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olcanic eruption time series is an essential step for the assessmentof volcanic hazard
and risk. Such series describe complex processes involving different types of eruptions over different time scales.
A statistical method linking geological and historical eruption time series is proposed for calculating the
probabilities of future eruptions. Thefirst step of the analysis is to characterize the eruptions by theirmagnitudes.
As is the case in most natural phenomena, lower magnitude events are more frequent, and the behavior of the
eruption series may be biased by such events. On the other hand, eruptive series are commonly studied using
conventional statistics and treated as homogeneous Poisson processes. However, time-dependent series, or
sequences including rare or extreme events, represented by very few data of large eruptions require special
methods of analysis, such as the extreme-value theory applied to non-homogeneous Poisson processes. Here we
propose a generalmethodology for analyzing suchprocesses attempting to obtain better estimates of the volcanic
hazard. This is done in three steps: Firstly, the historical eruptive series is complemented with the available
geological eruption data. The linking of these series is done assuming an inverse relationship between the
eruptionmagnitudes and the occurrence rate of eachmagnitude class. Secondly, we performaWeibull analysis of
the distribution of repose time between successive eruptions. Thirdly, the linked eruption series are analyzed as a
non-homogeneous Poissonprocesswith a generalized Pareto distribution as intensity function. As an application,
the method is tested on the eruption series of five active polygenetic Mexican volcanoes: Colima, Citlaltépetl,
Nevado de Toluca, Popocatépetl and El Chichón, to obtain hazard estimates.

© 2008 Elsevier B.V. All rights reserved.
1. Introduction

Volcanic activity usually results from the interaction of many
independent physical and geological processes acting over different
time scales. The occurrence of volcanic eruptions may depend on the
unknown nature of magma feeding from deeper sources, as well as the
conditions of a previously resident magma, the nature of the magma
mixingprocesses, the regional stresses, the local crustal composition and
structure, the fluid distribution and composition under the volcano, the
degree of fracturing, and even on somemeteorological agents. These and
other factors interact in complexways introducing a randombehavior on
the time series of volcanic eruption occurrences.

On the other hand, volcanic eruptionsmay represent a serious threat
on the people dwelling near a volcano, particularly when their percep-
tion of risk is negatively influenced by a large repose time, or by the lack
of clear evidences of major past activity. Volcanic risk was first formally
defined in UNDRO (1979) as a measure of the expected number of lives
lost, persons injured, damage to property and disruption of economic
activity as a result of a particular volcanic event. It was defined as the
a Cruz-Reyna).

l rights reserved.
product of volcanic hazard, vulnerability and elements at risk (Fournier
d'Albe, 1979). The volcanic hazard is consistently defined as the pro-
bability that a specific type of volcanic eruption occurs in a given area,
within a given interval of time (De la Cruz-Reyna and Tilling, 2008) The
volcanic risk is thus the probability of losing a certain percent of the
value of a given exposed region over a given time interval caused by the
possible occurrence of a particular volcanic eruption. Therefore, know-
ing the hazard allows designing adequate measures to reduce the risk
through specific actions of vulnerability reduction.

Under the assumption that the past history of a volcano should
reflect at least some relevant features of its expected future behavior, a
careful analysis of the time series of past eruptions, that accounts for the
scarcity of precise past eruption data, is essential to assess the hazard.
The behavior of volcanic eruption time series of individual volcanoes
shows awide spectrumof possibilities. Some volcanoes showstationary
patterns of activity, while others show time-dependent eruption rates.
Nevertheless, combining the eruptions of large groups of volcanoes
generates a definite homogeneous Poissonian behavior, as is the case of
the overall global eruptive activity (De la Cruz-Reyna, 1991).

Early studies of volcanic time series were done by Wickman (1965,
1976) and Reyment (1969) used stochastic principles for the study of
eruptionpatterns on specific volcanoes. However, themodels presented

mailto:sdelacrr@geofisica.unam.mx
http://dx.doi.org/10.1016/j.jvolgeores.2008.04.005
http://www.sciencedirect.com/science/journal/03770273


278 A.T. Mendoza-Rosas, S. De la Cruz-Reyna / Journal of Volcanology and Geothermal Research 176 (2008) 277–290
byWickman did not distinguish among eruption of different types, and
as he stated in his 1976 paper, such models were not tested against
observed records. Other studies, analyzed specific volcanic eruption
series, aswas the case of the Hawaiian volcanoes (Klein,1982) or Colima
(De la Cruz-Reyna, 1993; Solow, 2001). Bebbington and Lai (1996a,b)
examinedwhether theWeibull renewalmodelwas adequate to describe
the patterns of two New Zealand volcanoes.

Subsequent studies became increasingly sophisticated including for
instance transition probabilities of Markov chains (Carta et al., 1981;
Aspinall et al., 2006; Bebbington, 2007), change-point detection
techniques (Mulargia et al., 1987; Burt et al., 1994), Rank-order statistics
(Pyle, 1998), Bayesian analysis of volcanic activity (Ho, 1990; Solow,
2001;Newhall andHoblitt, 2002;Hoet al., 2006;Marzocchi et al., 2008),
non-homogeneous models (Ho, 1991a; Bebbington and Lai, 1996b), a
mixture of Weibull distributions (Turner et al., 2007), and geostatistical
hazard-estimation methods (Jaquet et al., 2000; Jaquet and Carniel,
2006).

Different parameters have been used as random variables to
characterize the eruptive time series. Among them, the most frequently
used are: the duration of eruptions, the interval between eruptions, the
effusion rate; thevolumeormass released, and the intensityof eruptions.

The probabilities of occurrence of future eruptions, and thus the
volcanic hazard, may be estimated analyzing the sequence of past
eruptions in a volcano, characterizing the eruptions by a measure of
size that reflects their destructive potential, and assuming that the
impact and effects of an eruption are proportional to both, the total
mass or energy release (magnitude) and the rate of mass or energy
release (intensity). The Volcanic Explosivity Index VEI is the quantity
that characterizes eruptions based on those parameters (Newhall and
Self, 1982). Frequently, an eruption has been defined ambiguously as a
sudden, violent discharge of volcanic material, as well as a gentle,
protracted pouring of lava or fumes. For our purpose we shall consider
here only significant explosive eruptions, which usually are short-
duration events when compared with the time between eruptions
(also referred as repose time, even if minor or gentle effusive activity
occurs). The volcanic eruption sequences of polygenetic volcanoes are
thus considered here as point processes developing in the time axis,
and the distribution of eruptions and the repose times between them
are analyzed in different VEI categories or classes.

