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Abstract. We prove that any real matrix A contains a subset of at
most 4k/e + 2klog(k + 1) rows whose span “contains” a matrix of rank
at most k with error only (1 + €) times the error of the best rank-k
approximation of A. We complement it with an almost matching lower
bound by constructing matrices where the span of any k/2e rows does
not “contain” a relative (1 4 €)-approximation of rank k. Our existence
result leads to an algorithm that finds such rank-k approximation in time
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o} <M (% +k210gk> + (m +n) (12—2 + ngk +k410g2k>) ,
i.e., essentially O(Mk/e), where M is the number of nonzero entries of
A. The algorithm maintains sparsity, and in the streaming model [12,
14,15], it can be implemented using only 2(k + 1)(log(k + 1) + 1) passes
over the input matrix and O (min{m, n}(£ + k?log k)) additional space.
Previous algorithms for low-rank approximation use only one or two

passes but obtain an additive approximation.

1 Introduction

Given an m X n matrix A of reals and an integer k, the problem of finding a
matrix B of rank at most k that minimizes ||A — B||% = > (A — B;;)? has
received much attention in the past decade. The classical optimal solution to this
problem is the matrix Ay consisting of the first k terms in the Singular Value
Decomposition (SVD) of A:

n
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where 01 > 09 > ... > 0, > 0 are the singular values and {u;}7,{v;}7}
are orthonormal sets of vectors called left and right singular vectors, respec-
tively. Computing the SVD and hence the best low-rank approximation takes
O(min{mn?, m?n}) time.

Recent work on this problem has focussed on reducing the complexity while
allowing an approximation to Aj. Frieze et al. [13] introduced the following
sampling approach where rows of A are picked with probabilities proportional
to their squared lengths.



Theorem 1 ([13]). Let S be an i.i.d. sample of s rows of an m x n matriz A,
from the following distribution: row i is picked with probability
Ao
i = C .
IANI%

Then there is a matriz Ay, whose rows lie in span(S) such that
N k
E [Il4 = Adll}) < 14— Al + )14l
Setting s = k/ce in the theorem, we get
E (14— Axli3] < 14— Agll3 + el Al

The theorem suggests a randomized algorithm (analyzed in [13], [7] and later
in [9]) that makes two passes through the matrix A and finds such an approx-
imation using O(min{m,n}k?/e?) additional time. So overall, it takes O(M +
min{m, n}k?/e*) time, where M is the number of non-zero entries of A. A differ-
ent sampling approach that uses only one pass and has comparable guarantees
(in particular, additive error) was given in [2], and further improved in [1].

The additive error €||A||% could be arbitrarily large compared to the true
error, ||[A— Ag||%. Is it possible to get a (1+¢€)-relative approximation efficiently,
i.e., in linear or sublinear time? Related to this, is there a small witness, i.e., is
there a (1 + €)-approximation of rank k& whose rows lie in the span of a small
subset of the rows of A? Addressing these questions, it was shown in [11] that
any matrix A contains a subset S of O(k?/¢) rows such that there is a matrix
Ay, of rank at most k whose rows lie in span(S) and

1A = AkllE < (1+€)l1A — Axll%

This existence result was applied to derive an approximation algorithm for a
projective clustering [3, 16] problem: find j linear subspaces, each of dimension
at most k, that minimize the sum of squared distances of each point to its
nearest subspace. However, the question of efficiently finding such a (1 + €)-
relative approximation to Ay was left open.

In recent independent work, Drineas et al. [6, 10] have shown that, using the
SVD, one can find a subset of O(klogk/¢) rows whose span “contains” such a
relative approximation. They also provide practical motivation for this problem.

