Finding all
in Two Sorted Arrays

‘ ------------------- |
It takes a really bad school to ruin a good student\|

and |
a really fantastic school to rescue a bad student. |
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Definition: Equal Pair

Given two sets of data X = { x;, X5, ..., X, }
and Y ={y.,»,, ..., ).}, an equal pair is
an element x; in X and an element y; in Y

such that x; =y,




Problem Statement

Given two arrays x[ ] andy[ ],
each of which contains sorted and

distinct integers in ascending order,
write a C program to report all equal pairs.

————————————————————————————————————————————

~_-----'



First Thought: 1/5

int x[m], y[n];
1. Suppose arrays x[] and y[]
have m and n elements.
2. The first thought may be this:
a) For each i, compare x[1i]
with every y[J].

for (1 = 0; 1 < m; i++) {
for (j = 0; j < n; Jj++) {
if (x[1] == y[3J]) |
// an equal pair found
// report it

} b) Report any found equal
else { pairs.

// not an equal pair

// perhaps do nothing
}

e e e e e e e e e e e e e e e e e
e —————



First Thought: 2/5

int x[m], y[n];

. _ _ 1. Ifx[i] and y[j] are not an

for f;]l: =(jo; ;.<jm; rla.l-+;+j-) { equal pair, obviously nothing
if (x[i] == y[3]1) { should happen..

// an equal pair found 2. The else partis empty and

we should move on to the
next iteration, comparing
x[i] andy[j+1].

// report it

I// not an equal pair
|// perhaps do nothing

e e e e e e e e e e e e e e e e e
e —————



First Thought: 3/5

int x[m], y[n];
1. Ifx[i] and y[j] are equal,
we should record this.

The then part may have to
store i and j and increase
the “count” by 1 before
moving on to comparing x[i]
and y[j+1].

for (i = 0; i < m; i++) {
for (j = 0; j < n; j++) {
if (xlll =yl {_______

N

I// an equal pair found:

:// report it |
else {

// not an equal pair

// perhaps do nothing

e e e e e e e e e e e e e e e e e
____________________________________I



--------------------------------------- - First Thought: 4/5

1 i

| int x[m], y[n]; |

p int xx[ ], yy[ 1, k = 0; i 1. We need arrays xx[ ] and
: ' for saving the positions
| for (i = 0; i < m; i++) i y1¥t£1 ]f q gl P

| fFor (5 = 0; 4 < n; 3++) { i of the found equal pairs.

: if (x[i] == [51) { : 2. The int ks a counter to

; (xx[k] = i;! i keep track of the number of

| 1 yy[k]l = 3; i equal pairs found so far.

I Lkt ! i 3. The break is used to get out

| RLL ) N S ' of the j-loop as once an equal
: } l Because the array elements are ‘. : .. .

: } : distinct, once a pair is found, ; ¥ pair is found, we could skip
i_______________':.!Hﬂ].l“‘.i‘.h.fﬂe.rﬁllt.“.“.“ll.’e.‘;'_l the remaining of the j-loop.

4. Why? The arrays have
distinct numbers. .



int EQUAL PAIRS (int x[], int y[],
int m, int n,
int xx[], int yyl[])

int i, j, k;

k =0;
for (1 = 0; i < m; i++)

for (3 0; jJ < n; j++)
if (x[1] == y[31) {
| xx[k] = i; |
yylk] = 37|
| k++; -
| break -
y  Rmmmmmmemee

—

First Thought: 5/5

Let us write a function
EQUAL PAIRS () for this

problem:

a) int x[ ] andy[ ] are
the input arrays with
m and n elements.

b) xx[ ] andyy[ ] arethe
returned arrays that store

the locations.
c) k, the function value, is the

number of equal pairs.
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int EQUAL PAIRS (int x[], int y[],
int m, int n,
int xx[], int yyl[])

int i, j, k;
k = 0;

for (i = 0; i < m; i++)
for (j = 0; j < n; j++)

if (x[1] == yI[31)
| xx[k] = i; |
lyylk] = 3/ |
| k++; -
| break; -

y  emmmmmcmeaes

Is This Good?: 1/2

1. Let us determine the number
of comparisons used.

2. In the worst case, if x[1i] IS
not equal to any element of
array y[ 1, n comparisons
are needed for the j-loop.

3. The i-loop iterates m times,
and, in the worst case, the
total number of comparisons
is 0(mxn), not very good.

4. If m=n, it is an O(n?) solution.
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int EQUAL PAIRS (int x[], int y[],
int m, int n,
int xx[], int yyl[])

int i, j, k;
k = 0;

for (i = 0; i < m; i++)
for (j = 0; j < n; j++)

if (x[1] == yI[31)
| xx[k] = i; |
lyyl[k] = 3/ |
| k++; -
| break; -

o e

Is This Good?: 2/2

1.

