Systems of Linear Equations

The purpose of computing isinsight, not numbers.

Richard Wesley Hamming
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Thisisalong unit and will include the following
Important topics:

» Solving systems of linear equations —
Gaussian elimination

Plvoting

_U-decomposition
ter ative mpfhnrlQ(
terative Reflnement
>»Matrix lnversion

» Deter minant




Problem Description: 1/2

® Solving systems of linear equationsisone of the
most iImportant tasksin numerical methods.

®Thel-th equation (1<I<n) ISa;X; + 8,X, + a3X3
+ ... +a X, =Db, wherea,, a,, ag, ...... , &, and
b, are known values, and the x;’s are unknownsto
be solved from the n linear equations.

A X T ApX, F AgXg .. +a,.X, = by
Ay Xy T 8yXo + BpgXg + ... + a,.X, = Db,




Problem Description: 2/2

® A system of linear equationsisusually
represented by matrices, A=[a;] ., the
coefficient matrix, [b] .., the constant matrix,
and [Xi] .., the unknown matrix.

d, a, - a, X, bl
d, ady 0 A . X, bz

a, a, - a X b

nn n n



Methods to Be Discussed

®Methodsfor solving systems of linear equations
are of two types, direct and iterative.

® Direct methods go through a definite procedure
to find the solution. Elimination and
decomposition arethetwo major approaches.

® | terative methods, which issimilar to solving
non-linear equations, find the solution
iteratively.



Gaussian Elimination: 1/7

® Suppose all conditionsareideal (i.e., noerrors
will occur during the computation process).

® Gaussian elimination isvery effective and easy
to implement.

®ldea 1: For every i, usethei-th equation to
eliminate the unknown x; from equationsi+1to
n. Thisisthe elimination stage.

®ldea 2: After the eimination stage, a backward
substitution is performed to find the solutions.



Gaussian Elimination: 2/7

® Thefollowing isa smple eimination example.
Use equation 1 to eiminatevariablex in

equations 2 and 3.

..... X . y+ z= 3 ><(-2)+j x(-3)+
5 §+ PP 4—_|

Leccccee .
Ny
]
o,

TtA X — y+ 2= 3
y— 32=-6
By- 2 =0

X iseliminated from equations 2 and 3



Gaussian Elimination: 3/7

® Useequation 2to eliminatey in equation 3.
® After eimination, the system is upper triangular!

Z =06

y iseliminated from equation 3
Equation 2 only has Z



Gaussian Elimination: 4/7

®Now we can solve for z from equation 3.

oP
o1
o1

ug zinto equation 2 to solvefor v.
nen, plug y and z into equation 1 to solvefor x.

NIS 1S backward substitution!

X—y+ z= 3 X= 3+y-z

y— 32= -6 =emeusenes » y= (_6+32)/3
47 = 16 Z=16/4



Gaussian Elimination: 5/7

®Each entry of row | and b; ismultiplied by —a,;/
a;; and added torow k and b, for all k with 1+1 <
K< n.

®|n thisway, all entrieson column | below a,; are
eliminated (i.e., zero). Dothesamefor b's.

any 8y Yyt Yy
0 Q; ; Qg A X fa) ey e e X(-a, /g )t
O §.a.|.+.1.| . § ai+1,i+1 o a1+1,n44
0 a. . a




Gaussian Elimination: 6/7

® Gaussian Elimination
usesrowl (i.e, a ;) to
eliminatea,; for k> 1.

®Thus, all entriesbelow
a;; become zer 0!

E%J %H:>" a{j:>. Ean

[ 4 [ 4 [ 4

@ Qi1 ak,j e Ay
zero here

DO j
a(klj) =
END DO

a(k,j) + sS*a(i,3j)

a(k,i) =0
b(k) = b(k) + S*b(i)
END DO

END DO

using row i, i.e., a(i,¥*)

we want to eliminate a(k,1i)

compute the multiplier

for each entry on row k
update its wvalue

set a(k,i) to O
don’t forget to update b(k)

11




Gaussian Elimination: 7/7

® After elimination, the equations become upper
triangular, 1.e., all lower diagonal entriesbeing 0’s.

all ey Qg ot Gy
0 . % i &g a .,
All Zerosg : OB B
O O O ’..."'., an,n
® Equation i d'r'\'l'y"ﬁé's"'\'/'éi'r'iﬁb'i'éé")(,, Xiiqy oeey X

a1|X| +a1',i+1)§+1+'“+ai,nxn :bl

12



Backward Substitution

®Equation nisa, X, = b,, and hence x,=b,/a, ..

®Equation n-1lisa, ; ,.(Xp1ta,.1 01X, = Dy, @Nd X =
(bn-l'an-l,nxn)/an-l,n-l

®Equationiis a ,x +a %+ -+a&,% =h and x; IS
computed as:;

DO i =mn, 1, -1
S = b(1)
DO k = i+l, n
S =8 - a(i,k)*x(k)
END DO
x(1i) = S/a(i,1i) ! compute x(1i)
END DO

going backward, row i

initialize S to b(1i)

sum all terms to the right
of a(i,1i)

13



Efficiency Issues: 1/4

® How to determinethe efficiency of Gaussian
elimination?
m\VVe count the number of multiplicationsand

divisions, sincethey are slower than additions
and subtractions.

BAslong aswe know the dominating factor, we
know the key of efficiency.

BSincedivisionsare not used frequently,
counting multiplications would be good
enough.

