The Pythagorean Theorem: I

A New Approach to Proving
The Pythagorean Theorem

’-------------------------------\

¢ \When heaven is about to confer a great responsibility on any man, it will
exercise his mind with suggering, subject his sinews and bones to hard
work, expose his body to hunger, put him to poverty, place obstacles in the
paths of deeds, so as to stimulate his mind, harden his nature, and
Improve wherever he Is incompetent.

I I IS e e

\ Meng Tzu (Mencius), ga=, 4" Century BCE ¢

~------------------------------'



What Will Be Discussed?

1. The geometric series can be used to compute the
length of a line segment and the area of a shape.

2. Similarity and its induced scaling factor are used.

3. A new approach will be developed for proving the
Pythagorean Theorem using this technique.

4. We are able to re-prove some old proofs in
Loomis’ well-known book.

5. With the help of the Lemoinel Grebel Symmedian
point, a new proof will be discussed.




Similarity and
Scaling Factors




A New Idea (Linear): 1/3

1. Given a segment XY and a

z A 2 point Z in XY, how do we
T calculate the length of XY?
- = 2. Let the segment XY be A, the
— zif}\) segment ZY be B and the segment
ped p3(A) XZ be A'B

T s 3. If we know the ratio of the lengths
“ie_oxny  Of B and A, the length of A can be

L L computed with the ratio and the
d length of A-B.
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A New Idea (Linear): 2/3

1. Given a segment XY and a
point Z in XY, how do we
calculate the length of XY?

2. Let the ratio of lengths of B and A
bep<1:

_lengthof ZY _ ZY gy ﬁzp-W

pe length of XY XY

1. This the scaling factor going from
segment XY to segment ZY.



A New ldea (Linear): 3/3

Now we have the following:

XY = XZ +ZY
z A gt Y7 vy 1
e E—— e E— ) E— = XZ+ o R |XY :
aB__ - -2+ pPE V)
= XZ+p-XZ+p-ZY
> -d = +p- + .
‘ — p?(A) erpeAr )
. — p3(A) :E—i—p XZ +p2kY !
7 —— p4(A) —XZ+p-XZ+p*{XZ +2Y
Prd o | | pS - =
5d ps(A) =XZ+p-XZ+p*-XZ+p*-ZY
=— p°(A _
i Pi(A) =XZ+p-XZ+p*-XZ+p*(p-XY)
! e el ol - =XZ+p-XZ+p*-XZ+p°- XY
d(1+p+p +p +pt+- ) . :

ﬁ(1+p+p +p°+pt +- )

|

=Xz
1-p



A New Idea (Area): 1/10

1. Given a shape A, how
do we calculate its

/\/ area?
2. Ifinshape A there Is a shape

A-B B similar to A and we can

compute A-B, the area of A

can be computed easily.
3. Let A(X) denote the area of X.




A New Idea (Area) 210

The area of B and the area of A
satlsfy A(A) = A(A-B) + A(B) .

/\/ 2. Because A and B are similar, any
edge e of A and its corresponding

A-B edge f in B satisfies f = pxe (p < 1).
3. This p Is the scaling factor from A
to B.

4. Because an area is a 2D object, the
/\/ scaling factor is p? for area.
5. More precisely, we have

A(B) = p* xA(A).




A New Idea (Area): 3/10

Now the area of A IS

A(A) = A(A-B) + A(B)
/\/ — A’(A-B) + pZA.(A)
A-B = A(A-B) + p(A(A-B)+A(B))

/\/ ;Q'(A-B) + p*A(A-B)+p"A(A-B)
+ pCA(A-B) + pBA(A-B) + ...

+ p"A(A)




A New Idea (Area): 4/10

1. We have a geometric series:
A(A) = A(A-B) + p?A(A-B)+p*A{A-B)
/\/ + p°A(A-B) + p?A(A-B) + ...
A-B + p2PA(A)
2. If napproaches infinity, the above Is

A(A) = A(A-B) + p?A(A-B)+p*A(A-B)
+ pbA(A-B) + p®A(A-B) + ...