2.

3.

4.

This could be an acceptable
solution for beginners.
However, it does not use all
of the given conditions such
as sorted to its maximum.
It is easy to improve this
version to some degree; but
these could just be minor.
Well, let us see how we could
improve this version for
beginners.

10



Find a x[p] such that I mproveme“tS? 1 /5

x[p-1]1 < y[0] <= x[p]

%[0] | x[p] x[m-17 Y,
i N 1. Letus assume x[0] < y[O0].
: % 2. Find a x[p] such that

B p entries here k<“-“6;1-lgf-s-e-a-;c-l;-h-e-lre-’ N X [P‘ 1] < Y [0] <= X [P]

4. In this way, we do not compare

I \
i [0] y[n-ll:
:y i x[0] tox[p-1] because they
i i cannot be found in x[].
Tt ' 5. Hence, we have to handle
e xX[p..m-1] andy[0..n-1]
ifor (i = 0; i < m; i++)i . .
it Gala] o= y10D) { | using p comparisons.
| p = ij : 6. Can we do more? YES!
l break; i
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Find a x[p] such that Improveme“tS? 2/5

x[p-1]1 < y[0] <= x[p]

% [0]  [p] x [m-1]
1. Ify[n-1] > x[m-1], we
could cut the comparison range
: " pentrieshere = Only search here further.
x 2. Find ay[n-q] such that
y[0] y[n-q] yln-1]
y[n-(gq-1)] < x[m-1] <= y[n-q]
3. In this way, from y[n-g] to
Find a y [n-q] such that Y [n_].] cannot be in x [ ]
e Y[n_(q_lmx i<y inmal because they are all larger than
for (j =n-1; 3 >= 0; 3--), the entries in x[].

i if (y[j] < x[m-1]) {
i q = n-j-1;

4. The ranges are reduced to
x[p..m-1] and y[0..n-q].

break;
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Find a x[p] such that
x[p-1] < y[0] <= x[p]

Find ay [n q] such that
y[n-(g-1) ]<x[m-1]<=y[n-q]

ifor (3 = n-1; j >= 0; j--)!
r1f (y[3] < x[m-1]) {
i q = n-j-1;

i break;

1
1

Improvements? 3/5

1. Thus, p comparisons are used

to cut the first p elements from

x []and g comparisons to cut g
elements from y[].
The remaining elements in x [ ]
is m-p and the remaining
elementsiny[] isn-q.
Therefore, each x[i] in the x[]
is compared with every entries in
y[0.. (n-qgq) ] which requires
n-q comparisons.
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Find a x[p] such that Improvements? 4/5

x[p-1]1 < y[0] <= x[p]

y[n-(g-1) ]1<x[m-1]<=y[n-q]

ifor (3 = n-1; j >= 0; j--)! 4
o 1f (y[3] < x[m-1]) {
i q = n-j-1;

i break;

1
1

1.

----------------- ].?.l.n.a.é..y.l.:h-.(i-j‘.s.u.c.h.;h.a.t. 3.

Because there are m-p entries in
x[], the total number of
comparisons is (m-p)x(n-q).

We also need p comparisons to
cut x[] and g comparisons

for the y[].

The total number of comparisons
is (mm-p)*(n-q) +(pt+q).

