to in other contexts as difference correction methods or
defect correction methods; see also below. Classically, they are portrayed as accel-
eration methods, as in accelerating the convergence of the numerical method to the
exact solution. Such acceleration methods include Richardson extrapolation. DC
methods have the advantage, however, that they use only one mesh.

DC methods have been used simulate a wide range of systems, including plas-
mas [15], flames and other low Mach number reacting flows [52], high Reynolds
number incompressible Navier—Stokes equations [1], and compressible flows asso-
ciated with climate and numerical weather prediction [57]. Such methods have
also been used in the optimal control of aircraft flight [8], the solution of forward-
backward stochastic differential equations [68], and as geometric integrators [35].

DC methods were originally proposed by Fox in the 1940s [23] as difference
correction methods. His influence seems to be the most prevalent in this first era
of DC methods. Fox notes that derivatives may be expressed as infinite series of
differences, and thus the common finite-difference approximations to derivatives
are truncated versions of these series. These difference correction methods compute
a solution followed by a correction term of higher-order differences that is then
used to calculate a new solution. This correction turns out to be an estimate of the
local discretization error [59]. These methods allow the improvement of accuracy
of finite-difference solutions without increasing the complexity of the algebraic
systems required for the solution. However, they require calculation of solution
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DEFERRED CORRECTION METHODS 3

values outside the domain of integration, and high-order differences typically suffer
from significant cancellation, leading to non-negligible round-off errors. In [23],
deferred correction is applied to BVPs for ODEs and eigenvalue problems for
ODEs and PDEs. The approach is applied to IVPs by Fox and Goodwin in [24].

Pereyra generalizes deferred correction to functional equations in [53] and con-
siders specific examples in the solution of BVPs in [54]. Skeel in [59] credits Pereyra
with the resurgence of a second era of DC methods in the 1960s. Pereyra offered
a fresh perspective on DC methods in terms of local truncation error estimation
and provided them with a relatively general and rigorous foundation.

Zadunaisky discusses in [75,76] a method for estimating the global error in a
numerical solution to an IVP or BVP, an idea that now forms the basis for defect
correction. Given a (continuous) numerical solution y(¢) to an IVP, a neighbouring
problem is constructed for which y(¢) is the exact solution. A numerical solution
for the neighbouring problem is then computed, and because the exact solution
¥(t) to this problem is known by construction, its error can be calculated exactly.
This error is then used as an estimate of the global error in y(¢), and hence y(t)
can be corrected. The method was different from [53] in that it did not involve
calculating local truncation errors. The method requires the interpolation of the
numerical solution, however, and is prone to problems when using large equi-spaced
grids. Such problems are mitigated by dividing the domain of integration into small
groups of intervals and performing the interpolation on them [76]. In [66], Stetter
generalizes this technique as the basis for an iterative defect correction method,
in which the error approximation is added to the numerical solution to form a
new solution, and the process of finding a neighbouring problem is repeated. This
is the algorithm that we refer to here as classical deferred correction (CDC), with
acknowledgments as well to important work by Frank and Ueberhuber right around
that time. Stetter also contributed important ideas on global error estimation for
IVPs in [66]. This seems to have been the starting point for Lindberg’s work [41].

Besides reviewing the history of DC methods and related methods up to the
time of its publication, Skeel in [59] provides general theoretical techniques for
DC solutions to DEs that simplify and strengthen work initiated by Lindberg [41]
on the numerical solution of operator equations. The major contribution seems to
be a shift in emphasis from assuming the existence of asymptotic expansions of
the global error in terms of the step size to its smoothness in terms of discrete
Sobolev norms. This is a significant departure from Pereyra’s approach of basing
local error estimates on local error expansions.

DC methods have been extensively applied to IVPs [24,20,13,14,16,34] and
BVPs [23,53,54] for ODEs, initial-boundary value problems for PDEs [23,37,56],
differential-algebraic equations [56,36], and eigenvalue problems [24,19]. They have
been used in conjunction with linear multistep methods [67], Krylov subspace
methods [36,11,36], and splitting methods [30]. The most popular construction
for interpolation is via Lagrange polynomials. The use of rational functions for
interpolation on equi-spaced grids for DC methods was studied in [28]. Here, we
also discuss the use of interpolants based on continuous extensions of numerical
methods as well as splines.

In [20], Dutt, Greengard, and Rokhlin attempt to encapsulate the state of
the art of DC methods at the time by proposing a “classical” deferred correction
method, which is similar to (but not exactly) Zadunaisky’s approach [76]. In view
of this, Hansen and Strain [34] argue CDC is misleadingly named and call it
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the DGR method after its proposers, and we follow suit. Despite its inauspicious
introduction, we describe the DGR method in detail because it is a widely known
method and it has the desirable feature of not requiring computation of the system
Jacobian in its formulation. In [20], Dutt, Greengard, and Rokhlin also propose,
however, an important variant of deferred correction, which they called spectral
deferred correction (SDC), that bases the correction step on the Picard integral form
of the solution to the IVP. Layton and Minion [39] argue SDC is also misleadingly
named, citing the fact that although the quadrature rule over the entire interval
is spectral, the intermediate quadratures over sub-intervals are not. Although in
agreement with Theorem 4.1 of the original SDC paper [20], this argument was not
completely rigorous. By viewing SDC in the framework of implicit RK methods,
Hagstrom and Zou [30] show how full spectral accuracy can be achieved. The
original motivation for using the Picard form is the increased stability. With this
approach, however, it is possible to use locally non-uniformly spaced nodes in
each integration subinterval, and convergence of the iteration is still guaranteed,
in contrast to CDC, where convergence and order of accuracy typically break
down in such cases [2]. Dutt, Greengard, and Rokhlin investigate convergence
orders as high as 20 on test problems but limit the integrators to forward and
backward Euler [20], a choice that turns out to be optimal in a sense described
below. Indeed, [20] seems to have kicked off the third and most recent resurgence
in research interest and developments in DC methods.

DC methods, and in particular SDC methods, can be designed to have some
appealing properties. In [45], Liu et al. explore the strong-stability-preserving prop-
erty in the context of SDC. In [38], a finite volume approach is used to discretize the
compressible Navier—Stokes equations in order to produce a conservative method.
Winkel et al. describe a high-order Boris integrator based on SDC for models in
plasma physics in [73]. SDC was applied to fractional differential equations in [74].

Recent research has shown that under certain conditions DC methods [2], [3]
and SDC methods [30] can be viewed as approximations to implicit Runge-Kutta
(IRK) methods. Collocation methods are known to be equivalent to a special class
of IRK methods (see [31, Chap. II Thm 7.7]), and by construction they have zero
residual. Auzinger et al. in [2], [3] show that DC methods are iterative collocation
solvers and, with certain choices of nodes, can exhibit superconvergence. In [30],
Hagstrom and Zhou show that by constructing residuals of sufficiently high order,
an SDC method achieves the same order as an IRK method at the grid points.
When solving IVPs by IRK methods, the iterative nature of DC methods allows
them to offer convenient initial values for the solution of the stage / solution
values at each step, hence promoting rapid convergence. The use of higher-order
provisional solutions before the application of SDC iterations is explored in [40],
where the backward Euler method is used to improve the order of accuracy by
one at each SDC iteration. Other studies of the convergence of DC solutions to
collocation solutions include [36], [71], [57], with subsequent insights into choosing
quadrature methods presented in [55]. A more general study of the accuracy and
stability of SDC methods for various choices of quadrature nodes (Gauss—Legendre,
Gauss—Lobatto, Gauss—Radau, and uniformly spaced) was performed in [39].