/\/ 3. The result of this geometric series is
1

A’(A):l_pz A(A-B)
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A New Idea (Area): 5/10

1. The following .

A(A) = 1 p? A(A-B)
/\_/ indicates that if we know the scaling

A-B factor p and A(A-B), the area of A is

calculated easily.

2. Given a shape A, we need to
v'Find a B similar to A inside A

/_\/ v'Find p
v' Compute A(A-B)

A(A) can be obtained easily.

11







By =B =3,(A)

B 3 (Bo) 5p(3,(A)=3,4(A)




B, =5,(Bg) = 5p2(A)
B, = 5,(B1) = 3,%(By) = 5,°(A)))

un » B, = 3p3(A)




BZ = spZ(BO)) = 5I)?,('A‘) B3 - 5p(BZ) = 51)4('6‘))))
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A New Idea (Area): 10/10
A




What did we learn?

d Given a segment XY and a point Z in XY, If p <1 s the
scaling factor of reducing XY to ZY and we know how to
compute the length of XZ, then we have

XY = %7

1-p

] Given a shape A and a shape B (inside A) similar to A, Iif
p < 1 s the scaling factor of reducing A to B and we
know the area of A=B, the the area of A Is

Area(A) = Area(A-B)

2

1-p



Six Examples




Example 1: 1/2

= Glven a right triangle of side lengths
a, bandc.

» Construct a square of side length a+b
as shown on the left.

* The inner square of side length c is
similar to the given one with a scaling
factor of p = c/(a+b) <1 and

1 (a+b)’

1-p* (a+b)’=c?
= The areaof A- B Is:

4(a>2<b):2(axb)
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Example 1: 2/2

» The area of A according to our
method Is

2(axb) A0

(a+b) —c

» On the other hand, because the area
can also be calculated as (a+b)?, this

must be the same as_the above:

-------- S PN (CH
(@) 2(axt) SE2E

= Simplifying the above yields the
desired result:

c’=a’+b’

20



Example 2: 1/2
= Consider a square of side c.

= On each side construct a right
triangle of sides a, b and ¢ as shown.

* The inner square has side length b - a.

= The scaling factor is p = (b-a)/c.

= Therefore, we have
1 cf
1-p?> c¢?—(b-a)?
» The area computed with the new
method Is

(axbj c
4 X
2 ¢’ —(b—a)’

21



Example 2: 2/2

= The area of the outer square is c2.
* Therefore, we have

x bl

) ¢’ —(b-a)’
= Simplifying yields
¢’ —(b—a)’ =2axb
= Therefore, we have a? + b? = c2.

22



Example 3: 1/3

= Consider a right triangle of sides a, b
and c as shown.

= |_et the perpendicular foot from C to
line AB be D.

= |_et the lengths of CD and BD be h
and k, respectively.

= Because AACD ~ AABC, we may use
AACD as Band ABCD as A - B.

» Therefore, p = h/al

23



Example 3: 2/3

= Find h and k in terms of a, b and c.

= Because ACBD ~ AABC, h/b = a/c and

k/a =alc. Thus, we have
h=2P gnd k&
C C
» Therefore, p = h/a = b/c and
1 ¢
1-p? 2D’
* The area of ACBD is (hxk)/2:

Area(ACBD)=h><k =£(aij a :l.a_:”zb
2 2\ C C 2 C
= The area of AABC with our method Is

2 3 3
-Area(ACBD)z-Q_-'.[labj 1 ab

2 2 2 | 27068 2 ¢2—p?

1-p c” — 1C”




Example 3: 3/3
* The area of AABC is also (axb)/2.
* These two must be the same:

3
3D _ Area(anpc)y=1._ 2P
2 2 ¢ —b

= Simplifying gives:
a’+b*=c’

25



Example 4: 1/3

= |_et us continue with the last Example.

= |_et the perpendicular foot from D to
AC be E and let p be the length of DE.

= \We have AADE ~ AABC and p = p/a.