14



Efficiency Issues: 2/4

® Fixing i, theinner-most | loop executes n-i times, and uses
n-i multiplications. Onemoreisneeded to update b,.
Therefore, thetotal isn-i+1.

® Sincek goesfrom i+1to n and theinner-most j loop
executes n-i times, thereare (n-i)(n-i+1)l multiplications.

® Sincei goesfrom 1ton-1, thetotal is > (n-i)(n—i+1)
DO i = 1, n-1 =1

DOk = i+l1, n

S — _a(k’i)/a(i’i) oooooooooooooooooooooooo :

DO j = i+l1l, n 4+Thisj loop usesn-i *’'s ¢

a(k,3) = a(k,j) : :
END DO . .
a(k,j) =0 . .
b(k) = b(k) + Onemore* here

END DO :Thus, one i iteration yges
END DO Sl * o
° n-i+1*’s




Efficiency Issues: 3/4

® T hefollowing can be proved with induction:

1+ 2+---n= %n(n+1)
1° +2° + 3 +--+n° = }(2n3 +3n° + n)
6
® T herefore, we have (verify your self):
n-1 n-1 n-1
S -in-i+D) =Y (n-i)>+> (n-i) = %(n3 -n)
=1 =1 -1

®Thisisan O(n3) algorithm (i.e., number of
multiplications proportional to n3).

16



Efficiency Issues: 4/4

®| n the backward substitution step, since we need to
compute the sum a, ;X148 i, oXjsot. .. 73 1 X, N-|
multiplications ar e needed.

®Sincel runsfrom n- ldown to 1, thetotal number
of multiplicationsis Z(n I)——n(n 1

®ln summary, the total number of multiplications
used Isdominated by the elimination step, which
Isproportional to n3/3, or O(n3) !

® Exercise How many divisions are needed in the
elimination and the backward substitution stages?

17



A Serious Problem

®Thereisa Dig problem. When eliminating a,;
using a,;, —a;/ & ; Iscomputed.

®What if a,; = 0?7 Division-by-zero or overflow
in—a, ;/a ; or truncation in (=& ;/a; )xa j+a; may
occur because of (—a /a;;)xa;; >>a, ;! Why?

® Therefore, the use of Gaussian elimination is
risky and some modifications would be needed.

® However, If the following holds (i.e., diagonal
dominant), Gaussian elimination worksfine.

la;; > Z|ai,j| (for every i)

j=1,j# 18



Partial Pivoting: 1/6

® To overcomethe possible x/0 issue, one may use
an important technique: pivoting.

® Therearetwo typesof pivoting, partial (or row)
and complete. For most cases, partial pivoting
usually wor ks efficiently and accur ately.

® Important Observation: Swapping two
equations does not change the solutions!

®|f a; = 0, one may swap some equation k with
equation | so that the new a, ; would not be zero.

® But, which k should be swapped?

19



Partial Pivoting: 2/6

® One of the best candidatesisthe a ; such that |a, |
isthe maximum of |3 |, [&qils -+ 1aqil- |

®\Why? If equation k with maximum [a, ;| iS
swapped to equation I, then, all [a /a;;| < 1for I <|

<n.
aj; Qg Yyt gy
O E a1| E a'i,i+1 a'i,n
0 = Qgis Sgja 0 S
find the maximum here - = . = . X
followed by a swap .
0 ) E _a_n_,i_ _E an,i+1 an,n

20



Partial Pivoting: 3/6

® Theoriginal Gaussian elimination ismodified to
Include pivoting: find the maximum |a ;| of &,
841, --+» 8y, and do arow swap, including b; and
b,. Theremainingisthe same!

DO i =1, n-1 ! going through rows i+l to n
Max = i ! assume |a(i,i)| is the max
DO k = i+l, n ! find the largest in Max
IF (ABS(a(Max,i)) < ABS(a(k,1i)) Max = k

END DO

DO j = 1, n ! swap row Max and row i
swap a(Max,3j) and a(i,j)

END DO

swap b(Max) and b (i) ! don’t forget to swap b(i)

.. do the elimination step ..

END DO

21



Partial Pivoting: 4/6

®Blue dashed line: current column, Red circle: max

J— A b A b
12 3 1|3 3-2 1 5 7
:-2:i1 -2 -1 |-4 0 -3 -4/3 7/3 | 2/3
@2 1 5|7 0 -4/3 8/3-2/3| 23
: 111 5 3|8 0 -1/3 14/3 4/3 | 17/3
rowswapl eimination

3 -2 5 | 7X(23)+=y x(-U3)+= x(-1/3)+
2 1 -2 -1 -44—1 \

1 -2 3 13

1-15 3

8

22



Partial Pivoting: 5/6

®Blue dashed line: current column, Red circle: max

A b A b
3.2..,1 o 17 2 1 517

3
0; -1/3't-4/3 73 | 23 0 -4/3 8/3-2/3 | 23
o- 8/3 -2/3 | 23 0 0 -2 52|12
0i -1/3 114/3 43 | 17/3 0 0 4 32|ur

row svvapl

A b
-2 1 S 7

-4/3  8/3 -2/3 | 2/3x(-VA)+ = x(-1/4)+
-1/3 -4/3 7/3 ZB‘J \
-1/3 14/3 4/3 | 17/

Imlnf\ |nn

ali
Cliiirnniiativl i

O OO w

23



Partial Pivoting: 6/6

®Blue dashed line: current column, Red circle: max

A b A b
32 1 5 | 7 32 1 5 | 7
0 -4/3 83 -23| 23 0 -4/3 813-2/3| 23
0 0 {-2:i572]|12 0 0 4 32112
0 0 i@;i 32 |w2 0 0 0 134 |13/4

elimination X; =X, = X3 =X, =1
row swap
A b

-2 1 5 7
-4/3  8/3 -2/3 | 2/3

0 4 32 §11/2 x(1/2)+
0O -2 52 1/2<J

24



Complete Pivoting: 1/4

®What if a;;, a1, ..., a,; areall very closeto zero
when doing pivoting for column i?