1.1 Our Results
Our first result is the following improved existence theorem.

Theorem 2. Any m x n matriz A contains a subset S of 4k/e + 2klog(k + 1)
rows such that there is a matriz Ay of rank at most k whose rows lie in span(.S)
and

1A = AkllF < (1 +€)llA — Axl|



Based on this, we give an efficient algorithm in Section 3.2 that exploits any
sparsity of the input matrix. For a matrix with M nonzero entries, a rank-k
approximation is computed in

k2 31
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time using O(min{m, n}(£ + k?logk)) space (Theorem 5). In the streaming
model, the algorithm requires 2(k + 1)(log(k + 1) + 1) passes over the input
matrix. The running time is O (M (k/e + k* log k)) for M sufficiently larger than
m,n; when k is a constant it is O(M /e + 1/€%). We note that while some of the
analysis is new, most of the algorithmic ideas were proposed in [11].

We complement the existence result with the following lower bound (Prop.
4): there exist matrices for which the span of any subset of k/2¢ rows does not
contain a (1 + €)-relative approximation.

Finally, the improved existence bound also leads to better PTAS for the

projective clustering problem. The complexity becomes al(n/e)o(ij/H‘j’f2 log k)
reducing the dependence on k in the exponent from k3 and resolving an open
question of [11].
Notation. Henceforth, we will use 7y (A) to denote the matrix obtained by pro-
jecting each row of A onto a linear subspace V. If V' is spanned by a subset S of
rows, we denote the projection of A onto V' by mpan(s)(A). We use Tgpan(s),k(4)
for the best rank-k approximation to A whose rows lie in span(S). Thus, the
approximation Ay in Theorem 2 is A, = Tspan(s),k(A) for a suitable S.

2 Sampling Techniques

We now describe the two sampling techniques that will be used.

2.1 Adaptive Sampling

One way to generalize the sampling procedure of Frieze et al. [13] is to do the
sampling in multiple rounds, and in an adaptive fashion. The rows in each new
round get picked with probabilities proportional to their squared distance from
the span of the rows that we have already picked in the previous rounds.

Here is the t-round adaptive sampling algorithm, introduced in [11].

1. Start with a linear subspace V. Let Ey = A — my (A), and S = 0.
2. For j =1 to t, do:
(a) Pick a sample S; of s; rows of A independently from the following dis-
tribution: row 7 is picked with probability Pi(j -b > cl“lggi‘)hllf .
(b) S=5US;. T
(c) Ej =A—mopan(vus)(4).

The next theorem, from [11], is a generalization of Theorem 1.




Theorem 3 ([11]). After one round of the adaptive sampling procedure de-
scribed above,

k
Es, [I14 = Tspan(vusy k (AIE] < 14 = ArllE + EHE()H%-

We can now prove the following corollary of Theorem 3, for ¢-round adaptive
sampling, using induction on the number of rounds.

Corollary 1. Aftert rounds of the adaptive sampling procedure described above,

Esy.....s. [1A = Tspan(vus),x (A) | 7]

o £ T LA A i 1A — A2
- ¢S C28i5i—1  ctlsisi_q ... 89 kil
kt
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Proof. We prove the theorem by induction on ¢. The case t = 1 is precisely
Theorem 3. For the inductive step, using Theorem 3 with span(VUS;U---US;_1)
as our initial subspace, we have

k
Es, [IA = Topan(vus) (A7) < 1A= Aell% + ;\|Et71||2F~

Combining this inequality with the fact that

1Ei—1]17 = lA = Fspanvus, v--us, ) (A F < 1A = Tapanvus, veeus,—) e (A

we get

k
ESt [”A - ﬂ-span(S’),k(A)H%‘] < HA - Ak”%‘ + CistllA - 7Tspan(VUS&LJ~~LJSt—1)J€(A)H%'
Finally, taking the expectation over Sy,...,S¢_1:

Esl,.“,St “|A - Wspan(VUS),k(A)”%']

k
< HA - AkH%‘ + T&Esla-uvst—l [”A - 7TSP&H(VU51U"'USt—l);k("4)||2F]
and the result follows from the induction hypothesis for ¢ — 1.