On the other hand, merging historical (usually describing more
frequent smaller eruptions) and geological (usually describing larger,
infrequent eruptions) eruptive data has been pointed as an important
Fig. 1. Location of Colima, Nevado de Toluca, Popoc
factor for a proper estimation of the likelihood of more damaging
events (Marzocchi et al. 2004).

In this paper we propose a statistical methodology for estimating
the volcanic hazard of future explosive eruptions using VEI —

characterized sequences linking historical and geological records to
obtain robust volcanic eruption time series. We first test the in-
dependence between successive eruptions to detect possible memory
effects, and the stationarity, or time dependence of the explosive
eruption sequences to find a possible non-homogeneity of the process.
We then use a Weibull analysis to study the distribution of repose
times between successive eruptions, and a non-homogeneous general-
ized Pareto–Poisson process (NHGPPP, as defined below) to obtain
volcanic hazard estimations. We apply this method to Colima,
Citlaltépetl, El Chichón, Nevado de Toluca and Popocatépetl volcanoes
in México. Finally, the hazard estimates obtained with this and other
methods are discussed and compared.

2. Methodology

The first step is testing the eruptive time series for independence
between successive events and for the time dependence or station-
arity of the process. The independence test is simply made by means
of a serial correlation scatterplot (Cox and Lewis, 1966). The latter
test is performed examining the repose period series for each VEI
category and using a moving average test that reveals the possible
existence of significantly different eruption rates, not attributable to
the local rate changes expected in a stationary random process (Klein,
1982; De la Cruz-Reyna, 1996). These tests should be performed on a
portion of the time series that satisfies a criterion of completeness, i.e.
a portion in which no significant eruption data are missing, which in
most cases is the historical eruption data set of intermediate-to-high
VEI magnitudes.

A second step is theWeibull analysis of the repose periods between
eruptions, which allows a quantitative description of both, stationary
and non-stationary time series through the distribution shape
parameter. The time-independence tests applied on the portions of
the series assumed to be complete do not guarantee that the whole of
the series has been stationary over its whole length. Therefore, the
third step involving the link between the historical, usually complete,
and the geological, probably incomplete eruptive series requires of a
method that makes the estimation of hazard less sensitive to such
condition.We propose here as the best estimate of the volcanic hazard
atépetl, Citlaltépetl and El Chichón volcanoes.



Table 1
Historical eruptions of Colima volcano. (Adapted from De la Cruz- Reyna, 1993; Global
Volcanism Program, http://www.volcano.si.edu; and Observatorio del Volcán de
Colima; http://www.ucol.mx)

Year VEI Year VEI

1560 2 1881 2
1576 3 1885 1
1585 4 1886 3
1590 3 1889 3
1606 4 1890 4
1611 3 1893 2
1612 2 1895 1
1622 4 1903 3
1690 3 1904 1
1749 2 1908 3
1770 3 1909 2
1795 2 1913 4
1804 2 1960 1
1818 4 1975 1
1869 3 1987 1
1872 3 1991 1
1873 1 1994 2
1874 1 1999 2
1877 1 2003 2
1879 1 2005 3
1880 1

Table 3
The historical and geological eruptive activity of Citlaltépetl volcano. (De la Cruz-Reyna
and Carrasco-Nuñez,2002)

Year VEI

Historical 1867 2
1846 2
1687 2
1569–89 2
1545 2
1533–39 2

Year BP VEI
Geological 4100 ≥4

8500–9000 ≥4
13000 ≥4

Table 4
Volcanic Explosivity Indexes of known eruptions of Popocatépetl volcano reported since
the 16th century. (De la Cruz-Reyna and Tilling, 2008)

Year VEI

1512 2
1519 3
1539–1540 2
1548 2
1571 2
1592 2
1642 2
1663 2
1664 3
1665 2
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from the integrated time series a procedure based on the use of a non-
homogenous Poisson process with a generalized Pareto distribution
(GPD) as intensity function, referred herein as a non-homogeneous
generalized Pareto–Poisson process (NHGPPP) (Coles, 2001). Such a
process describes a series of independent, non-overlapping physical
events occurring in a space A with an intensity density k(xi), where xi
are the A-domain variables in which process develops. In our case, xi
are the coordinates t (time) and eruption size (VEI: magnitude–
intensity) of a two-dimensional space, where the domain is limited by
the historical and geological available eruption data. The process is
homogeneous if k is constant. If k depends on either variable, the
process is non-homogeneous.

Hazard and risk estimates based on catalogues assumed to be com-
pletemay include avery fewornot includeat all “rare” large events,with
very low or unknown occurrence rates. Hazard estimates from such
databases may be underrated. On the other hand, dealing with extreme
valuesmeans using a set containing very few, probably incomplete data.
These few data, most likely extracted from the geological record, are
represented by the right tail of the repose-time distribution. Although
they may have a little influence on the distribution itself, they certainly
should have a significant influence on the hazard estimation. The GPD is
a robust tool which allows modeling extreme values, such as the “rare”,
very high-magnitude eruptions, allowing for a better fit of the whole
distribution. Additionally, it is less sensitive to the possible time depen-
dence of the large-magnitude eruption sequence, since it only considers
the number of exceedances over a threshold of a series that may be
stationary or not.

2.1. Historical and geological time series of volcanic magnitudes

The occurrence behavior of explosive eruptions is similar to that of
earthquakes, (and many other natural phenomena) in the sense that
the frequency of the events decreases as their size or magnitude
increases. In the case of earthquakes, the distribution of magnitudes in
Table 2
Dates and magnitudes of major Holocenic eruptions of Colima volcano inferred from
eruption deposits. (Cortés et al., 2005)

Year BP VEI

2300 N4
3600 N4
7040 N4
a region can be described by the frequency–magnitude distribution of
earthquakes based on the Ishimoto and Iida (1939) and Gutenberg-
Richter (1944) law

log N ¼ A� BM ð1Þ

where N is the cumulative number of earthquakes with magnitude
≥M, and A and B are constants that describe the power law decay of
occurrences with increasing magnitude over a given time interval.

