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Differential Equations 9e Chapter 10 Form A

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

. Rewrite the equation y” + 2y 4+ 3y = 2t + 1 as a system of first order equations.

. Is the system of the previous problem autonomous? Is it linear? Explain.

. Find the critical points of the system ‘é—f =zrz+y—1, % =z —2y.

. Find all constant solutions of ‘fi—f =2x+y—1, le—lt’ =z —2y—3.

. Discuss how you could tell if there are periodic solutions of ‘fl—f = ax+by, % = cx+dy.

. Solve the system ‘é—f = 3z + 2y, le—lt’ =—x+y.
Is the system ‘fl—f = 3z + 2y, % = —x + y stable or unstable? If stable, is it asymptot-
ically stable? Explain.

. Describe the geometric configuration of the solutions of ‘é—f = 3z + 2y, fl—? =—x+4yin

the phase plane.

d
. Solve the system ‘é—f = =3z + 2y, 7 =2z — 3y.
Is the system ‘fl—f = —3x + 2y, Z—ZZ = 2x — 3y stable or unstable? If stable, is it
asymptotically stable? Explain.
. . . . d
Describe the geometric configuration of the solutions of Cfi—f = -3r+2y, ¥ =23y

in the phase plane.

x = /4 is a critical point of the differential equation 2’ = cosz — sinx. Is it stable
or unstable?

x = b /4 is a critical point of the differential equation 2’ = cosx — sinz. Is it stable
or unstable?

Find the real critical points of the system o’ = 22 + 3% — 2, 3/ = 2% — v.

Find the Jacobian matrix of the system ' = 22 + y? — 2, 3/ = 22 — y at each critical
point.

Are the critical points of the system 2’ = x? + y? — 2, v/ = 22 — y stable or unstable?
Explain.

Consider the system 2’ = 22 + 3% — 2, 3y = 22 —y. Show the linearized system at each
critical point.

In the previous problem, classify the critical points as node, spiral point, center, or
saddle point.

Write down the second order differential equation for a nonlinear pendulum. Then
write it as a system of first order equations.

In the previous problem, find the critical points. Choose two of the critical points
with different local behavior and discuss the geometric configuration of the solutions
in the phase plane near the critical points, including stability.



ANSWER KEY
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1.

10.

Yy =u,u' =—-2u—3y+2t+1

non-autonomous (because of the 2t + 1 term), linear
(2/3,1/3)

r=1y=-1

Find the eigenvalues (solutions of A* — (a + d)A + ad — bec = 0). If they are purely
imaginary, then the solutions are periodic.

x = 2cie? cost + 2cae? sint, y = —c1e?(cost + sint) + cae?(cost — sint)
unstable, the eigenvalues have positive real part

(0,0) is an unstable spiral point

t 5t

xr = cle*t + 026*‘%, Yy =cie " — e

asymptotically stable, both eigenvalues are negative

11. (0,0) is a stable node

12. stable

13. unstable

14. (1,1) and (—1,1)

2 2 -2 2

15. at (1,1), J = [ 9 _1 ], at (=1,1), J = [ 9 1 ]

16. (1,1) is unstable (positive eigenvalue); (—1, 1) is stable (both eigenvalues have negative
real part)

17 at (1,1), @ =22+ 2y, W =20 —y;at (~1,1), @ = 20 4+2y, W = 22—y

18. (1,1) is a saddle point; (—1,1) is a spiral point

19. % +gsinf/l = 0 where 6 is the angle from the vertical at time ¢, g is the gravitational
acceleration, and [ is the length. % = u, Cé—? = —gsinf/I

20. (nm,0) where n is an integer. m = 0 corresponds to a stable center point. n = 1

corresponds to an unstable saddle point.
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10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

. Rewrite the equation y” + 5yy’ + 4y = 0 as a system of first order equations.
. Is the system of the previous problem autonomous? Is it linear? Explain.
. Find the critical points of the system ‘é—f =22 +y? -1, le—lt’ =22 — 2%
. Find all constant solutions of ‘fi—f =3r —y+12, % =3z + 2y — 3.
. Find the periodic solutions of ‘fl—f = 2x + 5y, % =—x—2y.
. Solve the system ‘é—f = bx + 4y, fl—lt’ =z + 2y.
Is the system ‘fl—f = bx + 4y, % = x + 2y stable or unstable? If stable, is it asymptot-

ically stable? Explain.