In [12], the convergence properties of SDC methods are analyzed by inter-
preting an SDC method as a Picard iteration. This differs from conventional ap-
proaches that view SDC methods as iteratively correcting provisional solutions by
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solving an error equation. They show that the choice of the base solver need not
be consistent with the underlying ODE to obtain a convergent method.

An important practical contribution to obtaining high-order numerical solu-
tions of ODEs came from the work of Minion and co-workers, e.g., [9,46,47,38,
40]. The importance of these works was the practical demonstration of how high-
order numerical solutions to N-additive problems with N > 2 could be obtained
from low-order methods despite multiple splitting errors and without the need to
solve order conditions. Analogous high-order methods were not readily available
at the time, and this propelled the initial interest in SDC methods. SDC has been
implemented in a semi-implicit manner for the solution of incompressible flows
in [47], the Allen—-Cahn and Cahn—Hilliard equations in [44], and the compressible
Boussinesq equation in [57], where the splitting was based on wave speeds. SDC
was applied in a multi-level framework for solving PDEs in [63], where spatial
coarsening was used for generating predictors (initial approximations; provisional
or uncorrected solutions). Multi-level SDC methods were combined with spherical
harmonics to produce high-order implicit-explicit (IMEX) methods and used to
solve wave propagation problems arising from solving the shallow water equations
on a sphere [33]. Order reduction associated with semi-implicit SDC was observed
n [46]. SDC was used in a multi-implicit manner in [9,38]. In [9], advection-
diffusion-reaction PDEs are solved using the method of lines. The advection term
is integrated explicitly; the diffusion and reaction terms are integrated implicitly,
independently, and with potentially different time steps. Of particular note to
parallel-in-time integrators, in [48] SDC was incorporated as the “fine propaga-
tor” in the parareal framework [43]. The move into parallel computing represents
another significant development in the practical use of SDC methods and is elabo-
rated upon below. SDC was also shown to be tolerant to soft hardware data faults
in [27].

More recently, Christlieb et al. describe another variant of DC called integral
deferred correction (IDC) that allows for higher-order single-step integrators to be
used [13,14,18]. Operator splitting techniques (such as Lie-Trotter and Strang op-
erator splitting), alternating direction implicit (ADI) methods, and IMEX methods
were introduced in the IDC context in [18] and applied to the Vlasov—Poisson prob-
lem in [15]. IDC methods were applied to singular perturbation problems in [6].
Analysis of order reduction in IDC methods based on IMEX-RK methods and
applied to singular perturbation problems was carried out in [7].

A particularly important recent advancement in the resurgence of DC methods
has been with respect to their time parallelism. In this regard, there have been
two main lines of research.

In the first line of research, Christlieb et al. demonstrate in [16] that it is
possible to implement a parallel version of IDC, which they call revisionist integral
deferred correction (RIDC), such that under mild assumptions it is possible to
produce an arbitrarily high-order solution in essentially the same wall-clock time
it takes to compute the provisional solution. In other words, it can exploit coarse-
grained parallelism on a small to moderate number of compute cores with near
perfect efficiency. More generally, this makes DC methods particularly attractive
for use on modern computer architectures: a high-accuracy solution to an IVP
can be obtained in approximately the same wall-clock time as a low-accuracy
solution provided a small number of cores are available. Investigations into the use
of adaptive step-size control within the RIDC framework were carried out in [17].
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In the second line of research, Minion and Williams [50] and Minion [48] pro-
posed a method for parallelizing the numerical solution of ODEs based on using
SDC within a parareal [42] framework. Emmett and Minion [22] then went on
to combine the parallel (P) use of SDC within parareal algorithm with the full
approximation scheme (FAS) from multi-grid, e.g., [29,10], space-time (ST) to
construct parallel integrators for PDEs to form an algorithm known as PFASST.
The central idea is that PFASST employs a FAS correction on coarse grids using
information from fine grid SDC sweeps to efficiently enhance convergence. Coars-
ening is done in both space and time, and coarse and fine time integrations can
be done in parallel, leading to a method that was shown to scale reasonably well
on some benchmark problems in [22]. Since then, PFASST has become the hall-
mark parallel-in-time integration method, with numerous papers being published
on the topic. A short list of such papers includes [64,49,62,4,5,26,61] and further
references therein.

In this paper, we undertake a review of the different classes of DC methods
used in the solution of IVPs. We assume that the IVP is in the standard form

%y(t) —f(t,y(t), a<t<b, (1.1a)
Y(@) = ya. (1.1b)

where y, € C™, y(t) : R - C™ and f : R x C™ — C™. We assume that f is suffi-
ciently smooth for existence and uniqueness of the solution and its corresponding
series expansions when using high-order methods. The focus of this study is the
application of DC methods to problems that may best be described as moderately
stiff. High-order semi-implicit SDC methods were reported to be more efficient
than semi-implicit (additive or IMEX) Runge-Kutta methods in [47]. Highly stiff
problems present a unique set of challenges. Boscarino and Qiu [6] perform an error
analysis on IMEX-RK-IDC methods applied to (highly stiff) singular perturbation
problems and analyze the phenomenon of order reduction. A full discussion of the
behavior of DC methods applied to such problems is beyond the scope of this
paper.

The remainder of this paper is structured as follows. In section 2, we review
some of the theoretical background necessary for the understanding of deferred
correction methods and establish a unified notation. In section 3, we review the
classical defect correction method of Zadunaisky / Stetter, the DGR method,
spectral deferred correction, integral deferred correction, and revisionist integral
deferred correction. We offer some non-traditional ideas for implementation, in-
cluding the choice of quadrature nodes, interpolants, and combinations of dis-
cretization methods, that illustrate the flexibility of deferred correction methods,
with particular emphasis on the RIDC formulation for parallel architectures. In
section 4, we discuss our numerical testing of these ideas and the results on some
benchmark problems using lightweight and flexible Matlab software. In section 5,
we give our conclusions.

2 Theoretical background

In this section, we provide the essential theoretical background behind deferred
correction for the solution of IVPs.
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2.1 Spectral integration and differentiation

Suppose that {t1,t2,...,tn} is a strictly increasing sequence of points in R and that
for each point ¢; there is a corresponding solution value y;. Let Y = (y1,y2,...,¥n).
Then we can define the Lagrange form of the interpolant of degree (n — 1) for the
points Y at any point ¢t € R by the familiar formula

n

Lo(Y) =Y 4(t)-yi, (2.1)

i=1

where Ly : Rx C™*™ — C™ and the basis functions ¢;(¢) are given by the formula

n

t—1t;
Ei(t):Ht,itj/
’ i j

Jj=1
J#i

This interpolant has approximation order n.

It is well known that approximations to the operations of differentiation and
integration of polynomials can be conveniently viewed as matrix multiplication; we
now define the differentiation and integration matrices to be used in this discussion.

Definition 1 (Differentiation operator) Let y(¢) : R — C™, and let the matrix
Y = (y1,y2,...,¥yn) be defined by

yizy(ti), i:1,2,.4.7n.