From Corollary 1, it is clear that if we can get a good initial subspace V'
such that dim(V) = k and the error given by V' is within some multiplicative
factor of || A — Ag||%, then we can hope to prove something about relative rank-k
approximation. This motivates a different generalization of the sampling method
of [13].



2.2 Volume Sampling

Another way to generalize the sampling scheme of Frieze et al. [13] is by sampling
subsets of rows instead of individual rows. Let S be a subset of k rows of A, and
A(S) be the simplex formed by these rows and the origin. Volume sampling
corresponds to the following distribution: we pick subset S with probability
equal to
vol(A(S))?
Ps = 5
ZT:|T|:k vol(A(T))

Remark: Volume sampling can also be thought of as squared length sampling in
the exterior product space. Consider a matrix A’ with rows Ag = A1) A AG2) A
... AN A e AFR indexed by all k-subsets S = {i,ia,...,ix} C [m]. It is easy
to see that the topmost singular value of A’ is 0105 ... 0} with v Avg A, .. Avy as
its corresponding right singular vector. Moreover, determinant (i.e., normalized
volume) defines a norm on the wedge product of k vectors, and therefore, rank-k
approximation of A by volume sampling k-subsets of rows can be thought of as
rank-1 approximation of A’ by squared length sampling of its rows.

Volume sampling technique was introduced in [11] to prove the following
theorem.

Theorem 4 ([11]). Let S be a random subset of k rows of a given matriz A
chosen with probability Ps defined as above. Then.

Es [II4 = Tspan(s) ()] < (k+ 1)[IA - Ag|[3.
The next lemma was used crucially in the analysis of volume sampling.

Lemma 1 ([11]).

Z vol(A(9))? = (kly)z Z o} 07, ... 00,

S,|S|=k 1<t;<to<...<tp<n

where 01,09,...,0, > 0= 0,41 = ... = 0, are the singular values of A.

2.3 Approximate Volume Sampling via Adaptive Sampling

Here we give an algorithm for approximate volume sampling. In brief, we run a
k-round adaptive sampling procedure, picking one row in each round.

1. S=0, Ey = A.
2. For j =1 to k, do:
1B )12

1E;-1l%

(a) Pick row i with probability proportional to Pi(j D>
(b) Add this new row to subset S.
(C) Ej =A- Tspan(S) (A)

Next we show that the above procedure gives an approximate implementation
of volume sampling.



Proposition 1. Suppose the k-round adaptive procedure mentioned above picks
a subset S with probability Ps. Then,

153 < k! Pg

Proof. Let S = {A%, A% ... A%} be a subset of k rows, and let 7 € Iy, the
set of all permutations of {41,142, ...,4x}. By H,; we denote the linear subspace
span( A7) A7) A7) and by d(A?, H, ;) we denote the orthogonal dis-
tance of A’ from this subspace. Our adaptive procedure picks a subset S with
probability equal to

Py — Z | A7) |12 d(AT(iZ’),_HT,l)? d(Ar(ik),.HTvk_l)Z

2 AR S AV H)? S d(AT He )

< Z‘reﬂk ||AT(i1)|‘2 d(AT(i2)7H7,1)2 d(AT(ik)vHT,k71)2

- JAIE A=Al - A= Ax—a |l

_ S em, (K)?Vol(A(S))2
[AI% A= Aullf - 1A= Ap-all%

B (k"2 vol(A(S))?
Yt 0f Yoa0p e 3,07

< (k12 vol(A(S9))?

T Yi<iicizcn<inem Tn 05 00,

- HollAS). using Lemma
T ik VOUAD))? (using L 1)

= k! Ps

Now we will show why it suffices to have just the approximate implementation
of volume sampling. If we sample subsets S with probabilities Ps instead of Pg,
we get an analog of Theorem 4 with a weaker multiplicative approximation.