The worst case is still O(mXn).
There is no improvement in
the worst case!
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Rt R Improvements? 5/5

x[0] 30 N xlm-1]
1. These modifications indeed can
_ : : speed up the original version.
: " p entries here 554-_“—(3;1_157-;5:;1?5};_11-&;&: ’ x 2. However, in doing so does not
x L. _ improve the worst-case in a
ty [0] yin-q] y[n-1]= .
: : big way.
: 3. Therefore, we have to think
""""""""" Findayin-al such that - differently to break the

y[n-(g-1) ]<x[m-1]<=y[n-q] O(an) barrier

ifor (j = n-1; j >= 0; j=-)!
: if (y[3] < x[m-1]) {
i q = n-j-1;

i break;

1
1
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left 0;

right n-1;

while (left <= right) {
mid = (left + right)/2;

Basic Ildea: 1/2

1. We have an array y[n] whose
elements are distinct and

mid = (left + right)/2; sorted in ascending order.

if (DATA == y[mid]) {
// found at mid
// return mid

2. Is a given data item DATA in
the array? Ifitis, where is it?

telse if (DATA < y[mid]) |
i right = mid - 1; :"' R : :
e e e e Py left mid r:|.ght
relse i A
i left =mid +1; W,
} . o
} -
// return not-found " = < — S
F O S - e S -
EC search this part  found search this part
"‘ ‘e ...llll“““ ll“““‘
*

17



left 0;

right n-1;

while (left <= right) {
mid = (left + right)/2;

Basic ldea: 2/2

1. Because half of the elements is
cut after each comparison, in

mid = (left + right)/2; no more than log,(n) iferations

if (DATA == y[mid]) {
// found at mid
// return mid

we find the item or nothing.
2... The worst complexity is O(log,(n))

telse if (DATA < y[mid]) |
i right = mid - 1; Ve R : :
e e e e Py left mid rlght
:else ' .
i left =mid +1; W,
} . o
} PR
// return not-found " = < — S
-, > S < -
EC search this part  found search this part
t“ % .....-“,““ “““‘.-
*
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int EQUAL PAIRS (int x[], int yI[],
int m, int n, int xx[], int yyl[])

Solution: 1/6

i

int 1, J, k =07 binary search
int left, right, mid; 1. This a possible solution.

2. Foreachx[i], search array y|[]
to find it.
3. Ifx[i] is found, save positions

for (i = 0; i < m; i++) {

mid = (left + right)/2;

if (x[i] == y[mid]) { :
xx[k] = i yylk] = mid; toxx[] and yy[] and increase
k++; the count of equal pairs (int k).

4. rE_lgch iteration requires at most
| 2 comparisons.

4. Because each search requires
O(log,(n)) comparisons, the total
number of comparisons is

O(mxlog,(n)). 19

}
else if (x[i] < y[mid])
right = mid - 1;
else

left = mid + 1;

1
1
1
1
1
1
1
1
1
1
1
1
1
1
:
break; :
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

} ________________________________________ -

return k;

—



int EQUAL PAIRS(int x[], int yI[],
int m, int n, int xx[], int yyl[])

i

int 1, 3, k = 0; binary search
int left, right, mid;

iwhile (left <= right) {
mid = (left + right)/2;

if (x[i] == y[mid]) {
xx[k] = 1i; yylk] = mid;
k++;

else if (x[i] < y[mid])
right = mid - 1;

else
left = mid + 1;

1
1
1
1
1
1
1
1
1
1
1
1
1
1
:
break; !
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

)

return k;

—

Solution: 2/6

1. Usex[i] tosearchy][],
complexity: O(mxlog,(n)).

2. Usey[3j] tosearchx[],
complexity: O(nxlog,(m)).

3. Which way is better?

4. Of course, one should choose

the longer array (i.e., the larger
of m and n) to be searched by

the shorter array.
6. Any justification?

20



1

10

100

1,000
10,000
100,000
1,000,000
10,000,000

log,(x)

0

3.322
6.644
9.966
13.288
16.610
19.932
23.253

Rounded Up

0
4

7
10
14
17
20
24

Solution: 3/6

1. The left table shows the values
of x and log,(x).

2. Itis clear that the increase of
log,(x) is much slower than that
of the x.

3. Therefore, using the shorter
array to search the longer array
appears to be more efficient.

4. We need a proof rather
than an observation!
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----------------------------------------

‘If function f(x) is an increasing one, ‘:

i | then m < n means m/log,(m) < n/logz(n) -
' and in turn it gives mlog,(n) < nlogz(m) .