Then if d = (di1,d2,...,dy) is defined by

d
;= — Ln(t;Y i =1,2,...
dZ dt t:ti n(ta )7 1 )~ 777,,

the linear mapping Dy, : C"*™ — C™*™ for which
d=D,Y
holds for all Y, and is defined to be the differentiation operator.

Definition 2 (Integration operator) Similarly, if 9 = (q1,q2,...,9n) is defined
by

t;
qi:/ L,(t;Y)dt, i=1,2,...,n,

—1

then the linear mapping Qy, : C""*"™ — C™*" for which

q=QnY

holds for all Y and is defined to be the integration operator.
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We have defined the lower bound of the integral in Definition 2 to be —1 in
anticipation of using Gaussian quadrature nodes (e.g., Gauss—Legendre or Gauss—
Lobatto) for its evaluation in spectral deferred correction. Given a positive integer

n, we denote the n Gaussian nodes on [—1,1] by 71,72,...,Tn. For the scaled and
shifted problem on [a,b] C R, we denote the n Gaussian nodes by 7i,72,...,Tn,
given by
b— b
ﬂ:Ta~Ti+ 42“’, i=1,2,...,n. (2.2)

If D, and Qn are computed using Gaussian nodes, they are called the spectral
differentiation and integration operators, respectively. However, this terminology
generally applies to any choice of spectral nodes, including Chebyshev nodes. The
n Chebyshev nodes on [—1,1] are

0; = — cos (Mﬂ'), i=1,2,...,n,
2n
where the negative sign is included so that the nodes are in increasing order with
i. The Chebyshev nodes for the scaled and shifted problem on [a,b] C R are formed
as in (2.2).
The effect of operators D,, and Q, may of course be implemented as right
multiplication by the appropriate matrices.

3 Classes of Deferred Correction Methods

We now describe some of the main classes of deferred correction methods, in
particular some that have attracted the most recent attention from researchers.
We distinguish between deferred correction methods based on the form of the error
equation that is discretized and solved numerically. In practice, the stability of the
implementation depends critically on how this is done.

We suppose that the time domain, [a, b], is subdivided into J intervals,

a=to<t1 <---<tj<---<ty=b. (3.1)
Each interval, [t;,t;41] is further subdivided using n nodes,
tj <tj1<tja<--<tjn<tjz1 j=01,...,.J-1 (3.2)

We note that each group of nodes, {t; };—,, may include both endpoints {t;,#;1}
of each interval, as in the case of Gauss—Lobatto or uniformly spaced nodes, or
they may not, as in the case of Gauss—Legendre, Gauss—Radau, or Chebyshev
nodes.

The general idea for deferred correction methods is as follows. In interval
[tj;tj+1], a method of order po is used to determine a provisional solution for

(1.1), YJLO] = (yf}, e 73’5‘?31)7 where

vy =yt) +o(an), i=1,2,...n,

where At = t; 1 —t; is the step size. This solution is then corrected in an iterative

manner. Denoting the continuous approximation to y(t) based on interpolation of
the discrete solution Yj[-k] on interval [tj,¢;41] and at iteration (correction level) k
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by Yj[-k] (t) = (ygki (#),... ,y][kjl (t)), the error function at correction level k is defined

by
Mt Y1) =y) - Y ), teltytinl (3.3)

and can be estimated and returned as part of the output from each algorithm
described below, if desired.

3.1 Classical Deferred Correction (CDC)

Although there is some room for debate, in this paper we refer to the global error
estimation method using defect correction, as described by Zadunaisky in [76],
combined with its generalization to iterative defect correction, as described gen-
erally by Stetter [66], as classical deferred correction (CDC).

CDC begins by finding a numerical solution to (1.1) and forming a continuous
provisional solution Y°/(¢). Then differentiating the error function (3.3), we form
the error IVP

Gl Y = Sy - 5o
= £(t.el(t, Y (1) + Y (1)) - dt v (), (3.4a)
M (t;, YM(t;) = 0. (3.4b)

The method proposed by Zadunaisky [76] linearizes (3.4) and performs one
iteration of the system

Lol Y1 (0) = gy (t Y)Y e) - s e yH@),  (3.5)
e (t;, Y (1)) = (3.5b)

where
s, Ykl (1)) = Y[k ) — £(t, Y® (1)) (3.6)

is the defect function and
of
Jr(t,y) = y(t \Y)

is the Jacobian of (1.1a). Stetter then proposed a general iteration of (3.5) over k.

We solve the error equation at correction level k with a method of order p; to
k] o [F] (k]
= (e} e

1€ j)n), where

get an approximate solution E

k k k .
eg,g :eg ](tjy“ygz])—’_o((At)pk)v = 1,2,...,71
We then form the corrected solution
(k] _ ~/[k—1] (k—1] _
Y_] —Y] +E] ) k_]-a277K7

extrapolating the interpolating polynomial to provide values at ¢t = t; 1, if desired.

The procedure for CDC is given in (3.1). It is understood that the algorithm
is iterated completely on each group of nodes [t;1,t5,], j = 0,1,...,J — 1, be-
fore moving on to the next. If the order of the interpolant is sufficiently high and
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uniformly spaced nodes are used within each interval, the solution after this proce-

K
dure is accurate to order O((At)Fx), where Px = 3 py [58], [2]. More specifically,
k=0
however, if the order of accuracy of Y*! (t) is n (e.g., using Lagrange polynomial
interpolation with n points), then the CDC solution has order of accuracy

o((Atymin(Pron=1)) (3.7)

because it uses the differentiated interpolant. In practice, the quality of the esti-
mate is also influenced by the stability of the interpolant. For example, the “catas-
trophically bad” idea [69, p. 42] of high-order interpolation at equally spaced points
generally gives poor results despite the formally high order of accuracy. Accord-
ingly, the continuous solution Y*! (t) at level k is formed in practice as a piecewise
polynomial (i.e., a spline) by concatenating interpolating polynomials every “few”
steps (say no more than 10). In such cases, CDC can produce acceptable results.
This is illustrated in section 4. Schild [58] proposed a modification of CDC to reach
spectral accuracies in the context of BVPs. The idea is that the basic method is
used to solve (1.1) on a uniform grid on each interval, whereas the defect is evalu-
ated at spectral nodes, a notion reminiscent of SDC; see section 3.3. Related work
can also be found in [2], [3].

Algorithm 3.1 Classical deferred correction
1. for j=1to J do

2. Compute an initial approximation Yg_o] = (YE'(,)]NYB?]Q’ e ,yg.?ll) to IVP (1.1) at the
points tj; € [tj,1,tjn], ¢ =1,2,...,n, using a method of order pg.

3. for k=1to K do

4. Form the continuous solution ng_l] ().

5. Solve the IVP (3.5) using a method of order p; to compute an approximation

to the error Eg.k_l] = (eyfl_l], ceey Ek;l])

6. Form the new approximate solution Y][.k] = Yg.kfl] + Egkil].

7. end for

8. end for

9. return Y;K] (tjt1)-

3.2 The Method of Dutt, Greengard, and Rokhlin (DGR)

As defined in [20], the DGR method uses a sequence of IVPs for the error based
on (3.3) to continually improve a given approximate solution, Y][O] (t), in each
interval. Rather than linearizing (3.4) to obtain (3.5), the DGR method solves (3.4)
directly. This is the key theoretical difference, leading to the high-level algorithmic
difference with CDC, occuring in line 5 of Algorithm (3.1).