Proposition 2. If we sample a subset S of k rows using the k-round adaptive
sampling procedure mentioned above, then
Es [|lA - ms(A)|F] < (k+ 1! [[A— AgF

Proof. Since we are picking a subset S with probability Ps the expected error is

Es “|A — Tspan(S) (A)”%] = Z PSHA — Tspan(S) (A)H%‘

S:|S|=k
< k! Z PS”A_WSpan(S)(A)H%‘
S:|S|=k
<E (B4 1D)||A - A% (using Theorem 4)

= (k+ DA = A%



3 Low-rank approximation with multiplicative error

In this section, we combine adaptive sampling and volume sampling to prove the
existence of a small witness and then to derive an efficient algorithm.

3.1 Existence
We now prove Theorem 2.

Proof. From Theorem 4, we know that there exists a subset Sy of k rows of A
such that

14 = Tspan(se) (Al < (b +1)[1A — Ag[|7

Let V = span(Sy), t = log(k + 1), ¢ = 1 in Corollary 1, we know that there
exist subsets Si,...,S; of rows with sizes s1 = ... = s;_1 = 2k and s; = 4k/e,
respectively, such that

€
||A - Wspan(Vuslu...USt),k(A)H < <]‘ + 4 +3 8 + ) HA AkHF T o5t 2t+1 ”EO”%‘
€
<1+ 5) A — A% + Qtﬁ |A —mv (A%

<1+ ) 1A = Akllf + 5 (b + DA = AllE

2t+1 (

(142 14— Aulid + 5 14— A3
= (L)l A - Ayl

Therefore, for S = Sy U S; U...US; we have

t
Ak 4k
S| <Y 1S =k + 2k(log(k +1) = 1) + — < — —~ + 2klog(k +1)

Jj=0

and
A = Topan(sny k(A7 < (1+ )| A — Apl|%

3.2 Efficient algorithm

In this section we describe an algorithm that given a matrix A € R™*"_ finds
another matrix Ay, of rank at most k such that |4 — Ay||% < (1+€)||A — Ag||%.
The algorithm has two phases. In the first phase, we pick a subset of k rows
using the approximate volume sampling procedure described in Subsection 2.3.
In the second phase, we use the span of these k rows as our initial subspace and
perform (k + 1) log(k 4 1) rounds of adaptive sampling. The rows chosen are all
from the original matrix A.



Linear Time Low-Rank Matrix Approximation

Input: A € R™*", integer k < m, error parameter ¢ > 0.
Output: A, € R™*™ of rank at most k.

1. Pick a subset Sy of k rows of A using the approximate volume sampling
procedure described in Subsection 2.3. Compute an orthonormal basis By

of span(Sp).

2. Initialize V' = span(Sp). Fix parameters as t = (k + 1)log(k + 1), s1 =
So=...=s84_1 =2k, and s; = 16k/e.

3. Pick subsets of rows S1, S5, ..., S, using t-round adaptive sampling proce-

dure described in Subsection 2.1. After round j, extend the previous ortho-

normal basis ;_1 to an orthonormal basis 5; of span(SoUS; U...US;).
4. S = U;:o S;, and we have an orthonormal basis B; of span(S).
Compute hy, hs, ..., h, the top k right singular vectors of mpan(s)(4).

o1

6. Output matrix A; = Tepan(hy,....hy) (A), written in the standard basis.

Here are some details about the implementations of these steps.

In Step 1, we use the k-round adaptive procedure for approximate volume
sampling. In the j-th round of this procedure, we sample a row and com-
pute its component v; orthogonal to the span of the rows picked in rounds

1,2,...,j — 1. The residual squared lengths of the rows are computed using
|EI2 = B2 12 = AD - v;, and [| B3 = | Ej-a [} — [|4vy[[2. In the end, we
have an orthonormal basis By = {v1/ ||v1],-- -, vk/ ||vk] }-

In Step 3, there are (k+1) log(k+1) rounds of adaptive sampling. In the j-th
round, we extend the orthonormal basis from B;_; to B; by Gram-Schmidt or-
thonormalization. We compute the residual squared lengths of the rows HE](-Z) |2,
as well as the total, ||E;||%, by subtracting the contribution Tspan(B;\B;_1)(4)
from the values that they had during the previous round.

