The Pythagorean Theorem: 111

The Proof of Jackson and Johnson

| When heaven is about to confer a great responsibility on any man, it will
exercise his mind with suggering, subject his sinews and bones to hard
work, expose his body to hunger, put him to poverty, place obstacles in the
paths of deeds, so as to stimulate his mind, harden his nature, and
improve wherever he is incompetent.

---—,

\ Meng Tzu (Mencius), a5, 4" Century BCE ¢

~------------------------------’



What Will Be Discussed?

. Review of Loomis’ 1907 incorrect claim.

2. Review of our method discussed in Episode 2 of
this 3-lecture series on the Pythagorean Theorem.

3. A pure geometric proof of the Pythagorean
Theorem based on the original proof of Jackson

and Johnson.

4. The original trigonometric proof of Jackson and
Johnson.
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Loomis’ Incorrect Claim



100+ Years Ago: 1/3

Elisha Scott Loomis made a claim
that the Pythagorean Theorem
cannot be proved by trigonometry.

This is because trigonometry IS
because the Pythagorean Theorem

/S.

However, this is incorrect as
discussed in the first episode of

this series of the Pythagorean
THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS Theorem.




100+ Years Ago: 2/3

This is what Loomis said in his 1907 book
‘ r----------------- o
1 NO TRIGONOMETRIC PRCOFS :~”/” '

ﬁ----------------ﬂ

amres &
»

Facing forward the thoughtful reader may
raise the question: Are there any proofs based upon
the science of trigonometry or analytical geometry?
There are no trigonometric proofs, because.
“all the fundamental formulae of trigonometry are them-
selves based upon the truth of the Py;hagofean Theo-
rem; because of this theorem we say sin®A + cos®A
= 1, etc. Triginometry is because the Pythagorean

Theorem Us. - o, |




1QO+ Ygars Ago: 3/3

Many people appeared to believe
Loomis’ claim without any doubt.

In the first episode of this series,
we showed that Loomis was
wrong, because we can prove
easily that useful fundamental
identities (e.g., angle difference
and sum) are independent of the
Pythagorean Theorem.

THE NATIONAL COUNCIL OF TEAC

3. We can prove the Pythagorean
Identity easily without using the
Pythagorean Theorem.
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Jackson and Johnson
at the AMS Sectional Meeting




Jackson and Johnson: 1/3

AmERICAN PSS Sl |, Ne’Kiya D. Jackson and Calcea

MATHEMATICAL
o *_ 1 @  Rujean Johnson presented their
AnIImpOSS|bIe Proof'Onythagoras - pl‘OOf at the American

S X, Mathematical Society Spring

D 5 Gt e g e KW Southeastern Sectional Meeting
Session \\\\ (MarCh 18, 2023)0
AMS Special Session on Undergraduate Mathematics and Statistics Research, | N

N 2. Their proof used trigonometry.

In the 2000 years since trigonometry was discovered it's always been assumed that any alleged proof of Pythadwras’s
Theorem based on trigonometry must be circular. In fact, in the book containing the largest known collection of pro (T he

Pythagorean Proposition by Elisha Loomis) the author flatly states that “There are no trigonometric proofs, because a
fundamental formulae of trigonometry are themselves based upon the truth of the Pythagorean Theorem.” But that isn’t quh e c alm e a lS ls an
true: in our lecture we present a new proof of Pythagoras’s Theorem which is based on a fundamental result in tngonometry—
the Law of Sines—and we show that the proof is independent of the Pythagorean trig identity \sin"2x + \cos"2x = 1.
S

| ~~ lmpossmle proof citing
Presenting Author
LLoomis’ book
0 St. Mary's Academy ml °

Author

Calcea Rujean Johnson
St. Mary's Academy



Jackson and Johnson: 2/3

. JE AN A
SOCIETY

Jackson and Johnson at the meeting
presenting their work.