3.3 Spectral Deferred Correction (SDC)

Like CDC and DGR, SDC can be interpreted as using a sequence of IVPs to contin-
ually improve an initial approximate solution Y][.O] (t) in an interval [t;,t;41]. The
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equation used for the error, however, is based on the Picard integral formulation
of the solution in each interval,

yi(t) =y(t;) + /t £t y())dt', te [ty tip1] (3.8)

Given a continuous approximation Y;k] (t) to the solution of (3.8), we define the
residual function,

t
(e, v (1) = Y (1) + / £, YW () e — Y ). (3.9)

The error function can then be expressed as
k k k
M, YM(1) =y, (1) - Y1) (3.10)

- / t [f(t’,Y][.k](t') +el (@ Y ())) —f(t’,Y][.’“](t'))] dt’ + v, Y (1))

We define the function Af : R x C™ — C™,
el Y 0) = (6 (0 + el 0 Y 0) £ YT ). (3.11)
Then, (3.10) can be rewritten in a Picard integral form like (3.8),
¢
k k k k
eM(t, Y1) = A A el (i) dt’ +xM (2, v (1)), (3.12)
J

(egkfl] [kfl]), we first compute the m x n

(k=11 _
To compute the error Ej = o€

residual matrix R; (Y!*]) by using quadrature to approximate the integral in (3.9),
k]~ [k k k
RV = (1 (0, y) ) e 2y i) 0, 5) (3.13)

~ v K] (K] _ k]
~ Y 4+ QT — vl

where the matrix S?J[.k] is given by

ok _ (ya7}’a7-..,ya) i1
Y v b ‘ (3.14)

and the matrix ng] is given by

k k k k
FU = (£(t5,0, 51D £t 0,y 1) £ty i),

The error is then typically computed by applying the left-hand rule or right-hand
rule quadrature rule to (3.12). The left-hand rule yields

ey = el + auatti el + (RVE i +1) - RIL), (3.15)

where RJ[:, ] refers to column i of matrix R. Similarly, the right-hand rule yields

k k k k .
ol =l - auatti el )+ (RULi+1]-RIL). (316)
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The procedure for SDC is given in (3.2). As originally formulated, SDC uses
spectral nodes 7, i = 1,2,...,n, e.g., the Gaussian nodes (2.2), as the places
where ng] is computed [20]. Although in principle it is not necessary to restrict
the choice of integrators to forward or backward Euler, the general non-smoothness
of the error vector as measured by a discrete Sobolev norm and associated with
non-uniform spectral nodes only guarantees an increase in order of one per cor-
rection level [16]; hence the use of high-order integrators is generally not deemed
worthwhile. Nonetheless, using spectral nodes, SDC generally gives superior results
compared to CDC and DGR, especially for large n.

Algorithm 3.2 Spectral deferred correction

1. for j=1to J do

2. Compute an approximation Y (ygoll, yg’]Q, e ,yg.?ll) to IVP (1.1) at the spectral
nodes tj; € [tj,1,t5,n), ¢ =1, 2 ., n, using forward or backward Euler.

3. for k=1to K do

4. Form the continuous solution Y[k_1 ().

5. Compute the approximate residual R[k 1 (YIF=11) by (3.13).

6. Compute the error, Egk U = (e; [k 1], A Bkn 1]) e.g., using (3.15) or (3.16).

7. Form the new approximate solutlon Y][. I ng 1 + Eg 1,

8. end for

9. end for K

10. return Y} ](tj+1). If the spectral nodes include the right endpoint, i.e., t; n = t;j11,

then YE.K] (tjy1) = YLK]. If the spectral nodes do not include the right endpoint, the

collocation polynomial is formed using YJ[.K] and evaluated at ¢;41.

For the purpose of comparing DC methods in section 3.5, we differentiate (3.12)
to form the IVP that can be used to describe the SDC algorithm. One can view
the SDC algorithm as being applied to each group of nodes (3.2) within [¢;,t;41]
using

Gele ) = arte v+ Zee v o). (3.172)

eM(t;, Y1) = 0. (3.17b)

3.8.1 Collocation

Approximating the Picard integral formulation (3.8) using quadrature gives rise
to

(%]

M=y .l (3.18)

Y;
where Q, are the quadrature weights and ?J[»k] is defined in equation (3.14). Equa-
tions (3.18) can be recognized as the standard conditions for collocation on the
interval [t;,¢;41]; see, e.g., [31]. These conditions are also identical, however, to
the vanishing of the residual Rg-k] (Y][-k]) from (3.13); i.e., SDC converges to a col-
location solution of (1.1).
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The process by which this convergence occurs can be further understood by
considering the direct solution of (3.18) by quasi-linearization (Newton’s method).
Let f(t,y) = Ay +f(t) in (1.1), where A is a constant matrix. Then, the SDC form
of the error equation can be written as

(I-QuA)EM =RIM. (3.19)

Let Qn be a simpler quadrature rule, which we describe shortly. Qn is used to
precondition (3.19) as

(I- QuA) ' 1- QA)EM = 1-Q,a) 'R, (3.20)

which can further be written as

(k=1

k] _
(1-aQ,)El =Bl

where AQ,, = (I - QnA) 1 (Qn — Qn)A [36,71,57]. Because Q,, ~ Qn, we expect
IAQ, ]|l to be small, especially as At — 0. This interpretation has facilitated con-
vergence analysis and links SDC methods to other iterative solvers and multigrid
methods [55,60,71]. The operator Q. is often chosen to be the lower-triangular
matrix that arises from applying a right-hand quadrature rule to advance the so-
lution at each node as in (3.16) [71]. Further, with this interpretation of SDC as
a preconditioner for the collocation problem, this allows for incomplete solve of
the linear systems arising in each correction sweep, referred to in the literature as
inexact spectral deferred correction [65], [72].

3.4 Integral Deferred Correction (IDC)

The main idea behind integral deferred correction (IDC) [13], [14,16] is to solve an
integral form of the error equation that also incorporates the defect of the solution.
Using (3.6), the derivative of the error function given by (3.3) can be expressed as

Sell(e YI(0) = Ly - £y¥()
= f(t,y(1)) — £(t, Y (1)) — 6™ (1, YH (1))

= £(, YM () + (1, Y (1)) — £, Y (1)) — 6 (1, YIF (1)),
and after rearranging
%e[k] (t, Y® (1)) + 6™ (6, Y™ (1)) = £, Y (¢) + ¥ (1, YF (1)) — £, YIF (1)),
This can be expressed as
4 [e[kl ¢, Y () + /t sy <)) dt’} = £(t, YFI (1) + ¥l (¢, YIFI () — £(¢, YIFI (1)),

dt
(3.21)
or after using (3.6) and (3.11),

< [eW &Y™ (6) + Y™ (1) - /

a

t £(¢, YH (1)) dt’] = Al (1, Y ().
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The IDC algorithm is applied to each group of nodes (3.2) within [t;,t;41]
using

% e, YW (e) + / ta[’ﬂ(t’,ylkl(t’))dt’ = aflfl(e, Yy, (3.22a)

tj
eM(t;, Y (1)) = (3.22b)

Algorithm 3.3 Integral deferred correction
1. for j=1to J do

2. Compute the initial approximation Ygo] = (ygo]l,ygo]w e ygoll) at t;; €
[tj1,t5,n), 1 =1,2,...,n, using a method of order po.