----------------------------------------

Solution: 4/6

1. We want to know whether
using the shorter array to search
the longer one (mlog,(n)) uses
less comparisons than using
the longer array to search
the shorter one (nlog,(m)).

2. Divide both sides by
log,(n)*log,(m).

3. We have a function

f(x)=x/log,(x).

22



Solution: 5/6

F(x) = x  x  xIn2) .
log,(x) [ In(x) In(x) 1. If x=1, log,(1)=0 z.lnd f(x) is oo. |
In(2) 2. Compute the derivative of f(x):
oty
dx dx \ In(x)
() & _ 400
=ln(2)—& _dx
(ln(x)) !
_ in(2) 000~ i
________________________________________ (In(x)) R
{If function f(x) is an increasing one, ‘: i 4 (lz(x)) _ li

! then m < n means m/log,(m) < n/logy(n) i Lol
' and in turn it gives mlog,(n) < nlogz(m) .

----------------------------------------



~x  xIn(2)
T e ®
& o ln(x)—21
dx (In(x))

f(x) is increasing slowly

>
(e, 1.884169) is the minimum °

Solution: 6/6

. The minimum of f(x) is at x=e

because f’(e)=0 !

f(e) = ellog,(e)=1.884169.

(e, 1.884169) is the minimum.
If x > e, f(x) is increasing!
Hence, as long as m and n are
larger than or equal to 2,
using the shorter array to

________________________________________ search the longer one

{If function f(x) is an increasing one, 1 :

i is the way to go!

' then m < n means m/1og,(m) < n/logz(n) ]
' and in turn it gives mlog,(n) < nlogz(m) .

----------------------------------------
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int EQUAL PAIRS (int x[], int yI[1,
int m, int n, int xx[], int yyl[])
{
int i, j, k = 0;
int left, right, mid;
binary search
for (i = 0; 1 < m; i++) {
if (y[0] <= x[i] &&

x[1i] <=yIn-11) {____
//

1
1
i // do a binary search
1
1
1

//

1.

2.

3.

Improvements: 1/3

An obvious improvement is that
it x[1] is notin the range of
v[0] andy[n-1] ., then

DO NOT SEARCH.

This 1s because if x[1i] iS not in
the range of y[], you won’t find
itiny[0..n-1].

In doing so, the worst case is
still the same. For example:
x[] ={11,3,5,7,9}

v[] ={0,2,4,6,8,10,12}.

25



Find a x[p] such that Improveme“ts: 2/3

x[p-1]1 < y[0] <= x[p]

ixpol S R x[n-1]
: 1. Just like in the previous solution,
we could ignore portions of
: ~ p entries here ';T""dﬁi;}'s'el{l?c'ﬁ'ﬁéfé ’ x arrays x[] and/ory[] to cut
x """" e, _ down the number of comparisons.
=2 vl vl ). However, this does not
i improve the worst case because

Flnday[n q] such that P and q could be 0!
y[n-(q-1) I<x[m-1]<=y[n-q]

ifor (3 = n-1; j§ >= 0; j--)!
: if (y[J] < x[m-1]) {
i q = n-j-1;

i break;

1
1
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x[0]

all larger than x[1] Improvements: 3/3

- >

x[1i] x[m-1]

1. Ifx[i] isequaltoy[j], then
elements in x[i+l1l..m-1] can

not be found iny[0..9].
~~~~~~ alllarger thany[31 2 This is because x[] and y[]
vio] Yo =y are sorted with distinct data.
3. Hence,ifx[i] = y[J],
the search range of x[i+1] is
y[J+1l] toy[n-1].
4. It does not improve the worst
case complexity.
S. Itis an important observation for
developing an optimal solution.




e have all the
ded tools to do




all larger than x[1i]

x[0] x[1i] x[m-1]
et [
RN
~~~~~~ Aall larger than y[j]
y[0] y[3]] y[n-1]
0“ x[i] .0

I'"

advance both

----------- > j++

i 2 4i6i8 10 12 14

-__l

‘e
------------------------

*
*
lllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

Idea: 1/5

1. Iftx[i] =y[j], then elements
inx[i+l..m-1] cannot be
foundiny[O0..3].

2. Similarly, y[j+1..n-1]
cannot be found in x[0. .1i].

3. This is because x[] and y[]
are sorted with distinct data.

4. Hence,ifx[i] = yI[]],
the search range would be
restricted to x[i+1..m-1] and
v[j+1l..n-1].
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all larger than x[1i]

x[0] x[1] x[m-1]