Isun n
< l..n..})l.! J
Bienvenido

AMS.ORG/MEETINGS




Jackson and Johnson: 3/3
L

©NEWSLIVE
TEENSFINDNEW WAY TO SOLVE PYTHAGOREAN THEOREM -2

{subscriffEH

Ne’Kiya Jackson (right) and Calcea RUJean Johnson being interviewed by ABC News
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A Review of Our New Idea



A New ldea (Linear): 1/3

1. Given a segment XY and a

z A y point Z in XY, how do we
T calculate the length of XY?
A'? = = 2. Let the segment XY be A
— gﬁfz) (unknown), ZY be B (unknown)
7 S3(A) and XZ be A-B (known)
pd ] | 4(A) . .
i | gsz) 3. If the scaling factor p going from
e p5a) XY to XZ is known, then we have
P, — .
a pd 7 -d 5-(1 7 d —- . XY=$°XZ
Weperepente)=i; 4. The scaling factor usually comes

from similarity.
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A New ldea (Area): 2/3

1. Given a (polygonal) shape
Aand B is a shape inside of
/‘\/ A, if A and B are similar,
meaning any edge ¢ of 4
A-B and its corresponding
edge fin B satisfies f=pxe
(p<1), where p is the

scaling factor from A4 to B,
then the area of 4 is

/\/ Area(4) = — TATea (A~ B
=g 7

’
______
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A New ldea (Area): 3/3
A




A Pure Geometric Proof



A Pure Geometric Proof: 1/13

1. We have a right triangle with
sides a<b <cand angles a<f}
<90°. The case of o = 3 will be
treated separately.

. Given a line segment Y,Z, of length
x construct a triangle AXY,Z,:

a) LY,=a
b) £LZ,=a +90°
we are interested in the area of

AXY,Z,.
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A Pure Geometric Proof: 2/13

1. Construct a perpendicular to Y, Z, at
Z,, meeting XY, at Y,.

. Construct a perpendicular to Y,Z, at
Y,, meeting XZ, at Z,.

. Letp, g, r and h be the length of
Y, Y, Z,Z,, Y,Z,and Z,Y;.

. What is the area of the trapezoid

YyZyZ,Y,?

. Obviously, the area is

Area(Y,Z,2Y)) = %(x +7)xh
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A Pure Geometric Proof: 3/13

I

-

1. Because the area of trapezoid

Y,Z,Z,Y, is 1

Area(Y,Z,Z)Y,) = E(x+r)><h
we need to find /2 and r as x is given.

2. Because AY,Y,Z, is similar to AABC, we
have h/x = a/b and p/x = ¢/b and

h=x2 and p=x-°
b b

4. Because AZ /Y is similar to AABC, we
have g/h = c¢/b and r/h = a/b and

R |
=" b\ b b’

A da a a2
r=h-—=|x—|—|=x—

b b )\ b b 18
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A Pure Geometric Proof: 4/13

1. The area of the trapezoid Y, Z,Z,Y,

|
1
Area(Y,Z,Z\Y)) = E(x+ r)xh

1 a’ a
=—|x+tx-— || x-—
i

- X2 a(a2 +b2)

2 b’

2. The scaling factor p is

:’“(ZT _mz

r
X X

P = 3
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5/13
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A Pure Geometric Proof

1. Then we compute 1 - p and 1 - p?




A Pure Geometric Proof: 6/13

1. According to our method, the area
of triangle XY,Z, is:

a 1
Area(XY,Z,) =~

- Area(¥,Z,Z, 1)
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A Pure Geometric Proof: 7/13

. === 1.7 Construct a triangle AY,Z,X’ so that
, L XY Z,= LX°Z,Y, = P.
owos, f 2. Let the altitude length on side Y, Z,
y i i ! be k.
"""""""""" 3. Then LY, X’Z,=2q.

pmmmmmmm 4. We need to compute the area of

AY,Z,X’. So that the area of right
triangle AXY X’ can be determined.

N
I

¢ EEN BN EEN BN NN EEN BN NN EEN BN N EEN BN NN BN BN N Ry,
~
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A Pure Geometric Proof: 8/13
1. The area of AY,Z X is (xxk)/2.

AN < 2. Because x is given, we need to find &
' G and z.