® | f thishappens, partial pivoting has a problem,
because no matter which row is swapped, thereis

a chanceto have 0/0, overflow or
truncation/rounding.

® | n this case, complete pivoting may help.

25



Complete Pivoting: 2/4

® With complete pivoting, the block defined by a; ;
and a, , Issearched for a maximum |a, [

® Then, arow swap (row i and row p) and a column
swap (column | and column q) are reguired.

® After swapping, do the usual elimination.
Ay 31 01 ‘ a,

4..0 .......... ..... .@.”_.1 ............. ai':ﬁ .............. >
O |-+1| a|+1|+1 ai+1,n

U SRTN VOO R S, | JOWP..
O a:n,i an,i+1 an,n

Ycolumn i Ycolumn g 26



Complete Pivoting: 3/4

®\While swapping rows does not change the
solutions, swapping column | and column q
changes the positions of x; and X,

® To overcomethis problem, we have to keep track
the swapping operations so that column swapping
will not affect the solutions.

® One may use an index array!

27



Complete Pivoting: 4/4

®Index array idx () isinitializedto 1, 2, ..., n.

®|f columnsi and g are swapped, the content of
thei-th and g-th entriesof idx () arealso

swapped (i.e., swapping idx (i) and idx(q)).

® At theend, idx (k) = h meanscolumnKkis
the solution of x;. For example, if idx (1) =4,
idx(2)=3,idx(3)=1and idx(4) =2, this
means columns 1, 2, 3 and 4 contain the
solutionsto x,, X3, X; and X..

® Sometimes, thisindex array isreferred toasa
permutation array.

28



Efficiency Concerns

® Elimination with pivoting does not increase the
number of multiplications;, however, it does use
CPU timefor comparisons and swapping.

® Although compared with multiplications and
divisions swapping may be insignificant,
pivoting does add speed penalty to the
efficiency of the methods.

® One may useindex arraysto avoid actually
carrying out swapping.

® Exercise: how can thisbe done? Refer tothe
Index array method for complete swapping.

29



Is Pivoting Really Necessary? 1/3
® Consider the following without pivoting.
0.0003x + 3.000y = 2.0001 x(-1/0.0003)+
1.0000x + 1.000y = 1.0000 4—_|
elimination
0.0003x + 3.000y = 2.0001 exact arithmetic yields
-9999y = -6666 VO AdY =23
y = 6666/ 9999

- 2.0001- 30000 x (6666 / 9999)
0.0003

X

30



Is Pivoting Really Necessary? 2/3

®\Without pivoting:
P d Possible cancellation here,

y = 6666/ 9999 as 3x(6666/9999)=2.0001!
« 2.0001-)3.0000 x (6666 / 9999)

0.0003
Precision y X
4 0.6667 0
0.66667 0.3

0.666667 0.33  \inaccurate
0.6666667 \0.333

~N O O1

31




Is Pivoting Really Necessary? 3/3

®\With pivoting: Nnation

1.0000x + 1.0000y = 1.0000

0.0003x + 3.0000y = 2.0001

1.0000x + 1.0000y = 1.0000

2.9997y = 1.9998

- 10998 / o
29997 Backward substitution

x = 10000y
Precision y X
4 0.6667=2/3 0.3333
5 0.66667 0.33333
6 0.666667 0.333333
7 0.6666667/  0.3333333

32



Pitfalls of Elimination: 1/2

® Thefirst onels, of course, a,; = 0 when
computing —g,;/a,;. Thiscan be overcome with
partial or complete pivoting.

® However, singular systems cannot be solved by
elimination (e.g., two parallel linesdo not have
a solution).

® Rounding can be a problem. Even with
nivoting, rounding is still there and could
oropagate from earlier stagesto the next.

®|n general, n < 100isOK. Otherwise, consider
using other (e.g., indirect) methods.

33



Pitfalls of Elimination: 2/2

®|||-Conditioned systems aretrouble makers.

®|||-Conditioned systems are systemsvery
sensitiveto small changesto coefficients, and
there could be many seemingly correct “ solutions.”

® Sincethese “ solutions’ seem to satisfy the
systems, one may be misled to believethey are
“correct” solutions.

34



LU-Decompositions: 1/8

® |dea: Thebasic idea of L U-decomposition isto
“decompose” the given matrix A=[g, ;] of Aex=b
INnto a product of alower triangular and an
upper triangular matrices (i.e., A = LeU).

® Thelower triangular matrix hasall diagonal
elementsbeing 1's(i.e., Doolittle form).

d,
b1 %
%2

A

A4

A,
D

% n

lAwaiar trianciilar
1UVVCI LI IClIIUUIaI

1

0

35



LU-Decompositions: 2/8

®|f A hasbeen decomposed as A=L-U, then
solving A-x = b becomes solving (L -U)-x = b.