The analysis of historical data classified by VEI (Newhall and Self,
1982) shows that the VEI magnitude Mvei of N events may be repre-
sented as a random variable with a distribution function N=a10−bMvei.
When the eruption data are analyzed in terms of the number of
eruptions occurring over time intervals, this relation may be more
clearly expressed in terms of the eruption occurrence rate of each class
magnitude kMvei

as

logkMvie ¼ a� bMvei: ð2Þ

Notice that Eq. (2) relates the eruption size Mvei with the eruption
rate (number of eruptions per unit time in the magnitude class Mvei)
unlike Eq. (1), which relates the cumulative number of earthquakes
exceeding a certain magnitude. Using the cumulative number of
eruptions can be used equally well, since in both cases the linearity of
the relations is maintained, and only the values of the coefficients are
different (see for instance Palumbo, 1997). In the present work, we
prefer to use the non-cumulative occurrence rates of the VEI cate-
gories since they directly provide a more intuitive perception of the
probabilities of occurrence of eruptions in each magnitude class.
1697 2
1720 1
1804 1
1919–1920 2
1921 2
1925–1927 2
1994–1997 2
2000 3
2001–present 1–2

http://www.volcano.si.edu
http://www.ucol.mx


Table 5
The geological activity record of Popocatépetl volcano (Siebe and Macías, 2004)

Year B.P. Eruption type

1200 Plinian
1700 Plinian
2150 Plinian
5000 Plinian
7100 Plinian
9100 Plinian
10,700 Plinian
14,000 Plinian
23,000 Plinian (sector collapse and massive debris flows)

Table 7
Volcanic Explosivity Indexes of known eruptions of El Chichón volcano (Macías et al.,
2007)

Years BP VEI

25 5
550 4
900 3
1250 4
1500 3
1600
1900
2000 2–3
2500 2–3
3100
3700 4
7500/7700
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De la Cruz-Reyna (1991) estimated the values a=3.494 and b=0.789
for the global volcanic activity based on the historical eruption data of
Newhall and Self (1982) in the VEI range 3–6. Later, Simkin and Siebert
(1994, 2000), integrated eruption data for various time intervals: 20,
200, 1000 and 2000 yr. Based on their Fig. 10 in volcanoes of the World
(1994), the best fit for the eruption data in the VEI range 2–6 yields was
graphically determined to be a=5.8 and b=0.785. Although a strongly
depends on the length of the sampled period, the slope b seems to be a
constant Gusev et al. (2003) obtain b=0.75 with the same graphical
method on the Simkin and Siebert (1994) plot.

We can conclude that since the VEI is a composite estimate of mass
magnitude and/or mass rate intensity, depending on which data are
available, and considering that the VEI of many of the explosive erup-
tions listed are based on intensity related parameters (such as eruptive
column height), the VEI is an appropriate parameter to characterize the
eruption size for hazard calculation purposes.

The above analysis has been used on individual volcanoes to esti-
mate the eruption rates for different VEI magnitudes (De la Cruz-
Reyna, 1991, 1993; De la Cruz-Reyna and Carrasco-Núñez, 2002; De la
Cruz-Reyna and Tilling, 2008) using both, the historical and the
geological eruption records to obtain self-consistent series.

Here, we use Eq. (2) to link the historical and geological eruptive
series.

We construct different models of the distribution of large events
using the available geological information, and selecting the model
which best fits the eruption rates obtained from Eq. (2). From the best
estimates of the large-eruption rates, we may infer the number of
eruptions that have exceeded a threshold. To calculate the probability
of occurrence of more large-magnitude eruptions exceeding a thresh-
old, we use the NHGPPP.

2.2. Repose period distribution

To analyze the characteristics of the repose periods of successive
volcanic eruptions produced by a specific volcano in a given magnitude
class, and particularly, the stationarity of the process,we use theWeibull
distribution on the complete portion of the catalogue. This distribution
has beenwidely applied in statistical quality control, reliability analysis
Table 6
The geological eruptive activity of Nevado de Toluca volcano

Eruption (name) Years BP VEI References

1 3300 Macías et al. (1997b)
2 (UTP) 10,500 5 Arce et al. (2003)
3 (MTP) 12,100 4 Cervantes (2001)/Arce et al. (2005)
4 13,000 4 Arce et al. (2006)/D'Antonio et al. (2008)
5 (LTP) 21,700 4 Capra et al. (2006)
6 28,000 4 García-Palomo et al. (2002)/D'Antonio (2008)
7 (OPF) 36,000–39,000 García-Palomo et al. (2002)
8 37,000 García-Palomo et al. (2002)
9 (Pink) 42,000 Arce et al. (2003)
of system components, earthquake hazard assessment, and many other
applications (see for instance Johnson, 1966; Ferráes, 2003). It has also
been used to model volcanic eruption sequences (Ho, 1991b, 1995;
Bebbington and Lai, 1996b).

The 2-parameter cumulative Weibull distribution function is

F tð Þ ¼ 1� e�
t
að Þk ; ð3Þ

where α is a scale parameter, and k is a shape parameter.
The shape parameter is of particular interest because it characterizes

the failure rate trends, i.e., reflects the stationary or non-stationary
character of the time series (Yang and Xie, 2003). There are different
methods to estimate the Weibull parameters (Johnson and Kotz, 1953;
Ho, 1991b, 1995). In the present paper, we obtain the distribution
parameters using a fairly simple graphical method (Bebbington and Lai,
1996a). The probability of having a repose period of duration greater
than t has been thus obtained form the survival function 1−F(t).

2.3. Estimation of volcanic hazard using extreme-event statistics

In this section, the recent history, the geological record and the
extreme-value techniques are used to obtain estimates of the proba-
bility of intermediate- to high-magnitude eruption events.