3. for k=1 to K do

4. Form the continuous Solution Y£k71 ().

5. Compute the defect 5 (t Y ]( t)) using (3.6).

6. Solve the IVP (3.22) us1ng a method of order pj to compute an approximation

to the error Egkfl] = (eg-lffl]7 . ,eyf;l]) at tj; € [tj1,t5n] 1=1,2,...,n

7. Form the new approximate solution Y][.k] = ng_l] + E;k_l].

8. end for

9. end for

10. return YE.K] (tj4+1). If the nodes include the right endpoint, i.e., tj, = tjy1, then

Y}K] (tjt1) = YLLK]. If the spectral nodes do not include the right endpoint, the collocation
(K]

polynomial is formed using Yj and evaluated at ¢;41.

Note that discretization of (3.22) also approximates the integral by a quadra-
ture formula. For example, if the discretization is by the forward Euler method,
then we have

e

k k k k
g',z]+1: H (YHH yﬁ',;)

Gyt
+ At(f(tj,z,ygkl] +el) — £(t;, z,ygkj)) / £, YW dt,

and replacing the integral with a quadrature formula

k k k k
gz]—i-l 53 (yﬁ z]+1 yH)

n
k k k k
+ At (8t i+ elD = £ty + Aty Sty (3:29)

i=1

e

where the quadrature weights S;; can be defined, e.g., by integrating the basis
functions of the Lagrange form of interpolating polynomial

tjit+1 jar1r
Sj.i :/ () dt = / H dt.
i i i — by
% ;éz

We observe that if SDC is formulated using uniform nodes, equation (3.23) is
recovered. Further, an IDC method, constructed using (n 4+ 1) quadrature nodes
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and (K +1) prediction plus correction iterations of an s-stage explicit RK method,
can be reformulated as a ((K 4 1) sn)-stage RK method [13].

If the error equation (3.22) at correction level k is discretized using a method
K

of order py, the corrected solution is of order Py = ij if the quadrature is
j=0

sufficiently accurate and uniform nodes are used. If non-uniform nodes are used,

one is not guaranteed to obtain order p; increase at correction k, even if the

quadrature rule is sufficiently accurate. Consequently, there is little advantage to

using a high-order RK method to solve error equation (3.22) if non-uniform nodes

are used.

3.5 Examination of DC Methods

The four classes of DC methods discussed differ based on the specific form of the
error equation and how it is discretized and solved numerically. For example, (3.5)
is based on the linearization of (3.4). Similarly, (3.4) can be derived by differenti-
ating (3.12), applying the fundamental theorem of calculus, and simplifying using
(3.9), (3.11). Finally, (3.4) can be recovered by distributing the time derivative in
(3.22), applying the fundamental theorem of calculus, and simplifying using (3.6).

Unlike the CDC and DGR methods, SDC and IDC methods discretize an
integral form of the error equation. It is posited that discretizing an integral form
of the error equation provides improved stability of the numerical method [20]. In
terms of discretization, the main difference between SDC and IDC methods is the
ability of the latter to use any single-step integrator to solve the error equation. If
one discretizes (3.22) using explicit or implicit Euler integrators, one recovers (3.15)
and (3.16), respectively. Another difference is that the SDC (Picard) formulation of
the error equation (3.12) provides insight into how DC methods can be interpreted
as an iterative approach to solve the collocation equations.

Section 4 illustrates, through numerical experiments, the formal orders of accu-
racy of the CDC, SDC, and IDC methods. We show that the choice of quadrature
nodes affects the formal order of accuracy of the three classes of DC methods at a
given stage k. We also show in sections 3.6 and 4.2 below that DC methods can be
modified to allow for task-level parallelism; the parallel efficiency and the memory
footprint used by the DC method also depend on the choice of quadrature nodes
and the properties of the one-step integrator used.

So, how does one pick which DC method to use, how does one select the
set of quadrature nodes, and in the case of IDC methods, how does one select
which one-step integrator to use? Generally speaking, SDC and IDC methods
have improved stability relative to CDC and DGR methods stemming from the
discretization of an integral form of the error equation. If a DC method is desired
and a forward or backward Euler integrator can be used with tolerable expense,
then SDC methods with Gauss-Lobatto nodes (or Radau nodes for stiff problems)
are likely to be a good choice. However, if the stepsize constraint imposed by a
forward Euler integrator is too restrictive or an implicit integrator is undesirable,
then IDC methods constructed with a more appropriate one-step integrator, e.g.,
having higher order or enhanced stability [70], may prove fruitful. The choice
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of quadrature nodes depends largely on how much computational and memory
resources are allocated or what solution accuracy is ultimately desired.

3.6 Parallel Deferred Correction

A common criticism of deferred correction methods is the computational cost (i.e.,
the number of right-hand side function evaluations) to obtain a comparable accu-
racy to a high-order RK or multi-step method. Although this criticism is generally
justified, a key benefit of the deferred correction framework is the possibility for
task-level parallelism, where the solution at multiple nodes (varying correction lev-
els) can be computed simultaneously. This was recently observed, implemented,
and discussed for SDC methods in [60] and for IDC methods in [16], but the
idea can be broadly applied to the classes of deferred correction equations previ-
ously discussed. It was shown in [16] that the parallel IDC methods required fewer
non-concurrent function evaluations to achieve similar accuracy to a comparable
high-order RK method.

We recall that the time domain is divided into J intervals, (3.1), and each inter-
val is further subdivided using n nodes, (3.2). To describe the parallel algorithm,
it is convenient to consider nodes that include the endpoints of each interval,

tj:tj,l<tj,2<"'<tj,n:tj+1 jZO,l,...,J—l,
and relabel these nodes with a global index,
tmy =tji, m =0,1,... M, (3.24)

where ty = a, j =m' +(n—1),i = (m mod (n—1))+1, and M = J(n —
1). Instead of iterating the CDC, DGR, SDC, or IDC algorithm completely on
each group of nodes within an interval, one first observes that (3.4), (3.5), (3.17),
and (3.21) can be solved directly using a piecewise continuous approximation to
Y*=1(¢). This allows us to change the order of the loops in Algorithms 3.1, 3.2,
and 3.3. For example, a modified classical deferred correction algorithm is given
in Algorithm 3.4.

Algorithm 3.4 Modified classical deferred correction

O = (yg) ¥y (i) to IVP (1.1) using a

1. Compute an initial approximation Y

method of order pg.
2. for k=1to K do

3. Form the piecewise continuous solution Y F—1(#).
4. Solve the IVP (3.5) using a method of order pj, to compute an approximation to the
error ElF—11 = (elF =1 olF=1l olk=1ly
0) @) (M)
5. Form the new approximate solution Y = ylk=1] 4 glk—1]
6. end for
7. return yEIJEI])

The modified algorithm (where the DC method runs to completion on a given
level k) is sometimes called the global version, whereas in the other case it is called
local version [25]. Both versions achieve the same order of convergence.
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It has been observed numerically that the global versions of IDC methods are
stable provided the predictor is stable [16]. Although the global CDC, DGR, SDC,
and IDC methods can be shown to have the same asymptotic convergence behavior
as their respective local counterparts, the final solution generated by the global
versions of the method is generally less accurate because the correction equations
are not iterated to completion (level K) on each group of nodes; i.e., in the global
method, the integrator at level k, k < K, proceeds using information only from
levels k' < k, whereas the local method generally uses information from level K.