®(L-U)-x=Dbcan berewritten asL-(U-x) =Db.

®Lety=U-x Then,L-(U-x)=Db becomestwo
systems of linear equations. L.y =b and U-x =.

® Since L and b are known, one can solvefor .
Oncey becomesavailable, it isused iInU-x =y
to solvefor x.

® Thisisthekey concept of L U-decomposition.

36



L U-Decompositions: 3/8

®\Would it make sense when onesystem A-x=Db

becomestwo L-y=Dband U-x =y?

® |t depends; however, both systemsare very easy

tosolveif A =L-Uisavallable.

® Can use backward substitution to solveU-x =y .

Uy,
0

u1,2
u2,2

u1,i
u2,i

u1,n
u2,n

Yi
Y,

Yi

Yn

37



LU-Decompositions: 4/8

®Thel-y=Dbsystemisalsoeasy to solve.

®Fromrow 1, wehavey, = b,. Row 2isl,,y; +V,
=b,. Rowlis

Ii,lyl T Ii,2Y2 T T Ii,i—1yi—1+ Y = b|

-1
®Hence, y =D _(Ii,lyl‘Hi,zyz+"'+|i,i—1yi—1):bu _Zli,kyk
k=1
1 0O - 0O --- O] ‘yl‘ ‘bl‘
|2,1 1 o - 0 Y> b,
r()Wil L T O“. Y, ) b
_In,l In,2 n,i 1_ _yn_ _bn_ >




L U-Decompositions: 5/8

® Thefollowing codeis based on the for mula
mentioned ear lier

yi:h_(||1y1+||2y2+ +I||1y| 1) q Zl|kyk

®Thisisreferred toasforwgf d substltutlon since
Y1, Vo -+, Vg @reused to gdmputey..

y, = b,
DO i =2, n
y; = b;
DO k = 1, i-1 Thisisan O(n?) method
Y:; = ¥; - Ly *¥x || Doit yourself.
END DO
END DO 39




LU-Decompositions: 6/8

® |n summary, L U-decomposition methods have
the following procedure:

*From A in A-x = Db find a L U-decomposition
A=L-U

“» Solvefor y with forward substitution from
L-y=Db

“» Solvefor x with backward substitution from
UXx=y

40



LU-Decompositions: 7/8

®\Why LU-decomposition when
Gaussian elimination is available?

® Thereason issimple: saving time.

® Suppose we need to solve k systems of linear
equationslikethis: A-x; = by, A-X, =b,, A-Xg=
D, ..., A-X,=b,. Notethat they sharethe same
A and not all b;’sare available at the same time.

®\Vithout a L U-decomposition, Gaussian
elimination would berepeated k times, one for
each system. Thisistime consuming.

41



LU-Decompositions: 8/8

® Since each Gaussian €limination requires O(n%)
multiplications, solving k systemsrequires
O(kxn3®) multiplications.

® A L U-decomposition decomposes A = L-U.

® For each b;, applying a forward followed by a
backward substitution yields the solution x;.

® Since each backward and forward substitution
requires O(n?) multiplications, solving k
systemsrequires kxn2) multiplications.
® Therefore, L U-decompdgition isfaster!
elimination is still needed 45




How to Decompose: 1/4

® L U-decomposition iseasier than you thought!

® Gaussian elimination generates an upper
triangular matrix, which istheU in A =L-U.

® Moreimportantly, the elimination process also
produces lower triangular matrix L, although we
never thought about this possibility.

® The next few dlides shows how to recover this
lower triangular matrix L during the elimination
pr ocess.

43



How to Decompose: 2/4
®\When handling 3,

row i, -a,;/a;; Is a,
mU|t|p||8d torow a, &, column i
i and theresult is A, B,
added to row k. .
® Theentry on row 4, A 1
k and column | of | 2
L1 Where k > i1 IS B a1'+l,l a1'+1,2 1
818y

®Thus, L can be
generated on-the-
flyasa /a;lisa
multiplier!




How to Decompose: 3/4

® During Gaussian elimination, the lower
triangular part isset to zero.

® One may usethisportion for the lower
triangular matrix L without its diagonal;
however, the diagonal ispart of U rather than L.

DO i =1, n-1 ! using row i, i.e., a(i,1i)
DO k = 1i+1, n ! we want to eliminate a(k,1)
S = a(k,i)/a(i,i)
DO j = i+l1l, n ! for each entry on row k
a(k,j) = a(k,j) - s*a(i,j) ! update its value
END DO
! save this “multiplier”
ND DO ! don’t forget to update b (k)

END DO 25




How to Decompose: 4/4

® After thedecomposition A =L-U, matrix A is
replaced by U in the upper triangular part and L
In the lower triangular part without the diagonal.

matrix U

matrix L 46




Example: 1/4

®Blue: values of the lower diagonal portion (i.e.,
matrix L without the diagonal)

1

Ya

column 1 < *0 0 1 2 0
3, 2 13/4-.1/4

L 4
.0
L 4
47
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Example: 2/4

®Blue: values of the lower diagonal portion (i.e.,

matrix L without the diagonal)

4 0 1 1
3, 1 9/4 Y, x(-UL)+ X('2{1)+
O 1 2 O :

3 2 13/4 1/4

. 4. 0 1 1
S 1 94 Y,

4
.0

RO 7 -1/4

0..
L4

column 2

.0
L 4
.0
L 4



Example: 3/4

®Blue: values of the lower diagonal portion (i.e.,
matrix L without the diagonal)