2.3.1. Extreme-value theory
Two methods are normally used to sample the original data of

extreme events: the annual (or any other adequate time interval) maxi-
mum (AM), and the peaks or exceedances over a threshold (EOT) series.
AM series are composed by the largest event occurring in a given sample
time interval, so the series length equals the number of recording in-
tervals. According to some theorems originally due to Fisher and Tippett
(1928) and Gnedenko (1943), a series of sample maxima like an AM
series can be described by a generalized extreme-value distribution,
which includes the Gumbel, Fréchet andWeibull distributions (Gumbel,
1958). In theEOTanalysis, the samples are not collected atfixed intervals
and it has several important advantages over the AM approach, as it
adapts better to heavy-tailed distributions and makes a more efficient
use of information since it permits to include more cases through the
choice of the threshold (Beguería, 2005). The EOT analysis includes all
the values of the variable that exceed an a-priori determined threshold,
u, defined by the transformed variable

Y ¼ X � u; ð4Þ
for every case where XNu. The EOT considers all the excesses, i.e., the
events above a certain level u. This level is fixed according to the
model needs and provides a physically based definition of what must
be considered an extreme event. Lang et al. (1999) reviewed dif-
ferent systematic methods for the choice of the threshold value,
since it usually has a strong subjective component. Pickands (1975)
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demonstrated that if X is an identically independent distributed
variable, a threshold value u can be found that makes the process
converge to a generalized Pareto distribution (GPD). The GPD is
described by a shape parameter β, a scale parameter θ, and a location
parameter u (threshold), and has the following cumulative distribu-
tion function:

Gb;h yð Þ ¼ 1� 1� by
h

� �1=b

for b p 0

Gb;hðyÞ ¼ 1� e�y=h for b ¼ 0
; ð5Þ

where y=x−u is a realization of an excess. The generalized Pareto
distribution has a relation with the generalized extreme-value (GEV)
distribution Coles (2001). The Weibull distribution, which is a parti-
cular case of GEV to estimate extremes, needs a discrete time series
generated sequentially at equidistant time intervals unlike the GPD.
The GPD distribution contains the exponential distribution as a special
case, when β=0 (second expression in Eq. (5)). For βb0 the dis-
tribution is long-tailed, and for βN0 it becomes upper-bounded with
endpoint at −θ/β. This condition should be used with caution unless
there is physical evidence of upper bounding.

Theestimatedparameters of theGPDcan characterize themeanvalue
of the excesses. There are many methods (maximum likelihood, (ML),
Coles, 2001; Reiss and Thomas, 2001; moments (MM), probability
weighted moments (PWM), generalized probability weighted moments
(GPWM), Hosking and Wallis, 1987; and others) to estimate the
parameters. The fitting method should be chosen carefully because it
may produce upper bound estimations which can be inconsistent with
the observed data. For instance, Dupuis (1996) found inconsistencies in
the GPD upper bound estimated parameters obtained with the MM and
PWM fitting methods. This inconsistency occurs when one or more
sampledobservations exceed theestimatedupperbound. Theproblemof
inconsistency of a fitting method with the observed data requires ap-
propriate attention (Simiu,1995; Ashkar andNwentsa Tatsambon, 2007).

2.3.2. The non-homogeneous generalized Pareto–Poisson process
The original development of this characterization is due to

Pickands (1971); however, Smith (1989) was the first to convert the
model into a tool for inference. The Generalized Pareto–Poisson Pro-
Fig. 2. Serial correlation diagram of successive repose intervals Ti and Ti+1 (from Table 1, meas
and d) VEI≥2. The highly scattered pattern indicates independent adjacent repose intervals
cess consists of two components (Davison and Smith, 1990; Coles,
2001; Reiss and Thomas, 2001): (i) the occurrences of exceedances of
some high threshold u (i.e., XiNu, for some value of i) may be
described as a Poisson process (with rate parameter ke) and (ii), the
excesses over threshold u (i.e., Xi−u, for some i) have a GP distribution
(with scale and shape parameters, θ and β). In the case of volcanic
eruptions, the magnitude of the eruptions and the time of their
occurrence, are viewed as points in a two-dimensional space, which
formally is the realization of a point process (Cox and Isham, 1980).
The intensity measure of this two-dimensional Poisson process on B=
[t1,t2]x(u,∞) with [t1,t2]⊂ [0,1] is given by

K Bð Þ ¼ t2 � t1ð Þ 1� b x� uð Þ
h

� �1=b
; ð6Þ

where β, and θ are the parameters of the GPD (Eq. (5)) (Brabson and
Palutikof, 2000; Lin, 2003). An important property of the GPD is the
threshold stability (Hosking and Wallis, 1987). If Y=X−u is a variable
distributed like a GPD with a shape parameter β, it continues
distributed like GPD with an identical shape parameter β for any
higher truncation value u+q. Another related property of the GPD
(Davison and Smith,1990) refers to the mean excess: if Y=X−u is a GP-
distributed variable, then the mean excess over threshold u is

E x� ujx N uð Þ ¼ h� bu
1þ b

ð7Þ

for βN−1, uN0 and θ−uβN0. This implies that the conditional mean
exceedance over a threshold, u, is a linear function of u. Furthermore,
E(x −u|xNu) is the mean of excesses of the threshold u, for which the
sample mean of the excesses of u provides an empirical estimate. The
sample mean excess is the sum of excesses over the threshold u divided
by the number of data points which exceed u. The sample mean excess
is an empirical estimate of conditional mean exceedances and β and θ
of GPD can be determined by slope and intercept of samplemean excess
plot. Hence, E(x −u|xNu) is linear in u with slope �b

1þb and intercept h
1þb.

Davison and Smith 1990; Díaz, 2003; Lin, 2003; Beguería, 2005). The
real data series at different threshold values can be tested by the mean
excess plot, i.e. the plot of the average excess over a threshold against
ured in months) between eruptions of Colima volcanowith a) VEI=2, b) VEI=3, c) VEI=4
.



Fig. 3. Moving averages of consecutive reposes of a) Colima, b) Citlaltépetl, and
c) Popocatépetl volcanoes. The diamonds represent averages of five (two for Citlaltépetl
volcano) consecutive repose plotted at the date of eruption ending the fifth (second for
Citlaltépetl volcano) repose interval making every fifth (second for Citlaltépetl volcano)
point (filled square) independent (Klein,1982; De la Cruz-Reyna,1996). The solid horizontal
line is the mean of all the repose periods; the thin dotted line represents the 95% upper
confidence level, and the thick dashed line represents the 90% upper confidence level.

Table 9
Two possible models of the VEI magnitude distributions for the major geologic
eruptions of Citlaltépetl volcano

Years BP Citlaltépetl 1 Citlaltépetl 2

4100 4 4
8500 4 4
13,000 4 5

Table 10
Four possiblemodels of the VEImagnitude distributions for themajor geologic eruptions
of Popocatépetl volcano
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the value of the threshold, for a given set of threshold values. The
sample mean excess plot is given by:

Pxu ¼

X
i:xiNu

xi � uð Þ

Nu
ð8Þ

Where Nu is the number of excess xi over a threshold u (McNeil
and Saladin,1997; Martínez, 2003; Lin, 2003).