Although Algorithm 3.4 is not explicitly given in parallel form, it provides the
potential for pipeline parallelism, where multiple correction levels can be simulta-
neously computed [21]. Specifically, once a “piece” of the piecewise continuous
solution Y*~1(¢) can be constructed, iterate k can be computed while iterate
(k — 1) continues its computation. This idea is illustrated in Fig. 1, where a first-
order predictor is updating a provisional solution from ¢;_; to t;, while corrector
k computes an approximation to the error at time ¢(;_p,) in a pipeline-parallel
fashion. For uniformly spaced nodes, a “sliding stencil” of minimal sizes is possi-

Predictor

First Correction
Second Correction
Third Correction
Fourth Correction

Fifth Correction

Ctwte totmte  toteotan  tantastan  tastaotan  tastasteo -

Fig. 1 The deferred correction framework allows for task-level parallelism, where multiple
levels of correction can be computed simultaneously. While the first-order predictor is updating
a provisional solution from ¢;_1 to t;, corrector k is able to compute an approximation to the
error at time t;_p,, provided that a sufficiently accurate interpolant can be constructed. In the
figure, each group has four Gauss—Lobatto nodes and hence generates a sixth-order piecewise
interpolant that approximates Y[¥I(¢).

ble, as illustrated in Fig. 2, reducing the memory footprint and the lag interval of
a pipeline parallel implementation [16].

3.7 Analysis of Parallel Speedup and Efficiency

We present an analysis of the efficiency of a parallel implementation of DC us-
ing forward Euler integrators. In the notation introduced previously, we have J
groups of n nodes (3.2), where for simplicity we assume each group contains both
endpoints (and hence n > 2). We assume that function evaluations dominate the
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Predictor

First Correction

Second Correction

Third Correction

ti—6 tj—5 tj—a tj—3 tj—2 tj—1 t; et

Fig. 2 The deferred correction framework allows for task-level parallelism, where multiple
levels of correction can be computed simultaneously. While the first-order predictor is updating
a provisional solution from ¢;_1 to t;, corrector k is able to compute an approximation to the
error at time t;_j provided that a sufficiently accurate interpolant can be constructed. The
minimum stencil sizes required by each corrector, assuming uniform nodes, are shown for the
respective levels.

computational time and that all function evaluations require the same amount of
computation time; i.e., memory access and communication overhead are negligible
compared to the computation time required for function evaluations. Thus, (non-
concurrent) function evaluations can be used as a proxy for computational time.
Although quite popular and valuable in practice, work-precision diagrams of error
versus computational effort are decidedly difficult to reliably obtain in a parallel
setting. Considerations such as memory footprint and communication costs render
such results strongly system dependent and thus beyond the scope of this review.

The forward Euler method requires one function evaluation per node for com-
puting the provisional solution and one function evaluation per node for each
correction. Thus, the provisional solution requires J(n — 1) function evaluations
and each correction requires J(n — 1) function evaluations, giving a total of

fevalgerial = J(n - 1)(1 + Ks),

where Kg is the number of corrections in serial mode. This is also the time required
by a serial implementation. For a parallel implementation, we assume that the
first correction step may begin once the initial solution has been computed for
the first group of nodes, and similarly that the second correction step may begin
once the first correction has been computed for the first group of nodes, and
so on. For Kp corrections, this allows the utilization of Kp + 1 processors for
computation, provided there are sufficiently many groups (ideally J > Kp). We
count only the number of non-concurrent function evaluations in our evaluation
of the parallel implementation. For Kp corrections, the number of non-concurrent
function evaluations in a parallel implementation is

fevalnon—concurrent = (TL - 1)(J + KP)

The speedup of a parallel method is generally given by

T1

Snp =
P
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where T; is the execution time for a computation performed with i processors
and np is the number of processors. A speedup greater than 1 indicates that a
computation takes less time to run when additional processors are utilized. In the
ideal case, a speedup of np is obtained when np processors are utilized, leading
to a perfect parallel efficiency En, = Snp/np = 1. The speedup for the parallel
DC as described above with Kp + 1 processors is

S _J(n—l)(1+K5)_J(1+Ks)
Ketl = n=1)(J+Kp)  J+Ep

In the case when J = 1, we have Kg = Kp := K, and hence Sk, = 1,
independent of K i.e., there is no opportunity for parallelization for the case of
only one group, and the computation is necessarily serial. It is possible that more
RIDC iterations are required to converge to a similar level of error when J is large.
In the case when J > Kp, we obtain Sk .1 =~ Kg + 1, showing that the speedup
improves as Kg increases. The parallel efficiency is

SKp+1 _ J(1+ Kg)
Kp+1 (Kp—i—l)(J—f—Kp)’

EKP+1 =

which approaches (1 + Kg)/(1+ Kp) for J > Kp.

This result can be interpreted as follows. If np = Kp + 1 processors are used
to implement a parallel DC method with Kp corrections and J > Kp, a high-
order solution can be attained in virtually the same wall-clock time as a low-order
provision solution computed with one processor.

4 Numerical Experiments

We now perform a number of numerical experiments to illustrate some of the
behaviors of the deferred correction methods described by means of the following
test problems:

1. A linear, non-autonomous system,

d _( ty2(t) +ya(t)
Y= (—tyj(t)+y2()>’ 0<t<l,

y0) = (}).

with exact solution,

~

_ e’ (cos(0.5¢%) + sin(0.5t%))
y(t) = (et (COS(O.5t2) - sin(0.5t2))) '

2. A system of ODEs arising from a methods-of-lines discretization of the Brus-
selator equation in R!

ut = A+ v*v — (B+ Du + augs, (4.1)

2
vy = Bu — u“v + augg,
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We discretize the spatial derivatives by centered differences and use the pa-
rameters A =1, B = 3, and « = 0.02, initial conditions

u(z,0) = 1 + sin(2rz), v(z,0) = 3,
and boundary conditions
u(0,¢) = u(l,t) =1, v(0,t) = v(1,t) = 3.

3. A restricted three-body problem, known as the Arenstorf orbit problem [32],
whose solution gives the orbit (y1,y2) of a light object, e.g., a satellite, moving
under the influence of gravity of two heavy objects,

Y1+ y1 —p
— M D1 — K D2 )
P PR Y
Y2 Y2 Y1 M D1 :U’D2 (42)

3/2 3/2
Dy = ((y1 +u)?+ y%) , D= ((y1 -+ y%) :
p=0.012277471, 4 =1—p.

1 =y1 + 292

Choosing the initial conditions
y1(0) =0.994, 31(0) =0, 92(0)=0, 92(0)=—2.001585106379,

gives a closed periodic orbit with period 17.065216560159.

More specialized DC algorithms exist for these problems than those described
in this paper; e.g., the Brusselator equation could be treated with a semi-
implicit method [46,18] and the Arenstorf orbit problem could be treated di-
rectly as a second-order problem. The use of such specialized algorithms would
undoubtedly affect performance in practice, but their implementation and as-
sessment, are beyond the scope of this review.