4 0 1 1

% 1 9/4 Y,
O 1 -Y -Ya x(-5+
%, 2 -5/4 -Y,

~~~~ 4 0 1 1

L 4
.0

1 94 Y,

column 3
Vo Y4

0..
L 4

49



Example: 4/4

®\Verification:

(B
I
(B

w o w PH

= O

N

A N W B

R O B

50




How to Solve: 1/2

® Thefollowingisa forward substitution solving
foryfromL and b (i.e, L-y =Dh):

N L. ]
Y, = D ’
DO 1 = 2, n
y; = b;
DO k =1, 1-1 A

g, Isactually [; 51



How to Solve: 2/2

® Thefollowing isa backward substitution solving
for xfromU-x =vy.

DO 1
S = .
DO k i+l,n

— -— *

END DO
xX. = S/a.

i i,1

END DO

g, hereis u;! "



Why Is L Correct? 1/10

® For row 1, theelimination step multipliesevery
element on row 1 by —a, ,/a, ; and adds theresults
torow . Thisisa matrix multiplication!

| new values
: row | 53




Why Is L Correct? 2/10

® Definematrix E; asfollows. Then, E;-A setsall
entrieson column 1 below a, , to zero.

00 --- 0 --- 0

: | E; islower triangular!

54



Why Is L Correct? 3/10

® Define E, asfollows. The same calculation shows
E.-(E,-A) setsall entriesof E;-A below a,, 10 0.

1 0 O .- 0 --- 0

0 --- 0
0 --- 0
1 0

E, islower triangular!

55



Why Is L Correct? 4/10

® For column i, lower triangular matrix E; is
defined asfollows. It hasall the“multipliers’.

1 0 0 ... 0 --- 0
0 - 0 ... 0 --- 0
0 1 ... 0 --- 0
_a1'+1,i
&
E, = o
O . +2, 1 O
C¥
0 el 0o - 1
! &, ]




1
o O Bk

Why Is L Correct? 5/10

®SncekE -E ,-...-E,-E-A setsthelower diagonal

part of column 1tocolumni-1to0, the new
matrix E;-(E;_'E; »-...-Ex»E;-A ) eliminatesthe

lower diagonal part of & ;.

1 0 .. of|2 LT I T 3 a,
: : 0
_ai+1,i O ’ O
& : ’ |
_ai+2,i 1 0 O ’ O
a, : :
: ] 0 0
i o 1
&
E.

.o al,i

a1,i+1 a1,i+2

ai,i+1 a1',i+2
a1'+l,i+1 a1'+1,i+2

ai+2,i+1 a1'+2,i+2

A i Qi

57
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Why Is L Correct? 6/10

® Repeating this process, matricesk,, E,, ..., E, 4
areconstructed sothat E, ;-E,, ,-. E E Ais
upper diagonal.

®Notethat only E;, E,, ..., E,.; are needed,
because the lower dlagonal part hasn-1 columns.

® Therefore, the elimination process is completely
described by the product of matricesE;’s.

®Now, wehave &£ -E ...-ErE-A= U where U
ISan upper triangular matrlx andA = (E -E_
~EE) U, where T means the inver se

matrlx oflT (i.e, T-T-1=1, theidentify matrix).

®\What is(E, ,-E, ,-...-E,-E)"*? Infact, thisis
matrix L Wewant

58



Why Is L Correct? 7/10

®|n linear algebra, theinverse of A-B, (A-B)1,is
computed as (A-B)1=B-LA1L

. (En_1°En_2' . ‘Ez'El)-l — El-l'Ez-l‘ . ’En_z-l'En_l-l.
®E lisvery easy to compute! See below.

1 Ecolumn | 171 column i

row K

59



Why Is L Correct? 8/10

® Therefore, E; "t isobtained by removing the
negative signsfrom E;!

__l —




Why Is L Correct? 9/10

® Additionally, E, *-E,*-...-E, ,1-E, ;1 isalso easy
to compute.

® Thefollowing showstheresultsof E ,%-E ;2. It
Isbasically “filling” the entries.




Why Is L Correct? 10/10

®E, LE,L...-E , E, ;T
IS computed by
removing the signs
from all E;'sand
collect them all
together intoa g.g....g -
lower triangular
matrix.

® Verify this yourself!

Note that the a;;'sare not the
original of matrixA. They are
computed intermediateresults
In the elimination process

1
&

P
G Ze
A; G

11 a2,2
ai +11 a1 +1,2
ai,i a’2,2
G e
A; G
G1 G
A; G




Pivoting In LU-Decomposition: 1/7

® L U-Decomposition may also use pivoting.
® Although partial pivoting in Gaussian
elimination does not affect the order of the

solutions, it doesin L U-decomposition because
L U-decomposition only processes matrix A!

® Therefore, when using partial pivoting with L U-
decomposition, an index array I1s needed to save
row swapping activities so that the samerow
swapping can also apply to matrix b later.
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Pivoting In LU-Decomposition: 2/7

® To keep track partial pivoting, an index array
idx () Isneeded, which will be used to swap

elementsof matrix b.

® For example, If idx (1) =4, idx(2)=1,
idx(3)=3 and idx(4) =2, thismeans after row
swapping, row 1 isequation 4, row 2 Is eguation
1, row 3isequation 3, and row 4 isequation 2.

® Before using forwar d/backward substitution, we
need to swap b, to thefirst position, b,, b; and b,
tothe 2", 3rd and 4", respectively.
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Pivoting in LU-Decomposition: 3/7

®Blue: values of the lower diagonal portion (i.e.,
matrix L without the diagonal)

index

i @0 1 1x(3Apmy X(0/4)+ = X(-F4)+