“\
\\\\\\\\ Aall larger than y[j]
y[0] yl[3Jl y[n-1]

7 x[4] )
i 1 3 64749 11
: LR > i++ advance i only

\“ \\

\ ‘\

\‘ \

. 2 4 6 8,10,12 14

——————

* *
*
...lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllIIIIIIIIIIIIIIIIIIII“

Idea: 2/5

Ifx[i] < y[j], whatis the
next step?

. x[1] cannot be found in

vy[j]..n-1].

Therefore, try the next element
x[1i+1].

Consequently, if x[i] < y[7],
what we need to do is 1i++.
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all larger than x[1i]

- >

x[0] x[1] x[m-1]

>

a}l’larger thany[]j]
y[0] y[3] y[n-1]
x[i]
136 7/9/11
III III

II’ III

Y [ — = j++ advance j only
2 4 6({8/10 12 14

*
*
llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

>
*

Idea: 3/5

Ifx[i] > y[j], whatis the
next step?

. vY[3] cannot be found in

x[1..m-1].

Therefore, try the next element
y[J+1].

Consequently, if x[i] > y[7],
what we need to do is j++.
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x[0]

all larger than x[1i]
= e

x[1] x[m-1]

y[O0]

<
a}l’larger than y[3j]
y[3Jl y[n-1]

Idea: 4/5

1. We have three cases:
a) Hx[i] <y[j],seti++ to
advance x[1i] to the next.
b) Ifx[i] >y[]j], set j++ to
advance y[j] to the next.
a) Hx[i] =y[]j],set i++
and j++ to advance both
x[i] and y[j] to the next.
2. In this way, two comparisons
per iteration are needed!
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i=73=020;
while (1 < m && j < n) {
//

// do the comparisons

//

Idea: 5/5

1. i and j must start with 0!

3.

2. Aslong as there are x[i] and

y[J] in the arrays, the process

continues.
Therefore, the loop structure
looks like this:

33



int EQUAL PAIRS(int x[], int yI[],
int m, int n, int xx[], int yyl[])

—~—

int i, j, k;

i:j:k:O;
while (1 < m && j < n) {

| else if (x[i] > y[3i]1)
i J++;
| else {

i xx [K]

yy [k
i++;

R EEE———————.

Solution

1. We have three cases:

a) Hx[i] <y[j],seti++ to
advance x[1i] to the next.

b) Ifx[i] >y[]j], set j++ to
advance y[j] to the next.

¢) Hx[i] =y[j],set i++
and j++ to advance both
x[i] and y[j] to the next.
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int EQUAL PAIRS(int x[], int yI[],
int m, int n, int xx[], int yyl[])

—~—

int i, j, k;

i=3j=k=0;
while (1 < m && j < n) {

Analysis: 1/5

How many comparisons?
Ifx[1] < y[jl,then 1++ and

uses; 1 icomparison.

Ifx[1] > vI[j], then j++ and

useslz 'comparlsons.

IHx[i] y[j],then i++ and

j++ and useslz:comparlsons.
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int EQUAL PAIRS(int x[], int yI[],
int m, int n, int xx[], int yyl[])

Analysis: 2/5

|
|
|
|
{ I
- = = I -
tat 1, 3, K i 1. How many comparisons?
i=j=ks=o0; i 2. If i takes m moves and j takes n
. . . |
e e ooy | moves, the total number of
: y[31) | | ‘ .
| it | ; comparisons is m+2n!
lelse if (x[i] > y[j])! : -
e T TR ' 3. Is this possible?
ielse { i | 4. Yes, it is possible.
: i++; | .
| ;++, | 1 S. Ifx[m-1] isequaltoy[n-1],
} ) i i then “i takes m moves and J
|
return k; i takes » moves.”
} I
|

6. This requires m+2n comparisons.
7. This is a O(m+2n) solution.
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int EQUAL PAIRS(int x[], int yI[],
int m, int n, int xx[], int yyl[])

Analysis: 3/5

—~—

int i, j, k; 1. Assume m < n.

