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the �ner time integrator in the traditional way. Hence, if one knows that the RBF–FD can obtain a spatial order of convergence of
O(h� � k+ 1) with a regular time integrator, showing �nite step convergence will suf�ce to claim that the parareal method can also
obtain the proper order of convergence.

Figure 2: Spatial convergence for RBF–FD for the Parareal algorithm forT = 0.2. The RBF-FD method was applied to equation 6 with varying
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• (Time Discretization): We split the time domain into M = 100 sub-intervals. The �ne and coarse propagators are
constructed using Backward Euler integrators with differing number of time steps. We present results forMF = 100 and
MG = 5.

Figure 4: Parareal applied to a system of DEs, obtained by an RBF-FD discretization of the spatial operator in the 2-D shallow water equations.
Both curves correspond to simulations with a coarse solver consisting of one internal time step,G(Tm, Tm� 1, Uk� 1

m� 1, 1). The blue curve represents
error decay of � while the yellow curve represents the error decay ofu. In the yellow curve, �nite step convergence is observed. However,�
seems not to have the desired �nite step convergence. The accuracy of the� plot can be improved by increasing MF. Further investigation on the
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number of terms in the augmented polynomial. Therefore, using a lower degree polynomial to construct the differentiation matrix
in the coarse level in the parareal algorithm can save some computational cost if the sparsity structure of the differentiation matrix
is exploited, but it is important to see if this has an impact on the overall order of convergence of the method. We implemented the
above modi�cations to the 2D heat equation stated in (6). For the �ner differentiation matrix, we chose a 6th degree polynomial
and the coarser differentiation matrix was created using polynomials of 3rd degree to 5th degree. Parareal parameters were
chosen to beM = 100, MF = 20,MG = 1, and K = 100. It is also important to highlight that the same number of nodes were used
to create both differentiation matrices for the tests in this subsection.

Figure 5: In all three graphs, the �ne solver was created using a 6th degree polynomial. However, the polynomial degree for the coarse solve was
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Figure 9: Spectrum of the RBF-FD discretized Laplacian operator using a seventh order PHS augmented with a 3rd degree polynomial overlayed
with the contours of f (z)

5.2 Transport equation

The issue of spurious eigenvalues can be severe when solving purely advective equations. A common practice among RBF
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