4.1 Order of Accuracy and Efficiency

We use test problem 1 to illustrate the expected order of accuracy that can be
expected for deferred correction methods as well as to compare the computational
effort for various methods. Suppose that we have J groups of n nodes, as described
in (3.2). If these nodes are uniformly distributed, we recall (3.7) that DGR methods
can attain order

min (Pg,n — 1),

where po is the order of the integrator used to construct the provisional solution,
pi is the order of the integrator used to compute the numerical approximation
at level k, K correction steps are taken, and Py = ZkK:o pr. Suppose forward
Euler integrators are used to generate the provisional solution and then used to
solve the error equation (3.5). The standard convergence plot, error versus the
number of intervals, is shown in Fig. 3; the methods achieve the designed orders
of accuracy. To compare the efficiency of these integrators, we need to account for
the varying amount of work performed by each integrator. One approach is to use
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Provisional
N slope = 0.9

1 correction

.\.\.\I\. slope = 2.0

-5 | N
10 2 corrections
slope = 3.0

3 corrections
N slope = 4.0

Absolute Error

1079

4 corrections
slope = 5.0

10—13 [ |

Number of Intervals

Fig. 3 Absolute error as a function of the number of intervals for various classical deferred
correction methods. Forward Euler integrators are used to solve test problem 1 and the error
equation (3.5). The method with K corrections uses (K + 2) uniformly spaced quadrature
nodes per interval. The expected orders of accuracy are observed.

the number of function evaluations as a proxy for the amount of work required
by the integrator. Fig. 4 shows the error as a function of the number of function
evaluations at a given level. The general expectation is that higher-order methods
are more efficient than lower-order methods when solutions are sufficiently smooth
and desired errors are small enough.

If one extrapolates the convergence curves in Fig. 4 for a small number of
function evaluations, the convergence curves cross, showing that the high-order
DGR methods have a larger error coefficient for the same amount of work. For a
small enough time step (i.e., for a sufficiently large number of intervals / function
evaluations), the rapid decrease of the error due to the high-order integrator results
in better efficiency (smaller error for the same amount of work).

Higher-order integrators can be used to generate the provisional solution and
to solve the error equation (3.5). In Fig. 5, we show the order of convergence and
the relative work required when Kutta’s three-stage, third-order explicit Runge—
Kutta (RK3) integrator is used to generate the provisional solution and the two-
stage, second-order explicit mid-point Runge-Kutta (RK2) integrator is used to
solve the error equation (3.5). The method with one correction uses six uniformly
spaced quadrature nodes in each interval. The method with two corrections uses
eight uniformly spaced quadrature nodes in each interval. We observe the expected
orders of accuracy at each level. We also note that the specific choice of integrators
has led to a significantly higher efficiency achieved for this problem for a given
order.

The story is similar if SDC and IDC methods are constructed using uniform
nodes. For J groups of n nodes, these methods can attain order

min (Pg,n).

We note that the attainable order is now n instead of n — 1 because neither SDC
nor IDC differentiates the interpolant. Fig. 6 shows that the expected orders of
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Fig. 4 Absolute error as a function of the number of function evaluations for various classical
deferred correction methods. Forward Euler integrators are used to solve test problem 1 and the
error equation (3.5). The method with K corrections uses (K +2) uniformly spaced quadrature
nodes per interval. The expected orders of accuracy are observed.
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Fig. 5 Absolute error as a function of the number of function evaluations for various classi-
cal deferred correction methods. Kutta’s RK3 integrator is used to generate the provisional
solution for test problem 1; the explicit midpoint RK2 integrator is used to solve the error
equation (3.5). The method with one correction uses six uniformly spaced quadrature nodes in
each interval. The method with two corrections uses eight uniformly spaced quadrature nodes
in each interval. The expected orders of accuracy are observed.

accuracy are observed when IDC is used with forward Euler integrators and the
method with K corrections uses (K + 1) uniformly spaced quadrature nodes.

Fig. 7 shows that the expected orders of accuracy are observed with IDC
when the explicit midpoint RK2 integrator is used to generate the provisional
solution and solve the error equation (3.22), and the method with one and two
corrections uses five and seven uniformly spaced quadrature nodes in each interval,
respectively. The efficiency of these two methods is comparable to the previous one.
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Fig. 6 Absolute error as a function of the number of function evaluations for various integral
deferred correction methods. Forward Euler integrators are used to solve test problem 1 and
the error equation (3.22). The method with K corrections uses (K + 1) uniformly spaced
quadrature nodes per interval. The expected orders of accuracy are observed.
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Fig. 7 Absolute error as a function of the number of function evaluations for various integral
deferred correction methods. The explicit midpoint RK2 integrator is used to solve test problem
1 and the error equation (3.22). The method with one correction uses four uniformly spaced
quadrature nodes in each interval. The method with two corrections uses six uniformly spaced
quadrature nodes in each interval. The expected orders of accuracy are observed.
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The rates of convergence are more subtle if non-uniform quadrature nodes are
used. We consider DGR methods constructed with J groups of n nodes (3.2), where
each group of n nodes is made up of (K + 2) Gauss—Lobatto nodes for a method
with K corrections, and forward Euler integrators are used to solve test problem
1 and the associated error equation (3.5). Fig. 8 shows that for a method with
one correction, the accuracy and order of convergence improve, but for methods
with more corrections, the accuracy improves while the order of accuracy remains
stagnant at one. This has previously been observed in [34] and is explained by the
discrete smoothness of the underlying quadrature mesh [58]. Specifically, the lack
of discrete smoothness of the mesh function of the approximate solution precludes
an increase in the order of accuracy for DGR methods constructed using general
non-uniform nodes, including Gauss—Lobatto, Gauss—Legendre, and Chebyshev
nodes. For this example, the method that uses only one correction is an exception
because three Gauss—Lobatto nodes are in fact uniformly spaced; thus, the limit
on order increase imposed by a lack of discrete smoothness of the underlying mesh
function does not apply, and the method with one correction is able to attain
second order. In general, however, methods such as SDC or IDC that use spectral
nodes at which to evaluate the defect do not suffer from this order barrier [58].

E E Provisional
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1071 E
F E 1 correction
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2 1072 E .
Sa| F E 2 corrections
g N ] slope = 0.9
7:35 1073 | E
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10 = E 4 corrections
B 1 slope = 0.9
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Fig. 8 Absolute error as a function of the number of intervals for various classical deferred
correction methods. Forward Euler integrators are used to solve test problem 1 and the error
equation (3.5). The method with K corrections uses (K +2) Gauss—Lobatto nodes per interval.
The order of accuracy for all but one methods is one. The exception is for the method with
one correction. It attains second order because it uses three Gauss—Lobatto nodes, which are
in fact uniformly spaced and hence allow for an additional order of accuracy.

A similar behavior is observed if the RK2 method is used to solve test problem
1 and the associated error equation (3.5). Fig. 9 shows that the accuracy im-
proves for methods that utilize more corrections; the order of accuracy, however,
remains stagnant at two. The method with one correction uses five Gauss—Lobatto
quadrature nodes in each interval. The method with two corrections uses seven
Gauss—Lobatto quadrature nodes in each interval.