= Since ACDE ~ AABC, p/h=b/cand p =
h(b/c). Since h=(axb)/c, we have

B ab2
y P=—

= Now g/p = aC/b gives q- p%:(a_lazJ(gj:i_zk’

2 b 2
and ab?
_p_\¢ ) b

C
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Example 4: 2/3

» Thus, we have the following:
1 ¢’ c*

1-p7 ¢ —b*  (c’—b?)(c? +b?)
* The A=B is a trapezoid BCED of area

2 2
Area(BCED) = £ (a+ p)xq = £[ as 2X0|[ 2D
2 2 C c

a’h
= 2_(:4 (b2 + C2)

-4 m The area of AABC is:

1 |ah |t a’br=-r---5= :
Ay {2&( )} > —b2)(c? +b); L‘_c_z_. ------ }

_ab
2(c* —b?)
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Example 4: 3/3

= Because the area of AABC is also
calculated as (axhb)/2.

* This must be the same as the result
calculated on the previous slide:
3
-b

?b > =Area(AABC):a—
2(c”—Db%) 2

= Now, it is easy to see ¢ = a? + b2

{  Note that this solution is equivalent to applying the solution of |

: Example 3 twice, once to get AACD and then from AACD to AADE. 1'

28



Example 5: 1/3
= Extending side AB to D so that BD = a.

= Construct a line perpendicular to AB at
D meeting AC at E.

» Because AEDB is congruent to AECB,
we have p = AD = AC.

= Now, A is AADE, B isAACB and A-B is
the quadrilateral CBDE.

= S0, p = alp!

» The area of quadrilateral CBDE is twice
of the area AEBD.

29



Example 5: 2/3

» Because AADE ~ AACB, we have a/p
=b/(a+c) and p = (a/b)(a+c).
"= Hence,p=alpis
a a b

P=p a :a+c
P Z.(a+c)

= Therefore, we have
1 (a+c)
1-p® (a+c)*-b?

= The area of CBDE Is

a*(a+c)

_o[ &P _axp=al B -
Area(CBDE)_Z( > j axp a(b(a+c)j b

30



Example 5: 3/3

= The area of AADE Is:

Area(CBDE)

2

Area(AADE) = I 1

_[ (a+c)? )(az(a+c)j_ a’(a+c)®
| (a+c)? —b? b ) b[(a+c)’-b?]
» The area of AADE 1s also

2
Area(AADE) = %(a+c)x p= % a(a;C)

= These two must be the same:

> ® e o

= Simple simplifications yield ¢? = a® + b2,

31



Example 6: 1/6

= AABC is a right triangle
of sides a, b and ¢ with
ZC=90°.

» Construct a square of
side length c on the
hypotenuse AB.

c c = |_et this square be
ABB,A,.

O
©,

n
l\)w )
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Example 6: 2/6

= Extending sides AC, BC
and A,B, yields a new
right triangle AA,B,C.

= |t is easy to see LA, = ZA
—oand £B, = 4B =§.

= Since a+f3=90°, we have
ZAAA, = £LBB,B, = B.

= L et the length of A A,
and B,B, be p and g.
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Example 6: 3/6

= Because AABC is similar to AA,B,C, we
may compute the area of AA,B,C based
on the area of the trapezoid ABB,A,.

= Therefore, A 1sAAB,C, B isAABC and
A-B is the trapezoid ABB,A,.

= Thus, we need to find the area of
ABB,A,and p = c/(p+c+Q).

34



Example 6: 4/6

= Because AA,AA, is similar to AABC, we
have p/c = b/aand p = (bxc)/a.

= Because ABB,B, Is similar to AABC, we
have g/c = a/b and g = (axc)/b.
» The length of side A,B; Is

IO+C+CI=E+C+a'C __° (ab+a2+b2)
a-b

* The area of trapezoid ABB,A, Is

1 1 C
Area(ABB,A) :E(c+(p+c+q))xc:§(c+ﬁ(ab+a2 +b2)j><c

1 ¢
22
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Example 6: 5/6

» The scaling factor p is
C C ab

Pe P+C+(Q :L(ab+az+bz):ab+a2+b2
ab

= Then, 1/(1-p?) is
1 (ab+a2+b2)2

1-p*  (a’+b?)(a+b)’

A, A, B, B,

» Therefore, the area of AA,B,C is

b+a’+b*) 2 e
Area(ABB,A) = { (S ;?jé.;.k)).).z.:}-F.C_:(am) }

Area(AAB.C) = . =

2

1 ¢ (ab+a2+b2)2

2 ab  a’+b? *°




Example 6: 6/6

= Now let us do the area differently. We
need the length CA, and CB;.