2 31 3 l<J \
3 0220
4 3 3 41

........ 4 O 1 1
... 1 9l4 Y
column 1 0 2.2 0

L 4

.0
L 4
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Pivoting In LU-Decomposition: 4/7

®Blue: values of the lower diagonal portion (i.e.,
matrix L without the diagonal)

Index index
arra
4 0 1 1 "4 0 1 1
2 Y1 9/4 1/4 A4 ¥ 3 134 Ya x(-2/3)+ = x(-1/3)+
3 0 2 30 2 2 0 4—-|
Ya @ 13/4 1/4 2 % 1 94 Y

index
column 2\ aray

1.4 0 1 1

0..
L4

4 %'~~.3 13/4 Ya

0..
4,

‘e
L 4
L 4
.0
4
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Pivoting in LU-Decomposition: 5/7

®Blue: values of the lower diagonal portion (i.e.,
matrix L without the diagonal)

Index Index

array array

1 4 O 1 1 1 4 O 1 1

4 3 3 13/4 VY 4 3 3 13/4 Y

3 0 23-16 -16 2 ¥ U3 76 16 x(un)+

2 ¥ 1/3 1/6 3 0 2316 16 e—0-]
Index
array

14 0 1 1
4 Y3 134 Ya
2 ¥ U3-7/6 16

3 0 23 -1/7--321

'0.' 67
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Pivoting in LU-Decomposition: 6/7

®\Verification:

O DNlwWw Dl W K

 —

WIN Wl

—

NI

ol~N M -

N |
|—\‘oo Olk AP P

o w w H

N B W O

N W b~

index
array

=

o T e e
W N A
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Pivoting In LU-Decomposition: 7/7

® | U-decomposition may use complete pivoting.
® A second index array Isneeded to keep track the
swapping of variables.

® After the decomposition A =L-U isfound, the
partial pivoting index array isused to swap
matrix b’s elements, then usethe new b to solve
for the x.

®|f complete pivoting isused, the second array Is
used to get the correct order of variables back.

® See Complete Pivoting didesfor the details.
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Iterative Methods: 1/2

® | n addition to Gaussian elimination, L U-
decomposition, and other methods that
guaranteeto compute the solution in a fixed
number of steps, there are iterative methods.

® | ikewelearned in solving non-linear equations,
Iterative methods start with an initial guess x, of
Aex = b and successively compute X4, X, ..., X,
until theerror vector e = Aex,-b issmall enough.

® |n many cases (e.g., very large systems), iterative
methods may be mor e effective than the non-
Iter ative methods.
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Iterative Methods: 2/2

® Therearemany iterative methods, from thevery
classical ones (e.g., Jacobil and Gauss-Seidel) to
very modern ones (e.g., conjugate gradient).

®\We only discussthe classical ones, Jacobi and

Gauss-Seidd.

® Typical iterative methods have a general form

similar to the following:

X1 = C'Xk

d
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Jacobi Method: 1/4

® Equation | in Aex=b hasthe following form:
QX + 8 , X+ g X+ +a X, =D

® Solving for x; yieldsthe following if g, ; # O:

a; ; k=1k#i

® Jacobi method goes as follows:
B Start with an initial guess X, =[Xy, X5, ..., X]
B Plug thisx; into the above equations to compute X,
B Repeat thisprocessuntil Aex, = b for somek.

® See next few didesfor more details.

X - [bi N (ai AXg Tt g Xy T X T T a g X )] = ai{b. - iai,kxki|

12



Jacobi Method: 2/4

®L et the system be:

-OX—Y +22=1  angformatiion X =-(1 +y-22)/5
2X + By - 372=2 =——P = (2 -2X+32)/6

2X+ Yy +72=32 z= (32- 2x-yY)I7
® Supposetheinitial valuesare x=y=z=0 (i.e., X, =
0,0,0])
® Plug X, Into the equations: x,=[-1/5,1/3,32/7].
® Plug X, Into the equations:

—}(1+}—2xg\
5\7 3 7)

1 -1 32

X, = 6(2—2x?+3x7) Convergein approx. 10 iterations

45810 with x=0.998, yz1.997, 7=3.991

1 -1 1
7(32‘“?‘3 s

— 15619
=| 2.6857




Jacobi Method: 3/4

® Step 1: Initialization A A
a a
. . _ 2 0 X
! Given system is Aex = b a,, a,,
! C(:,:) and d(:) are two C=| a, a, 0
! working arrays a,, 3y,
DO i = 1’ n _anl _an2 _anS
DO j = 1’ n B ann ann ann
g(iij) = ---(lij)/--(lii) _bl_
EN].D 1?0 a,,
C(lll) = 0 b2
d(i) = b(i)/a(i, i) a,,
END DO d=| b,
Now we have x = Cex + d %3
b,
row and column swaps may be needed a2

before starting iteration! -
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Jacobi Method: 4/4

@ Step 2: Iteration

DO

X new = C*x + 4

IF (ABS(A*xX new - b) < Tol) EXIT
X = X _new

END DO

ABS (A*x new-b) < Tol meansthe absolutevalue
of each entry of A*x_new - bislessthan Tol .

You may just use the equations for computation
Instead of the above matrix form.
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Gauss-Seidel Method: 1/4

® Gauss-Seidel method is dightly different from
Jacobi method.