For SDC/IDC methods, the discrete smoothness of non-uniform nodes guaran-
tees only one order of accuracy increase with each correction [2], [14]. The subse-
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Fig. 9 Absolute error as a function of the number of intervals for various classical deferred cor-
rection methods. The explicit midpoint method is used to solve test problem 1 and the associ-
ated error equation (3.5). The method with one correction uses five Gauss—Lobatto quadrature
nodes in each interval. The method with two corrections uses seven Gauss—Lobatto quadrature
nodes in each interval. The order of accuracy stagnates at two, the order of the underlying
integrator.

quent maximum order of accuracy that can be attained depends on the accuracy
of the quadrature formula. The order of n-node Gauss-Legendre quadrature is 2n;
the order of n-node Gauss—Lobatto quadrature is (2n — 2); the order of n-node
Chebyshev quadrature is (n+ 1) if n is odd and (n + 2) if n is even.

We begin with SDC methods constructed using Gauss—Lobatto quadrature
nodes and forward Euler integrators applied to test problem 1. The method with
one correction uses two Gauss—Lobatto nodes in each interval. The methods with
two and three corrections use three Gauss—Lobatto nodes in each interval. The
methods with four and five corrections use five Gauss—Lobatto nodes. Fig. 10
shows that methods with one additional correction add one order of accuracy, as
expected.

Lastly, we construct SDC methods constructed using Gauss—Legendre nodes
and forward Euler integrators applied to test problem 1. Using n quadrature nodes,
we construct a method with 2n—1 corrections to show that the order-2n collocation
solution can be obtained. The efficiency for each method is shown in Fig. 11. For
these last two cases, we again observe comparable efficiencies with the second case
for a given order and number of function evaluations.

The behaviors described in this section can be observed for different test prob-
lems or other integrators within the DC methods, some of which are described
subsequently. The reader is able to numerically explore properties of deferred cor-
rection by downloading the MATLAB source code used to generate results in this
section.!

1 The software used to generate numerical results in this manuscript is hosted temporarily
at http://mathgeek.us/code/dcrev/. The final version of the MATLAB scripts/C++- files will
be archived on Zenodo with DOI entry upon acceptance of this manuscript, unless the journal
has its own mechanism for hosting source code affiliated with a manuscript.
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Fig. 10 Absolute error as a function of the number of function evaluations for various spectral
deferred correction methods. Forward Euler integrators are used to solve test problem 1 and
the error equation (3.17). The method with one correction uses two Gauss—Lobatto quadrature
nodes in each interval, the methods with two and three corrections use three Gauss—Lobatto
quadrature nodes in each interval, and the method with four corrections uses four Gauss—
Lobatto quadrature nodes. The expected orders of accuracy are observed.
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Fig. 11 Absolute error as a function of the number of function evaluations for various spectral
deferred correction methods. Forward Euler integrators are used to solve test problem 1 and the
error equation (3.17). The method with 2n — 1 corrections uses n Gauss—Legendre quadrature
nodes. The expected orders of accuracy of the collocation solutions are achieved.
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4.2 Pipeline Parallelism

To observe parallel speedup in DC methods, the computational overhead of solving
the error equations (i.e., computing the quadrature approximation or interpolant
in the respective error equations) must be inexpensive compared to the cost of
advancing the provisional solution from time ¢ to t + At. Parallel speedup can be
expected when evaluation of the ODE right-hand side is expensive, as in the case
of N-body problems [16], or when solutions of nonlinear systems of equations arise
when implicit integrators are used for the predictors or correctors.

The following numerical experiment demonstrates parallel speedup for the lat-
ter case, where a nonlinear system of equations arises when the backward Euler
integrator is used to solve the Brusselator system (4.1) in R' and the IDC correc-
tion equation (3.22). The nonlinear system of equations is solved using a Newton
iteration. The RIDC software [51] and the GNU Scientific Library (GSL) are used
to generate the timing results. The scaling studies were performed on a single com-
putational node consisting of a dual socket Intel E5-2680v4 chipset. The domain
of integration is [0, 10], and the spatial domain [0, 1] is divided into 400 intervals.
Fig. 12(a) shows a standard convergence study of RIDC. The order increases as
more correctors are used. We note that the RIDC method with five corrections ex-
hibits order reduction, achieving only fifth order (instead of the anticipated sixth
order). Order reduction has been previously observed when high-order methods
are applied to solve similar non-linear oscillatory problems [30], and we posit that
a similar behavior is being observed when high-order RIDC is applied to solve the
Brusselator system. Fig. 12(b) shows the results from the same numerical experi-
ment but with error plotted against walltime. Here, (K + 1) processors are used for
RIDC integrators with K correctors. Data markers that line up vertically indicate
that the RIDC method scales perfectly. The offset in data points can be interpreted
as the overhead of the RIDC method: the startup and shutdown phases in which
the pipeline is not full, the communication/memory access overhead, and the extra
flops needed to compute the quadrature and interpolant. In this example, RIDC
methods achieve over 90% efficiency when 800 time steps are computed.

4.3 Choice of Interpolant

Lastly, we observe that in most of the deferred correction literature, including the
numerical experiments above, the quadrature formulas are obtained by construct-
ing a Lagrange interpolating polynomial based on the quadrature nodes and then
computing the corresponding quadrature weights using the Lagrange polynomial.
There is nothing sacrosanct about such a choice, however, and other interpolants,
such as continuous extensions to numerical methods or cubic or Hermite splines,
are valid as well.

In a final experiment, we first solve the Arenstorf orbit problem using classical
deferred correction with forward Euler predictor and correctors, where uniformly
distributed nodes are chosen, and a cubic spline interpolant is constructed, evalu-
ated, and differentiated when solving the error equation (3.5). Fig. 13 shows that,
although 10° time steps are used for the predictor, the orbit is not closed. The
DGR corrector (utilizing spline interpolants) is able to correct the orbit to obtain
a much closer approximation to the expected periodic orbit.
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Fig. 12 RIDC integrators (constructed using backward Euler integrators) used to solve the
Brusselator system (4.1) in R1.
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Fig. 13 Solutions to the Arenstorf orbit problem. A uniform mesh with 10% time steps is used.
The predictor is the forward Euler integrator. The corrector uses the forward Euler integrator
and cubic splines to solve the error equation (3.5).
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Of course, many questions on the use of spline interpolants in the context
of deferred correction remain open. These include questions about the effects on
stability, accuracy, and the conditions under which the use of spline interpolation is
advantageous. A more comprehensive study of how splines perform relative to the
Lagrange approach would likely be a welcome addition to the deferred correction
literature.

5 Conclusion

In this paper, a survey is given of four popular classes of deferred correction meth-
ods for solving initial-value problems: the classical deferred correction methods of
Zadunaisky / Stetter and Dutt, Greengard, and Rokhlin, spectral deferred cor-
rection, and integral deferred correction. A unified notation is used to review the
theoretical underpinnings, including the choice of quadrature nodes, interpolants,
and combinations of discretization methods, and an analysis of task parallelization
is presented to demonstrate how integration methods based on deferred correction
can be effective solvers on modern computer architectures. Numerical experiments
on a diverse set of examples illustrate the order of accuracy and effectiveness of
deferred correction methods in various situations. Lightweight and flexible Matlab
software is available for the reader interested in experimenting with these aspects
or solving other problems.
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