Each round in Steps 1 and 3 can be implemented using 2 passes over the
matrix: one pass to figure out the sampling distribution, and an another one to
sample a row (or a subset of rows) according to this distribution. So Steps 1 and
3 require 2(k + 1) log(k 4+ 1) + 2k passes.

Finally, in Step 5, we compute Tgpan(s)(A) in terms of basis B; using one pass
(now we have an m x O(k/e + k?log k) matrix), and we compute its top k right
singular vectors using SVD. In Step 6, we rewrite them in the standard basis
and project matrix A onto their span, which requires one additional pass.

So the total number of passes is 2(k + 1)(log(k + 1) + 1).

Theorem 5. With probability at least 3/4, the algorithm outputs a matriz Ay,
such that B
A= ApllE < (14 ¢)l|A = Ay

Moreover, the algorithm takes

k k2 Klogk
O(M<+k210gk>+(m+n) (2+ o8 +k4log2k:)>
€ € €




time and O (min{m, n}(£ + k?logk)) space.

Proof. We begin with a proof of correctness. After the first phase of approximate
volume sampling, using Proposition 2, we have

Eso [14 = Topan(so) (A)E] < (k+ 1)1 A = A%

Now using V' = span(Sy), ¢ =1, t = (k+ 1)log(k + 1), s = 16k/e, 51 =
.. =81 = 2k in Theorem 1 we get that

ESl,“7 [HA_Wspan(S) ( )H%‘]

€
(1+E+ 33+ ) ||A_Ak||%+ﬁ ||A_7quan(Sg)(A)||%‘

<1+ ) 1A = Apllf + 7 3" Qf |4 = Topan(so) (A -

Now taking expectation over Sy we have

ESO,..A,St [”A - 7Tspan(S) k(A)||2 ]
<1+ ) A — Al % + gt EsollA— Tepan(so) (D7

<1+ )HA ApllE + o (+ 1) A = Agll

82t

<1+ ) 1A = AkllF + o5 (B +DED A = A5

- 8- 2t
< +§) HA*AkHFJrg |A— Akl

€
=1+ Z)HA — Agl3.
This means
€
Eso.....s. [IIA = Topan(s) k(A7 — |4 — Ax]l7] < EHA — Agll7

Therefore, using Markov’s inequality, with probability at least 3/4 the algorithm
gives a matrix Ap = Tgpan(s),x(A) satisfying

1A = Apllf < (1 + )14~ Apl

Now let us analyze its complexity.

Step 1 has k rounds of adaptive sampling. In each round, the matrix-vector
multiplication requires O(M) time and storing vector v; requires O(n) space. So
overall, Step 1 takes O(MEk + nk) time, O(nk) space.

Step 3 has 2(k + 1) log(k + 1) rounds of adaptive sampling. The j-th round
(except for the last round), involves Gram-Schmidt orthonormalization of 2k
vectors in R™ against an orthonormal basis of size at most (25 + 1)k, which takes
(@2

I

time O(njk?). Computing Tspan(B;\B,_,) (A) for updating the values ||E and



|E;||% takes time O(ME). Thus, the total time for the j-th round is O(Mk +
njk?). In the last round, we pick O(k/¢) rows. The Gram-Schmidt orthonor-
malization of these O(k/e€) vectors against an orthonormal basis of O(k? log k)
vectors takes O(nk?log k/€) time; storing this basis requires O(nk/e+nk?log k)
space. So overall, Step 3 takes O (Mk2 log k + n(k3logk/e + k* log? k:)) time and
O(nk/e + nk?log k) space (to store the basis By).

In Step 5, projecting A onto span(S) takes O (M (k/e + k?log k)) time. Now
we have Tpan(s)(A) in terms of our basis By (which is a m x O(k?logk + k/€)
matrix) and computation of its top k right singular vectors takes time
O (m(k/e + k?logk)?).