®\With Jacobi method, all new x valuesare
computed and be used in the next iteration.

® Gauss-Seidel method usesthe same set of
equations and the same initial values.

® However, the new x, computed from equation 1
Isused In equation 2 to compute x,, the new x,
and X, are used In equation 3 to compute X,.

®|n general, thenew x;, X,, ..., X ; areused in
equation | to compute the new X..
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Gauss-Seidel Method: 2/4

® Example:
X—=Y +2Z2=1  yangormation X =-(1 +y-22)/5
2X + By - 372=2 =—— = (2 -2X+ 32)/6
2X+y +72=32 2= (32-2x-yY)I7

® | nitial value is x=y=z=0.

® Plugging y and z into equation 1 yieldsthe new
X =-1/5. Now, we have x = -1/5, y=z=0.

® Plugging x and z into equation 2 yields the new
y = 2/5. Now, we have x=-1/5, y=2/5, z=0

® Plugging x and y into equation 3 yieldsthe new
z=32/7. Now, we have x=-1/5, y=2/5, z=32/7.

® Thiscompletesthefirst iteration!



Gauss-Seidel Method: 3/4

® Example:
OX—Y +2Z2=1  yansormation X =-(1 +y-22)/5
2X + By - 372=2 =—— = (2 -2X+ 32)/6
2X+y +72=32 _ Z= 32-2x-_}/7
®|teration 2 startswith x=-1/5, y=2/5, z=32/7.
® Plugging y and z into equation 1 yieldsthenew x =
271/175=1.5486, and x = 271/175, y=2/5, z=32/7.
® Plugging x and z into equation 2 yieldsthe new y =
368/175=2.1029, and x=271/175, y=368/175, z=32/7
® Plugging x and y into equation 3yieldsthenew z =
134/35=3.8286, and x=271/175, y=368/175, z=134/35.

® Thiscompletesthe second iteration!

78



Gauss-Seidel Method: 4/4

® Algorithm:

® Theinitialization part isthe same as the Jacobi
method, since both methods use the same set of

equation transfor mations.

DO

DO i =1,
EQN_i =
DO j

EQN_ i
END DO
X(1) = EQN_1i + d(1i)

END DO

IF (ABS(A*x - b) < Tol) EXIT
END DO

1 Update X

1

n~ ol

n
EQN_ i + C(i,]J)*=x(3)




Convergence

® Jacobi and Gauss-Seidel methods may not
conver ge.

® Even though they may conver ge, they may be
very slow.

®|f the system isdiagonal dominant, both methods
conver ge.

n
la;; > Z|ai’j| (for every i)

j=1,j#i
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Geometric Meaning: 1/4

® Suppose we havetwo lines, #1 and #2.

® Jacobi method usesy to find a new x with
equation #1, and uses x to find a new y with
equation #2.
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Geometric Meaning: 2/4

®|f thegiven system is

diagonal dominant, the x+y=3 _ x=1yI3
- X+2y=2 y=1-x/2
Jacobi method conver ges. | :
oLet X=[3,2]. #l

® Then, X,=[1/3,-1/2]. The
right diagram shows how to
find the x and y coor dinates.

® X, =[7/6,5/6] and
X4=[13/18,5/12].

® The solution is X" =[4/5,3/5]




Geometric Meaning: 3/4

®L et ustry the Gauss-Saidel method.

® Thismethod usesy to compute a new X with
equation 1, which replacesthe old x, and uses
thisnew X to compute a new y.

#1

X1
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Geometric Meaning: 4/4

® Use Gauss-Seldel method

with X =[3,2]. )3()33 — ﬁig

#1

® Since x=1-2/3=1/3 and y=1-
(1/3)/2=5/6, X,=[1/3,5/6].

® Since x=1-(5/6)/3=13/18 and
y=1-(13/18)/2=23/36,
X,=[13/18,23/36] .

® Since x=1-(23/36)/3=85/108
and y=1-(85/108)/2=131/216,
X ,=[85/108,131/216].

® Gauss-Sealdel Isfaster!




Iterative Refinement: 1/5

® Dueto rounding error accumulation, elimination
methods may not be accurate enough.

® Thisisespecially trueif matrix A in A-x =b isill-
conditioned (e.g., nearly singular), and, asa
result, the computed solution may still be far
away from the actual solution.

® | terative refinement techniques can improvethe
accur acy of elimination methods.

® To useiterativerefinement methods, one hasto
preserve matrix A and computesthe L U-
decomposition A = L-U.
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Iterative Refinement: 2/5

®Hereisthealgorithm. In each step, the
“residual” Iscomputed and used to solvefor a
“correction” to update the solution X.

Make copies of A to A’ and A” and b to b’

Use A” to compute A” = L*U ! A” is destroyed

Apply an elimination method to solve A’*x=b’

Let the solution be x

DO
r =b - A * x ! compute residual
IF (ABS(r) < Tol) EXIT
Solve for A from (L*U)*A = r ! compute correction
X =x + A ! update x

END DO

86




Iterative Refinement: 3/5

® Consider solving the following system:
X +y=2
2X+ 3y =5
®\WehaveA, L, U and b matricesasfollows:
cal ol s
A= = : b=
2 3| |2 1 1 5
| U
®|f amethod providesa “solution” x =0.9and y =

1.3, theresidual vector r Is
09] [-02