# 3. Let X, be the perpendicular foot of
£/ the altitude on side Y,Z,.

4. Because AX’X,Y, is similar to AABC,
we have k/(x/2)=b/a and t/(x/2) = c/a.

1Xo B~Zo 5. We have the desired results:
X

(3] e (3
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A Pure Geometrlc Proof: 9/13

1. The area of AX’Y Z, is

Area(AX'Y,Z,) = %x k= lx(i) (2)

2 \2)\a
x> (b
........ =72
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A Pure Geometric Proof: 10/13

------------- 1. Now the area of AX’Y X is:

gX ik: x)(b i

‘aja, i \2\a/] ’ b>+a’
e L il Arca(AX'Y, x) =2 R
ok 1= =] 2 a Z(b —a)

i : a 1

2. AX’Y X is a right triangle whose

area can also be calculated as:

@ Area(X'Y,X)= %z . XY,

3. What is the length of
segment XY,?

4. The length of XY, can be calculated
using our method.

N
I

¢ EEN BN EEN BN NN EEN BN NN EEN BN N EEN BN NN BN BN N Ry,
~
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metric Proof: 11/13

""""" N1 1. We calculated the length of XY :

B A (x.g) TR
! " l-p B -4 b) t b —ad’!
a)i

2. The area of AXY X is

1 — 1i(x c il bh-c )
Area( XY X )=—¢t- XY, == —— i x. i
(Ao d) ' 25(2 a):Ex bz—azjl

3. But, this must be equal to the area
we calculated earlier.

¢ EEN BN EEN BN NN EEN BN NN EEN BN N EEN BN NN BN BN N Ry,
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12/13

A Pure Geometric Proof

1. So, we have:

X
(/
P

4

Area(AX Y, X)

3

Z;E""E

3.

b’ +a’

7'~.
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A Pure Geometric Proof: 13/13

1. Special Case:

" [fa= b (or a =), the area of
AABC is

1 1 C
E(Cl -a) = AI'GEI(AABC) _EC(Ej

Clz + 612 = 02
= Hence, the Pythagorean Theorem
holds.

28



The Original
Trigonometric Proof



The Original Trigonometric Proof: 1/4

i I
] 1 x b 1
Q X ! k== |l = |!
/’& i&\ \ : 2 a i
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The original proof of Jackson-
Johnson used simple
trigonometric technique.

We need to compute the lengths of
segment XY, and segment XX".

We did XY, earlier:

How about XX’? Itis the sum of

XZ, and X’Z, = 1.
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The Original Trigonometric Proof: 2/4

I 1
a X PR
alon, L \2)\a)i
| i \ : X C i
SN o))
| 2 N N4\ 4/
Y, - ﬂ\\‘ \
pmmm————= \
p= RS
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. As for XZ,, we do it just like we did

for XY,:

1. a-c

1-p b>—a’

The length of X°Z,, is ¢ =(x/2)(c/a).
The length of XX is:

XX =t+XZ,

Gl
a’+b’
:(x.C)Za(bz—az) )




The Original Trigonometric Proof: 3/4

S —— S Y2 ;51 1. In the right triangle AXY,X’, where
: o X : =] 2| 2] o

i AN | | 2 )\a)! ZYO =90 , we have

i P L (X)) N XY,

| k : | = S5 i sin(£X ) =sin(2a) = ==

' fﬂ i ﬂ‘g’%% i el N o

' Y, QL) ! ¥ b(’“.
e » b 2

_ hl A _ 2a-b
ommmmmn ¢ ‘ ) a’+b’ a’+b’
p= p x-C
) 2 (B =)

2. Now consider AX’Y,Z,, the law of

sines indicates:
b

sin(2cr) _ sin(f) _ c _2a-b

h=x- X X t X\ c x-c’
e y )\ 4 32
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The Original Trigonometric Proof: 4/4

1 1

| 5 1 I

| X L k=[] 2)

: aid : i 2 a :

: { I % : i i

: ko ] | 7= e i
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{ h=x | X
\ b 1

1. Because of

sin(2ct)  2a-b

X x-c*
we have
. 2a-
sin(2a) = ab

C
This result must be the same as the
one computed earlier:

2a-b . 2a-b
=sin(2a) =
¢’ (22) a’ +b?

Obviously, we have a*+b*= 2.
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What did we learn?

1 We provided a pure geometric version of Jackson-Johnson’s proof.

J The original proof of Jackson and Johnson was discussed.
Consequently, their proof can be considered as a variation of the pure
geometric proof based on our method.

] Thus, the trigonometric component can easily be removed.

1 All slides and a long article of this 3-lecture are available here:
https://pages.mtu.edu/~shene/VIDEOS/GEOMETRY/index-EN.html
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The End
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