In Step 6, rewriting hq, hs, ..., hi in terms of the standard basis takes time
O (n(k*logk + k*/e)). And finally, projecting the matrix A onto span(hi, . .., hy)
takes time O(ME).

Putting it all together, the algorithm takes

k k2 Elogk
O(M <+k210gk>+(m+n) (2+ °8 +k4log2k>>
€ € €

time and O (min{m,n}(k/e + k?logk)) space (since we can do the same with
columns instead of rows), and O(klog k) passes over the data.

This algorithm can be made to work with high probability, by running inde-
pendent copies of the algorithm in each pass and taking the best answer found
at the end. The overhead to get a probability of success of 1 —4§ is O(1/log(1/9)).

4 Lower-bound for relative low-rank matrix
approximation

Here we show a lower bound of {2(k/¢) for rank-k approximation using a subset
of rows.

Proposition 3. Given € > 0 and n large enough so that ne > 2, there exists an
n X (n+ 1) matriz A such that for any subset S of its rows with |S| < 1/2e,

HA - 7T-span(S),l(A)”%“ > (1 + G)HA - Al”%

Proof. Let ey, ea,...,e,41 be the standard basis for R™*!, considered as rows.
Consider the n x (n+ 1) matrix A, whose i-th row is given by A®) = e; 4¢€ e;11,
fori =1,2,...,n. The best rank-1 approximation for this is A;, whose i-th row
is given byAgl) =e1+ Y1 ~eiy1. Therefore,

1)2¢? €2

14— Aillf = 32140 — AP = n <(n e 1>n2) = (n—1)e.
i=1

Now let S be any subset of the rows with |\S| = s. It is easy to see that the best
rank-1 approximation for A in the span of S is given by mpan(s),1(A4), whose i-th



row is given by Trspan(S),l(A)(i) =e1+ < D cg¢it1, for all i (because it has to
be a symmetric linear combination of them). Hence,

14 = Tapan) 1 (A = 314D ~ M) 1 (AP + DA ~ Ty (4O

i€S igSs
(s —1)%€2 € €2
_ (s —1)%¢ + (s — 1)¢? +”762+n62_€2_862
s s s
ne?

= +ne2 — 22
s

Now if s < 5 then [|[A — Topan(s)1(A)[|3 = (14 26)ne? — 262 > (1 + €)ne? >
(14 €)||A — A1]|%, for n chosen large enough so that ne > 2.

Now we will try to extend this lower bound for relative rank-k approximation.

Proposition 4. Givene > 0, k, and n large enough so that ne > 2k, there exists
a kn x k(n+ 1) matriz B such that for any subset S of its rows with |S| < k/2e,

1B = Tspan(s) k(A7 = (1 + €)l|B — B/

Proof. Consider B to be a kn X k(n + 1) block-diagonal matrix with & blocks,
where each of the blocks is equal to A defined as in Proposition 3 above. It is
easy to see that

IB = Bil[f = kllA — Ay

Now pick any subset S of rows with | S| < % Let S; be the subset of rows taken

from the i-th block, and let | S;] = . We know that 5| S| =S8 kb < £
and hence ne; > ne > 2.

Therefore,
k
”B - 71—Span(S),IVC(B)”%‘ = Z HA - 7TSpan(Sf,),l(A)H%“
i=1
k .
> Z(l + DA - Ay ||% (using Proposition 3)
i=1 &
k
= (ot 24 2
k

> (k+ WA — A% (by AM.-H.M. inequality)

25:1 1/
> (k+ ke)llA = A1 %
=k(1+ o)A - AilE
=1 +olB - Bxl.
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Discussion

Our algorithm implements approximate volume sampling using 2k passes over
the matrix. Can we do it using fewer passes? Can ezact volume sampling be
implemented efficiently?

It would also be nice to close the gap between the upper bound O(k/e +

klogk) and the lower bound §2(k/e) on the number of rows whose span “con-
tains” a (1 + €)-approximation of rank at most k.
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