The mean excess plot is also a diagnostic plot that should be drawn
before fitting any model, providing guidance about what threshold to
use. The key feature is that if Y is GPD then the mean excess over a
threshold u, for any uN0, is a linear function (Eq. (7)) of u. Therefore, if
the variable follows a GPD over a threshold value u, the mean excess
plot should appear approximately linear at those points.
Table 8
Two possible models of the VEI magnitude distributions for the major Holocenic
eruptions of Colima volcano

Years BP Colima 1 Colima 2

2300 5 5
3600 5 5
7040 6 5
The generalized Pareto–Poisson process may be seen as a limiting
form of the joint point process of exceedance times and excess values
over the threshold.

3. Applications to active volcanoes

3.1. Case studies and data sets

We present here five case studies for the estimation of volcanic
hazard with the proposed method. Colima, Nevado de Toluca, Citlal-
tépetl, Popocatépetl and El Chichón volcanoes (Fig. 1), are among the
most active in México and they represent a significant threat to a large
population dwelling in their neighborhoods. Except for the last, all of
them are located in the Mexican Volcanic Belt, a Miocene–Quaternary
province (Ferrari et al., 1999) that crosses the central part of México. El
Chichón is located in the NW end of the Chiapas Volcanic Arc (CVA),
which is associated with the subduction of the Cocos plate under the
North American plate, but complicated by the geometry of the plate
boundary fault system (DamonandMontesinos,1978;Mora et al., 2007).

Colima volcano (19.512° N, 103.617° W) is the active volcano in
México with the highest eruption rate, with a historical record
(Table 1) of 41 eruptions in the past 500 years. For the present study,
the records (De la Cruz-Reyna, 1993; Bretón et al., 2002) have been
completed with recent data published in www.ucol.mx (Observatorio
del Volcán de Colima) and www.volcano.si.edu (Global Volcanism
Program, Smithsonian Institution).

The ancestral Colima volcanowas formed in the late Pleistocene on
the southern flank of Nevado de Colima, an older volcano located to
the North of the current Colima volcano. About 10,700 B.P., (Cortés
et al., 2005), this andesitic volcano rose to a presumed height of
4100 m. During a Bezimyanny–St Helens type eruption, the ancestral
Colima volcano collapsed southwards, forming a 5-km-wide horse-
shoe-shaped caldera, and amassive volcanic debris avalanche deposit.
This avalanche blanketed an area of about 1500 km2, reaching up to
70 km from the former summit. The deposit has a volume estimated in
10 km3. Soon after this avalanche, the currently active cone of Colima
began to grow within the caldera. It is assumed that its mean magma
production rate is about 0.3 km3/1,000 yr, (Luhr and Carmichael,
1990). Table 2 lists the major holocenic eruptions of Colima volcano.

Citlaltépetl or Pico de Orizaba volcano (19.03°N, 92.27°W) is an ice-
capped, andesitic, currently dormant, active stratovolcano. With an
elevation of 5675 m a.s.l., it is one of the highest active volcanoes in
NorthAmerica. TheCitlaltépetl recordof historical activity, its high relief,
Years BP Popocatépetl 1 Popocatépetl 2 Popocatépetl 3 Popocatépetl 4

1100 4 4 4 4
1700 4 4 4 4
2150 4 4 4 4
5000 4 4 4 4
7100 4 4 4 4
9100 4 4 4 4
10,700 4 4 5 5
14,000 4 5 5 6
23,000 5 5 5 5

http://www.ucol.mx
http://www.volcano.si.edu


Table 11
Three possible models of the VEI magnitude distributions for the historical and geologic
eruptions of El Chichón volcano

Reported Chichón 1 Chichón 2 Chichón 3

Years BP VEI VEI VEI VEI

25 5 5 5 5
550 4 4 4 4
900 3 3 3 3
1250 4 4 4 4
1500 3 3 3 3
1600 3 3 3
1900 3 3 4
2000 3 3 3 3
2500 3 3 3 3
3100 4 3 5
3700 4 4 4 4

Table 12
Estimated magnitudes of the geologic eruptions of Colima, Popocatépetl, Citlaltépetl
and El Chichón volcanoes based on the power law (2)

Colima 1 Popocatépetl 2 Citlaltépetl 1 El Chichón 2

Year BP VEI Year BP VEI Year BP VEI Year BP VEI

2300 5 1100 4 4100 4 25 5
3600 5 1700 4 8500–9000 4 550 4
7040 6 2150 4 13,000 4 900 3

5000 4 1250 4
7100 4 1500 3
9100 4 1600 4
10,700 4 1900 3
14,000 5 2000 3
23,000 5 2500 3

1900 3
2000 3
2500 3
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and thewidespreaddistribution of its products are clear indications that
it is a potentially high-risk volcano. In addition to this, over 750,000
people live within a radius of 40 km. As in many other cases, population
growth around the volcano resulted from fertility of soils and a relatively
low eruption rate. The evolution of Citlaltépetl can be divided into three
distinct constructional stages (Carrasco-Núñez, 2000): (1) Growth of an
ancestral large stratovolcano (Torrecillas cone), resulting from a pre-
dominantly effusive phase; (2) Construction of a superimposed cone
(Espolón de Oro), and extrusion of various peripheral silicic domes;
(3) Building of the present cone (Citlaltépetl) and emplacement of
several overlapping dacitic domes. The historical and geological activity
of Citlaltépetl is summarized in Table 3 (De la Cruz-Reyna and Carrasco-
Núñez, 2002).