2. Ifx[i] = y[i] f{for all i, then
each j++ costs 2 comparisons

i:j:k:O;
while (1 < m && j < n) {

[if (x[i] < y[31) |

A4HE i and the total number of
ielse ;ifx[l] > vD ])i comparisons is exactly 2.
ielse { E

i i++; :

| JH+; i

) |
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int EQUAL PAIRS(int x[], int yI[],
int m, int n, int xx[], int yyl[])

—~—

int i, j, k;
i=3=k=0;

while (1 < m && j < n) {

i++;
else if (x[i] > yIjl)
Jj++;

Analysis: 4/5

1. Assume m <n.
2. Ifx[m-1] < y[0], then only

m comparisons are needed.
3. On the other hand, if x[0] >

y[n-1], then every comparison
is a “>”, the total number of

comparisons is 2.
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int EQUAL PAIRS(int x[], int yI[],
int m, int n, int xx[], int yyl[])

Analysis: 35/5

—~—

int 1, 3, k; 1. Assume m < n.

2. Theretfore, call EQUAL PAIRS ()
with the longer array as the x[]
and the shorter array asy[] so

that m+2n is smaller.

i=3j=%k=0;

while (i <m & j <n) { __
i++;

else if (x[i] > yIjl)

Jj++;
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Example: 1/5

< Comparison steps 0

> Comparison steps : O . ] ]
0 * Initially, i and 5 are both 0.
0

¢ Previous total
¢ Total comparisons :

il
1 2 3 4 5 6

x[1 1 2 3 8 14

y[l 4 5 6 7 10 11 12 14
1
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Example: 2/5

|
< Comparison steps 3 i
> Comparison steps 1 : ]
¢ Previous total : 0 e Because x[0]<y[O0],do i++
¢ Total comparisons : 3+1x2 = 5 E until x [3] >y [0] .
_______________________________________________  Wehave 3 <sand 1 >.
il e Then, i=3 and j moves to 1.
1 2 3 4 5 6
x[1 1 2 3 8 14
< 2T No of <  : 3|
’’’’’’ i No of > & = 11
vy[l 4 5 6 7 10 11 12 14
1 2 3 4 5 6 7
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< Comparison steps 1
> Comparison steps : 3
¢ Previous total
¢ Total comparisons :

Example: 3/5

Because x[3]>y[1],do j++
until x[3]<y[4].

We have 3 >s and 1 <.

Then, j=4 and i moves to 4.
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< Comparison steps : 1
> Comparison steps : 1
¢ Previous total 112

¢ Total comparisons :512#(0+4XZ) = 20

i
|
|
|
|
= 1
:
|
|
|
|

Example: 4/5

Because x[4]1>y[4],do j++
until x[4] = y[7].

We have 3 >s and 1 =.
Then,i = 4andj = 7.
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Example: 5/5

The total number of comparisons
is 20 = 4(<)+2x8(>).

This is equal to m+2n = 4+2x8,
The next step is i++ and j++.

44



Improvements?

1 It is easy to avoid unnecessary comparisons when
x[0] > y[n-1] orx[m-1] < y[O].

] The technique to remove some unnecessary comparisons
discussed on Slides 11--15 may also be used.

1 These could be minimal with respect to complexity.

1 If p and ¢ comparisons are used to trim the first and
second parts of x[] and y[], respectively, the number

of comparisons is (p+q)+|(m-p)+2(n-q)| = (m+2n)-q.




A Summary



What did we learn?

O This EQUAL PAIR problem is a good programming
problem for beginners.

L1 It could be a little bit challenging if not all given
conditions are used properly and fully.

] We started with a naive O(mxn) solution, moved on to a
better one O(min(m,n)log,(max(m,n)) and finally
reached an optimal one O(m+2n).



Food for Thought

1 What if the distinct condition is dropped? For example,
it x[3..5] contains4,4and4andy[7..8] has 4 and 4,
then one should report x[3] andy[7] and x[3] and
v[8],x[4] andy[7] and x[4] andy[8],and x[5]
and y[7] and x[5] and y[8]. Modity the solution to do
the same?

1 What if the sorted condition is dropped? Well, one could
sort both arrays and the solution cannot be linear! Why?
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