13| |-07

r:b_A.x:E_B ﬂ
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Iterative Refinement: 4/5

® Now, we solvefor A from A-A=r.
® Since A=L-U, wehavelL-(U-A)=r.

®SincelL and r areknown, we may solvefor T In
L-T =r (hence U-A =T) asfollows:

1 t,| [-02]
2 1] |t,] |-07
® Forward substitution yieldst, = -0.2and t, = -0.3

—0.2"
03

T =
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Iterative Refinement: 5/5

®Wehave U-A =T asfollows:
1 1A, |-02
1| |A,| |-03
TR R e

® Backward substitution yields A asfollows:

a-| 5

® Thenew XIS

- +A_'o.9'+'o.1'_'1‘
Tren = %ia T 1317 —03] 7|1

® Since A-x = b, we havethe solution in 1 iterationS!9




Matrix Inversion: 1/9

® Theinverse matrix of a nxn matrix A, A1,
satisfiesA-A1=A-LA =, wherel isthe nxn
Identity matrix.

® Not all matricesareinvertible. A matrix that

doesnot an inverseisasingular matrix, and has
zer o determinant.

@ Given A, how do we find its inverse?

®|f you know how to solve systems of linear
equations, matrix inversion isjust a littlemore
complex.
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Matrix Inversion: 2/9

®| et X beamatrix such that A-X =1.
® Consider column i of X, X;, and columniof I, I..
®\Wehave A-X; = |, asshown below.

® Since X, Isunknown and |; iIsknown, solving for
X; gives column | of matrix X.

dy o o Qo A | Xy 0

a,  a, 3 |1 %5 [H(L)inpostion

&y By v 8| | %] O o




Matrix Inversion: 3/9

® Therefore, we may usethe same A and solve X,
from 1, X, froml,, ..., X froml,.

® |t requiresthe execution of alinear system solver
n timeswith the sameA.

®\We may use L U-decomposition to save timel

dy o o Qo A | Xy 0

a,  a, 3 |1 %5 [H(L)inpostion

&y By v 8| | %] O 0




Matrix Inversion: 4/9

®First, doa LU-decomposition A = L-U.

®For each 1 from 1ton, let |; bethe column vector
with alin thei-th position and O elsewhere.

®\Wehave (L-U)-X; =I;. Applyingforward and
backward substitutionsyields X;, thei-th column
of theinversematrix X = A,

® Notethat If partial (complete) pivotingisused Iin
the construction of A = L-U, one must swap rows
of |,’s before solving, and swap rows (and
columns) after the solution Is obtained.
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Matrix Inversion: 5/9

® Consider finding the inversion of the following
matrix A:

4 0 1
A=|3 1 3
01 2

®First, find A’s L U-decomposition asfollows:

4 0
1

oh|lwk

N

sl LaloR



Matrix Inversion: 6/9

® Now, find the first column of the inver se.
® Theright-hand sideis[1,0,0]" asfollows:

1 4 0 1 1]
3 1 2 . X, =0
4 4
0 11 -1 0]
i 4
® Go through aforward and a backward
substitution yields: Eh
X, =| 6
__3_ 95




Matrix Inversion: 7/9

® Then, find the second column of theinver se.
® Theright-hand sideis[0,1,0]" asfollows:

1 4 0 1 0
3 1 2 X, =1
4 4
0 11 -1 0
! 4
® Go through aforward and a backward
substitution yields: 1]
X,=|-8
4
_ — 96




Matrix Inversion: 8/9

® Finally, find the third column of theinver se.
® Theright-hand sideis[0,0,1]" asfollows:

1 114 0 1 0
3 1 2 . X, =10
4 4
0 1 1 -1 L
i 4
® Go through aforward and a backward
substitution yields: 1]
X,=| 9
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Matrix Inversion: 9/9

® Therefore, theinverseof A is[X, | X, | X4]

1 -1 1°
Al=| 6 -8 9
-3 4 -4

®L et usverity It:

4011 -1 1] [1
A-A*=13 1 3|6 -8 9 |=|0
01 2||-3 4 -4] |0

(-

o +— O
= O




Determinant: 1/3

Thedeterminant of a square matrix is also easy
to compute.

f A=L-U, thenthedeterminant of A isthe
oroduct of the diagonal elementsof U.

f the construction of A = L-U uses pivoting, the

total number of row and column swaps
matters. If thetotal isodd, the product should
be multiplied by -1.

Thisisbecause swapping two rows (or columns)
changesthe sign of the deter minant.
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6

Determinant: 2/3

®Herelisan example with complete pivoting.

R A DN

0

4 1 1 0(6) 6 0 1
I
5 0 row swap 4 9 Ocoumnswap 0 2 4
0 (&) 2 41 | |1 42
// " prodUCt
1 6 0 1 _VC} Q
x(-1/2)+ 4
row swap
0 4 % .
v 2 —

0 2 4
°® %

3 swaps means(

1)3

Xx(-1/6)+

h

IS 74
1

%

0 g 374

(-1)374=- 74’~.w9,

L
)



Determinant: 3/3

®|t ispossiblethat all theremaining entriesare
0’swhen doing complete pivoting.

®|n thiscase, the given matrix issingular with
zer o deter minant.

® Moreimportantly, the number of none-zero
entrieson the diagonal isthe rank of the matrix.
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