Popocatépetl volcano (19.02°N, 98.62°W) is located within a densely
populated region about 70 km southeast of downtownMexico City and
40 kmwest of the city of Puebla, with over 20million people vulnerable
to direct hazards associated with a major explosive eruption. Because of
the large exposed population, this volcano is arguably the most risky in
the country. This 5454ma.s.l. volcanogeologic past clearly indicates that
it is capable of producing major catastrophic eruptions: three Plinian
events have occurredwithin thepast 5000 yr B.P., wellwithin theperiod
of human settlement in central Mexico (Siebe et al., 1996; Siebe and
Macías, 2004). Themodern cone of Popocatépetl consists of interlayered
andesitic to dacitic lava flows and pyroclastic deposits (Robin, 1984), all
erupted in the last 23,000 years following a cataclysmic eruption that
included edifice collapse and debris avalanche emplacement (Siebe and
Macías, 2004). Fortunately, the current eruptive episode – beginning in
December 1994 after being dormant for nearly seven decades – has
consisted to date of relatively minor activity which has characterized
Popocatépetl's activity since the 14th century (De la Cruz-Reyna et al.,
1995). The historical activity (De la Cruz-Reyna and Tilling, 2008) is
shown in Table 4, and the geological record is summarized in Table 5
(Siebe and Macías, 2004).

Nevado de Toluca volcano (19.108°N, 99.758°W) is the fourth highest
peak inMexicowith analtitudeof 4680ma.s.l (Fig.1). It is located 21 and
80 km southwest of the cities of Toluca and Mexico, respectively, in the
central sectorof the Trans-Mexicanvolcanic belt. The volcano,whichhas
no historical eruptions, has a complex geological record. Studies on the
stratigraphy (Macías et al., 1997; Arce, 1999; Cervantes, 2001), the flank
collapses (Capra and Macías, 2000), the structural geology (García-
Palomoet al., 2000), and the overall geology (García-Palomoet al., 2002)
have permitted to reconstruct an eruptive history, of which five major
geological events listed in Table 6 have been widely recognized. The
volcano has been quiet in the last 3.3 ka, but, as shown by their stra-
tigraphic record, Plinian eruptions may occur after long periods of
inactivity. Should this happen, it would represent a significant hazard at
least for the entire Lerma basin, where more than 1 million people live
(Capra et al., 2006).
El Chichón volcano (17.36°N, 92.23°W)has anelevationof 1100ma.s.l.
The volcano has in its summit a 1 km wide crater with gently dipping
outward slopes. Its average depth is 140 m, and contains a central lake.
The 1982 eruption of El Chichón volcano in southeastern Mexico had a
strong social and environmental impact (Luhr 1991; Rampino and Self
1984; Schönwiese 1988). Recent studies on the stratigraphy of the vol-
cano and new radiocarbon ages show that at least 11 eruptions prior to
the 1892 eruption have occurred at El Chichón in the past 8000 years.
Explosive events, most of them producing block-and-ash flow and surge
deposits, occurred around 550, 900, 1250, 1500, 600, 1900, 2000, 2500,
3100, 3700 and 7700 yr BP. (Espíndola et al., 2000, Macías et al., 2007).
Table 7 summarizes the historical and geological records.

3.2. Analysis of historical eruption series

3.2.1. Independence of repose interval durations betweenhistorical eruptions
In each of the cases, the independence of the repose intervals be-

tween eruptions of VEI categories high enough to assure completeness
of the catalogs has been tested, by means of serial correlation scat-
terplots, in which the duration of each interval Ti+1 between two
successive eruptions for each VEI magnitude category is plotted against
the previous repose interval durations Ti. Diagrams showing large dis-
persion, a relatively high concentration of points near the axes, and very
low correlation coefficients may be characterized as random process of
independent events (Cox and Lewis, 1966).

For Colima volcano, the repose times in months between suc-
cessive historical eruptions calculated from Table 1 are shown in Fig. 2.
The correlation coefficients between set Ti and set Ti+1 for each VEI
category 2, 3, 4, and ≥2 are: −0.096, 0.256, −0.156, and 0.152, res-
pectively, indicating a very low serial correlation.

Similar scatterplots were calculated for historical data (complete
portion) of the other volcanoes. The scatter diagrams also show large
dispersions and higher concentrations of points near the axes. The
correlation coefficient between the sets Ti and Ti+1 for Citlaltépetl
volcano for VEI 2 is 0.00165 and for Popocatépetl volcano for VEI 2 and
VEI≥2 categories is −0.174 and −0.097, respectively.

In all cases no significant correlation was found and thus inde-
pendence may be assumed.

3.2.2. Test for stationarity of historical eruption sequences
To verify a possible non-stationary character of the eruption

histories, and test for the existence of regimes with significantly dif-
ferent eruption rates, we performed a moving average test (Klein, 1982)
on each of the historical series. Fig. 3a plots the moving averages of five
consecutive reposes of Colima for the VEI≥3 eruptions. One point is
plotted for each possible sequence of five successive reposes at the date
of the last eruption of each sequence. The overall mean repose of
25.24 years is represented by the solid horizontal line. The probability



Fig. 4. Best linear fits of Eq. (2) for all the geological activity models of Colima volcano listed in Table 8. The lower magnitude eruption rates correspond to the historical record
(Table 1). The highest regression coefficient corresponds to the case 1 (model “Colima 1”).
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that a given set of successive repose intervals departs from a certain
amount from the mean by chance is represented by the thin dotted line
(95% confidence level) and the thick (90% confidence level) dashed line.
If a certain average departs from the average more than the amount
indicated by the broken lines, onemay say that the eruption sequence is
non-stationary for the corresponding confidence level.

Error limits were computed from the combined chi-square and
binomial distributions (Klein,1982). Fig. 3a shows aweak non-stationary
behavior for Colima volcano, because one of the points exceeds the 90%
level, but not the 95% confidence level. Therefore, we cannot reject the
hypothesis that Colimamay have a non-stationary behavior, with at least
two alternating eruption regimes (De la Cruz-Reyna, 1996).

A similar analysis of the sequence of available historical volcanic
eruptions for Citlaltépetl volcano shows no evidence that the eruptive
process for the VEI=2 magnitude eruptions may be non-stationary
(Fig. 3b). On the other hand the analysis of Popocatépetl volcano for
the VEI≥2 eruptions shows a weakly non-stationary eruptive series
similar to the case of Colima volcano (Fig. 3c).