= Since the scaling factor going from

AA,B,C to AABC is p = (ab)/(ab+a?+b?),
CA,Isb/p and CB, = a/p. We have

(ab+a2 +b2)2
ab

ab
p°

1 1 1
Area(CAB,)=—-C CB, =— —.
(CAB,) = CAXCB =2 = =>

1i{ab+a’+b?)} 7] Z(f:zb_ié__tb__)zj
2 B 2 )
= Obviously, we have a2 + b? = c2.

37



A Possibly New Proof



The Lemoine/Grebe/Symmedian Point: 1/8

C ® Incenter . AABC |S d trlangle

* The incenter is the
Intersection point of the three
angle bisectors.

* The centroid is the
Intersection point of the three
medians. A median Is the line
through a vertex to the
midpoint of that vertex’s
opposite side.

Emile Lemoine (1840—1912) 39



The LemomelGrebeISymmedlan Point: 2/8

symmedia‘n\ \ median

angle bisector

* For each vertex, there is a line
symmetric to the median with
respect to the angle bisector.

= This line Is referred to as the
symmedian of the
corresponding median.

= Because a triangle has three
vertices, there are three
symmedian lines.

40



The Lemoine/Grebe/Symmedian Point: 3/8

* These three symmedians are
concurrent (i.e., meeting at a

point).
= This point is referred to as the
_emoine Point, the Grebe
Point or the Symmedian
Point.
B = This point plays an important
role in the modern triangle
geometry.

C ® Incenter

41



The Lemoine/Grebe/Symmedian Point: 4/8

* There are many ways of
constructing the Lemoine
point.

= The following one is useful to
our discussion.

= Given a triangle AABC,
construct a square on each
side with the length of that
side.

= The line connecting the
corresponding vertices are

concurrent. (Why?)

42



The Lemoine/Grebe/Symmedian Point: 5/8

= Since the sides of AABC and
AAB,C, are parallel to each
other (i.e., meeting at points
at infinity), the intersection
points are collinear (i.e., on
the line at infinity).

* By Desargues’ Theorem, the
line connecting the
corresponding vertices are
concurrent.

= This point is exactly the
Lemoine point.

43



The Lemoine/Grebe/Symmedian Point: 6/8

= Let the distance from the
Lemoine point to side a be p,.
Similarly, we have p, and p..

= A very important property of
the Lemoine point is

a:b:c=p,:py:p.or
&_ pb _ pc

a b ¢

= This can be used as a
characterization of the
Lemoine point.

44



The Lemoine/Grebe/Symmedian Point: 7/8

= |f the triangle Is a right
triangle, things become easier.

* The symmedian of the
hypotenuse is the altitude on
the hypotenuse.

= [t Is not difficult to prove as
shown in the left diagram.

= Additionally, the Lemoine
point is the midpoint of the
altitude!

45



The Lemoine/Grebe/Symmedian Point: 8/8

= et h be the altitude on the
.................................................................... hypotenuse.

e = Then, we have (axb)/2 =
(cxh)/2, which is the area of

the triangle.
= In this way, h = (axb)/c and
h_ab
2

.pC:

46



A Possibly New Proof: 1/8

= Glven a right triangle AABC
with ZC = 90°, on each side
construct a square of the
same side length.

* Then, extending the outer
side of each square yields a
new right triangle AA,B,C,.

= [t Is clear that AABC is

% similar to AA,B,C,.

= \We may choose A as AA;B,C,,
B as AABC and A-B as the
area outside of B.

47



A Possibly New Proof: 2/8

= The lines connecting the
corresponding vertices of
AABC and AA,B,C, meet at a
point K, the Lemoine point.

= K Is the midpoint of the
altitude on the hypotenuse.

= The distance from K to the
hypotenuse is p. = (ab)/(2c).

= The length of the altitude of
AKAB is p. and the length of
the altitude of AKA,B, Is p.+cC.

A

48



A Possibly New Proof: 3/8

= Because AKAB Is similar to
AKA,B,, the scaling factor p
from AKA,B; to AKAB IS p =
ClCl = pc/(C+ pc)

= This p Is also the scaling

t factor from AA,B,C, to AABC

1+ (i.e., p=ala, =bl/b, =clc).
= Because p, = (ab)/(2c), we

- have

ab
~C  AKAB'saltitude @ p,  2¢  ab
p c, AKAB 'saltitude p,+c ab . 2c’+ab



A Possibly New Proof: 4/8

= Because p= (ab)/(2c*+ab), we
have
ab

o +be
2¢°
2¢” +bc

1-p 2c°

yo, ab

50



A Possibly New Proof: 5/8

= Because p = a/a, = b/b, = cl/c,,
we have a, = a/p, b, = b/p and
=c/ p.

- Then, we should compute the
areas of trapezoid ABB,A,,
CAA,C, and BCClBl.

Area(ABBA) == (c+c) C

51



A Possibly New Proof: 6/8

= The other two areas are
computed the same way.

c? 1
Area(ABBA)=—|1+—
2\ p
b 1
Area(CAAC)) =—|1+—
20 p
2
Area(BCC,B,) = & [ 14+
2 p

= The area of the outer
triangular ring is




A Possibly New Proof: 7/8

= The area of AA,B,C,, based
on our method, Is

Area(AABC,)) = . 1

1 (a2+b2+czj( 1)
= > 1+—
1-p 2 Yo,

- Area(outer triangular ring)

R, _[a’+b’+c 1 j_l_i—_g_;
| 2 1-pXltp)i p
_(a+b*+ct) 1
- 2 pl-p)
= The area can also be

computed as

Area(AABC,) = %(a1 b)==——=



A Possibly New Proof: 8/8

= These two results must be
equal:

2 2 2
a +E‘. e = = Area(AABC)) :.'6'l b
a4  Plzp) LY
a’+b*+c® a-b T i
1-p P
a’+b?+c? :(a-b)i—l_’oi
|
9c? |
:(a-b)lZL :
ia-b i
= 2¢?

54




Yet Another Simple Proof: 1/3

= _et AABC be a right triangle
with ZC = 90°.
C * |_et K be the Lemoine point.
= |_et the distances from K to
AB, BC and CA be p,, p, and
,,,,, <\ . P respectively.
"727 a\We proved the following:
B h a-b

2C

e
s
Gt
paes
ot

C Pe

pb: pc:

a
P =

2C2 55

2
b,
C
d

P, =—

C



Yet Another Simple Proof: 2/3

= The area of AABC Is the sum
of areas of AKAB, AKBC and
AKCA.

Area(AABC) = Area(AKAB) + Area(AKBC) + Area(AKCA)

—Ec. P _|_£a. p _*_Eb p
2 ° 2 T TP

RN _ab 1 (ab) 1 (a’h) 1, (ab?
% To7  ==c| = |+2a| 22 [+ 2p| =
2 \2c) 2 (2 2 \ 2

) )
= B = a—b E + 2 2 + b 2
2\2 2¢c° 2

_ab c®+a’+b’
2 2¢*

56



Yet Another Simple Proof: 3/3

= The area of AABC is also
(axb)/2, which should be the
same as what we obtained:

R 2 2 PR
iabi- ¢ *a 2+ 0° _ Area(AABC) =ia—bi
127 [ - ]
¢’ +a’ +b’
2 =1
2C
c’+a’+b% =2c?

a’+b*=c’

57



What did we learn?

 Similarity and its scaling factor provide an interesting
way of computing the length of a line segment and the
area of a shape.

. This technique offers a new approach to revisiting proofs
of the Pythagorean Theorem.

1 With the help of the Lemoine/Grebe/Symmedian point,
we have a new and short proof of the Pythagorean
Theorem using this new technique.
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