3.3. Analysis eruption series

The available information, from historical records (Tables 1, 3 and 4),
and from the deposits ofmajor eruptions at Colima (Table 2), Citlaltépetl
(Table 3), Popocatépetl (Table 5), Nevado de Toluca (Table 6) and El
Chichón (Table 7) volcanoes is not sufficient to assign precise VEI values
to all the eruptions, although some constrictions may be set on their
relative sizes. Tables 8–11 show sets of likely values (models) of the VEI
of thoseeruptions. ForNevadode Toluca,weusea singlemodel basedon
only five eruptions occurred between 28,000 and 10,500 yr B.P., using
published VEI data, or estimating them from erupted volume values
Table 13
The Weibull distribution parameters for the indicated volcanoes

VEI Shape parameter Scale parameter

Colima
2 0.52 3.03
3 0.85 3.89
4 0.41 2.48
N2 0.37 1.02

Citlaltépetl
2 0.7 4.9

Popocatépetl
2 1.01 2.75
3 1.47 19.26

Nevado de Toluca
N3 1 1.44

El Chichón
N2 1.19 3.97
reported in the references cited in Table 6. In the other cases, the VEI's of
eruptions in which no volume or intensity data were available were
estimated probing the best fit to the VEI values of other eruptions based
on the power law described by Eq. (2).

Fig. 4, illustrates the loglinear relationship between the VEI
magnitudes and occurrence rates from Eq. (2) for the Colima volcano
eruptive history models. The regression coefficients indicate that
the best fit is for the case “Colima 1” of Table 8. Applying the same
procedure to Popocatépetl, Citlaltépetl, and El Chichón, we conclude
that the best estimations of magnitudes for the geologic records are,
“Citlaltépetl 1”, “Chichón 2” and “Popocatépetl 2” (Table 12).

3.3.1. Analysis of repose-time series
In this part of the study, we attempt to find the survival Weibull

functions (Eq. (3)) that best fit the repose-time distributions of the
volcanoes referred in Section 3.1. To do this we only use the VEI
Fig. 5. Distribution of observed repose intervals for a) VEI=2, b) VEI=3, c) VEI=4, and d)
VEI≥2 with duration greater than T decades (steps) for eruptions at Colima volcano in
the period 1560 to present. The survival Weibull distribution (dotted line) better fits the
data than the exponential distribution (dashed line).



Fig. 6. Distribution of observed repose intervals with duration greater than T decades
(steps) for a) VEI 2 and b) VEI 3 eruptions at Popocatépetl volcano in the period 1510 to
present. The survival Weibull distribution (dotted line) shows a slightly better fitting
than the exponential distribution (dashed line).

Fig. 8. Distribution of observed repose intervals (steps) with duration greater than T (in
units of 4,000 years) for eruptions at Nevado de Toluca volcano in the last 28,000 years.
The survival Weibull distribution (dotted line) fits the data better than the exponential
distribution (dashed line).

285A.T. Mendoza-Rosas, S. De la Cruz-Reyna / Journal of Volcanology and Geothermal Research 176 (2008) 277–290
categories that made possible to consider the eruptive series as com-
plete. Such eruptive series are the historical data listed in Tables 1, 3 and
4, and the geological series of Nevado de Toluca and El Chichón.
Although In the last two cases it is difficult to sustain completeness, we
are including the portions of Table 6 in which date and VEI data have
beenpublished forNevado de Toluca, and El Chichón 2model of Table 11
as an example of the Weibull representation of available data. The
resulting Weibull distribution parameters are summarized in Table 13.

The comparison between the exponential andWeibull distributions
is shown in Figs. 5–9. In various cases, the Weibull survival function
provided better fits to the repose-time data than the exponential func-
tion, because the shape parameter accounts for the non-stationary
character of some of the series. Stationary repose-time series may be
equally well described by both distributions.

3.4. Assessment of volcanic hazard from geological and historical
eruption series.

The volcanic hazards for Colima, Nevado de Toluca, Popocatépetl,
Citlaltépetl and El Chichón, volcanoes were estimated using the non-
homogeneous generalized Pareto–Poisson process described in a pre-
vious section. We use the number of excesses (Eq. (4)) inferred from
Fig. 7. Distribution of observed repose intervals with duration greater than T decades
(steps) for VEI=2 eruptions at Citlaltépetl volcano in the period 1530 to present. The
survival Weibull distribution (dotted line) and the exponential distribution (dashed
line), show similar degrees of fitting.
the eruptive rates (Eq. (2)) of the geological and historical data
(Tables 1, 3, 4, 6 and 12) to calculate the probabilities of occurrence
of eruptions in the different magnitude classes.

First we use a graphical method to estimate the parameters from
the linear regression (using Eq. (7)) of the plot of the mean of the
excesses (obtained with Eq. (8)) vs their thresholds (Davison and
Smith, 1990).

The linear fittings of the means of the excesses and the means
of the exceedances vs their thresholds, obtained as described in
Section 2.3, are illustrated in Fig. 10. The good fittings of the mean
exceedances and the fair fittings of the mean excesses indicates that
the method is satisfactory. The problem of the fair fitting of the mean
excesses may be addressed considering not one, but two regression
lines, one for the lower threshold values, and other for threshold 4 and
above, and calculating the NHGPPP parameters for each line. However,
in this case we have used the single mean excess lines for the
Fig. 9. Distribution of observed repose intervals (steps) with duration greater than T (in
units of 100 years) for eruptions at El Chichón volcano in the last 3700 years. The
survival Weibull distribution (dotted line) fits the data better than the exponential
distribution (dashed line).
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probability calculations. The Pareto generalized parameters for each
volcano are summarized in Table 14.

We used Eq. (6) to calculate the intensity of the NHGPPP and to
obtain the probabilities of eruption occurrences. Since the approach of
exceedances do implicitly assume that the scale measuring the phe-
nomena is open, and considering that the VEI scale ends in 8, we
subtracted the probabilities of eruptions exceeding that magnitude
from the probabilities of exceeding VEI's lower than 8. Table 15 and
Fig. 11 show the probabilities of at least one eruption exceeding a given
VEI occurring in the stipulated time intervals for each activity model.
We also compare the results obtained with the NHGPPP with volcanic
hazard estimates obtained from direct application of the Binomial and
simple Poisson distributions for the same eruption series.

Inspection of these results shows that the probabilities of occur-
rence of eruptions in the lower magnitude classes, calculated with the
method proposed here differ very little from the standard Binomial–
Fig. 10. Plots of exceedance and excess mean vs. threshold for a) Colima, b) Citl
Poisson methods. However, the probabilities of occurrence of eruptions
exceeding moderate magnitudes are significantly increased. This dif-
ference arises from the added information that the GPD (Eq. (5)) in-
troduces in the NHGPPP when the estimated eruption rates of large-
magnitude eruptions are introduced.

4. Discussion and conclusions

The relatively simple methodology proposed in this paper allows
the use of historical and geological eruption time series to obtainmore
precise estimates of the volcanic hazard. The method considers the
limitations inherent to each of those series: short sample time, prob-
able absence of large events and incomplete reporting of very small
magnitudes for the historical series; incomplete reporting of small and
intermediate magnitudes and uncertainties in the age and magnitude
of major eruptions for the geological series. It also considers the
altépetl, c) Popocatépetl, d) Nevado de Toluca and e) El Chichón volcanoes.



Table 15
Volcanic eruption hazards of Colima, Citlaltépetl, Nevado de Toluca, Popocatépetl and
El Chichón volcanoes as probabilities of occurrence of at least one eruption exceeding
a VEI magnitude over different time periods, for different models of the past activity.
The probabilities were calculated using the NHGPP

Years Colima 1 Popocatépetl 2 Citlaltépetl 1 Nevado de Toluca El Chichón 2

VEIN2
20 0.63290 0.10311 0.03851 0.01487 0.05835
50 0.90840 0.23792 0.09348 0.03675 0.13913
100 0.96840 0.41839 0.17810 0.07211 0.25758
500 0.87936 0.91781 0.62160 0.31095 0.74175

VEIN3
20 0.35806 0.04982 0.01810 0.00816 0.03611
50 0.66361 0.11980 0.04461 0.02028 0.08759
100 0.86989 0.22482 0.08718 0.04012 0.16666
500 0.87935 0.70881 0.36435 0.18444 0.57378

VEIN4
20 0.17236 0.02276 0.00812 0.00424 0.02118
50 0.37367 0.05587 0.02018 0.01056 0.05195
100 0.59816 0.10843 0.03992 0.02100 0.10071
500 0.87180 0.43014 0.18338 0.10030 0.39558

VEIN5
20 0.07391 0.00974 0.00344 0.00204 0.01153
50 0.17328 0.02415 0.00857 0.00509 0.02848
100 0.31210 0.04763 0.01705 0.01015 0.05589
500 0.75173 0.21337 0.08197 0.04955 0.24023

VEIN6
20 0.02802 0.00375 0.00131 0.00087 0.00554
50 0.06806 0.00934 0.00328 0.00217 0.01375
100 0.12975 0.01857 0.00654 0.00433 0.02718
500 0.44890 0.08817 0.03213 0.02138 0.12381
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possibility of time-dependent eruption rates (non-stationary erup-
tion series). These problems are addressed assuming a characteristic
behavior of most natural phenomena: the inverse relationship bet-
ween occurrence rate and magnitude. (De la Cruz-Reyna, 1991, 1996;
De la Cruz- Reyna and Carrasco-Núñez, 2002). The use of relation (Eq.
(2)), describing this behavior, permits linking the historical and geo-
logical time series, greatly expanding the data base, both in duration
and eruption magnitude range.

If an eruptive series is non-stationary, the hazard estimate depends
on the time it is made. For instance, the hazard evaluation of a volcano
which shows a succession of high and low occurrence rate regimes
maybe inaccurate if only the current regime is taken into account. Thus
determining the degree of time dependence of the occurrence rate is
an essential step. The method proposed here provides a criterion to
determine such a condition, and how to deal with it. The degree and
nature of the non-stationarity is revealed by the Weibull analysis on
the repose-time distribution between successive eruptions. The
adjustable shape parameter of this distribution can describe variable
eruptive rates, allowing a better description of the time-dependent
distribution of reposes.

To deal with the difficulties derived from the lack of catalogue
completeness of very low and very high eruption magnitudes in the
historical series, and of low and intermediate magnitudes in the
geological series, the hazard estimates for the full series is done
linking both time scales using the power law distribution (Eq. (2)).
Although the validity of such relationship for groups of volcanoes has
proven effective (De la Cruz-Reyna, 1991), its use on individual
volcanoes may be questioned (Marzocchi and Zaccarelli, 2006),
particularly in the case of strongly time-dependent eruptive series,
its applications to individual volcanoes showing a stationary or a
quasi-stationary behavior using mean eruption rates calculated over
periods long enough to include the representative rate variations,
render satisfactory results as shown in the examples presented here.
The method also allows testing different models of geologic past
behavior, when the uncertainties of the date and magnitude of older
eruptions are high, and search for themost likely combination of date-
magnitude that is consistent with the more recent and reliable data,
even for weakly time-dependent (quasi-stationary) series. In this
respect, no problem raises form the historical and the geological
records having overlapping VEI categories. For example, in the case of
El Chichónwe used the VEI 4 data in both subsets, with good fittings in
both the mean exceedances and the mean excesses vs their
thresholds.

Once a representative eruption rate has been determined, the vol-
canic hazard estimations based on extreme values are obtained using a
NHGPPP. This method renders eruption probabilities of exceedance for
each VEI magnitude category, i.e. hazard estimates that takes into
account all the above mentioned factors, since it gives the appropriate
weights to the more reliable (yet incomplete) historical data, and to the
scarce large-magnitude geological data.

In general terms, the application of a NHGPPP in the final stage of
the method emphasizes the effect of large magnitudes in the hazard
estimation.

The application of this method to the eruption sequences of the
Popocatépetl, Citlaltépetl and Colima volcanoes was compared with
published results of other hazard estimates (De la Cruz-Reyna, 1993;
De la Cruz-Reyna and Carrasco-Núñez, 2002; De la Cruz-Reyna and
Tilling, 2008). Although the results were similar, a characteristic dif-
Table 14
The Pareto distribution parameters to calculate the NHGPPP for the indicated volcanoes

Colima 1 Citlaltépetl 1 Popocatépetl 2 Nevado de
Toluca

El Chichón 2

Shape parameter 0.037 0.052 0.055 0.116 0.143
Scale parameter 1.251 1.344 1.363 1.746 2.191
ference when comparing with the Poisson and Binomial distribu-
tion based hazard estimates was that the exceedance probabilities
calculated with the NHGPPP were increasingly larger for VEI mag-
nitudes greater than 3.

These results should thus be taken into account in the assessment of
volcanic risk and in the design of prevention and response measures,
particularly for major eruptions to which larger areas may be 100%
vulnerable.
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