. Describe the geometric configuration of the solutions of ‘fl—f = bx + 4y, fl—? =z +2yin

the phase plane.
. Solve the system ‘é—f =3z +y, % = —-hx +y.

Is the system ‘fl—f =3z +v, % = —bx + y stable or unstable? If stable, is it asymptot-
ically stable? Explain.

Describe the geometric configuration of the solutions of fli—f =3x+y, le—lt’ = —-br+yin
the phase plane.

x = 3m/4 is a critical point of the differential equation 2’ = cosx + sinz. Is it stable
or unstable?

x = Tr/4 is a critical point of the differential equation 2’ = cosx + sinz. Is it stable
or unstable?

Find the critical points of the system z’ = 2 + 4% — 1, ¢/ = 3y.
Find the Jacobian matrix of the system ' = 2 +y? —1, 3y = 3y at each critical point.

Are the critical points of the system 2/ = 2% 4+ 32 — 1, 4/ = 3y stable or unstable?
Explain.

Consider the system 2’ = 2% + 3% — 1, ¥/ = 3y. Show the linearized system at each
critical point.

In the previous problem, classify the critical points as node, spiral point, center, or
saddle point.

Write down the Lotka—Volterra predator—prey differential equations. Make sure you
define all variables.

In the previous problem, find the critical points. Discuss the geometric configuration
of the solutions in the phase plane near the critical points, including stability.
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10.
11.
12.
13.

14.

15.

16.
17.
18.
19.

20.

Yy =wu, v = —byu — 4y

autonomous (no explicit ¢ dependence), non-linear (because of the yy’ term)
(V2/3.3/1/3), (V2/3,=V/1/3), (=23, V1/3), (-=V2/3,=V1/3)
r=-7/3,y=5

x = beycost + Hegsint, y = ¢1(—2cost — sint) + ca(cost — 2sint)

x = cret + dcpebt, y=—cre + coel?

unstable (positive eigenvalues)

(0,0) is a node

r = cre?cos(2t) + cae?sin(2t), y = c1e?(— cos(2t) — 2sin(2t)) + coe (2 cos(2t) —
sin(2t))

unstable (positive real part eigenvalues)
spiral point

stable

unstable

(1,0) and (—1,0)

2 0 -2 0
at(l,O),J:[O 31;%(_1’0)“]:[ 0 3]

(1,0) is unstable (eigenvalues positive); (—1,0) is unstable (one positive eigenvalue)

at (1,0), (jl_f = 2z, fli_? = 3y; at (—1,0), ((ii_? = —2z, flj_? =3y

(1,0) is a node; (—1,0) is a saddle point

x(t) is the size of the predator population at time ¢, y(t) is the size of the prey

population at time ¢, ‘é—f = —rx + axy, le_t = roy — bxy, where r; is the predator

death rate without prey, ro is the prey growth rate without predators, and a and b
are interaction rates. All coefficients are positive.

(0,0) is an unstable saddle point; (r2/b,71/a) is a stable center point.
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1. Which of the following systems are autonomous?

Select all that apply.

(a) fli—f:a:—i-yQ,%:Qa:—Sy
(b) i—fzm—i—t,%z%—i&y
(c) ‘é—f:x—i—y,‘fl—?z:Qa:—iSy
(d) =0, % =2sinz -3y
(e) i—fzt—kl,‘é—?:lf)a:—ély

2. Which of the following systems are linear?

Select all that apply.

(a) fli—f::c—i—yQ,%:Qa:—?)y
(b) ﬁ—fzm—i—t,%z%—i&y
(c) ‘é—f:x—i—y,‘fl—?z:Qa:—iSy
(d) 2 =0, % =2sinz -3y
(e) i—fzt—kl,‘é—?:lf)a:—ély

3. The differential equation z”/ — 2’e* = 0 can be rewritten as the system

Select the correct answer.

(a) 2/ =z, v = xe®
(b) ' =z, v = ue®
(¢) 2’ =u, v = ze®
(d) 2’ =u, v = ze”
(e) 2’ =u, u' = ue®
4. The critical points of the system ‘fl—f =22 + 92, fl—? = 2x — 3y are

Select the correct answer.

(a) y=0,y=-3
(b) x=0,x=-9/2
(c) (0,0)

(d) (0,0), (=9/2,-3)
(e) (-9/2,-3)



Zill Differential Equations 9e¢ Chapter 10 Form C

5. The only constant solution of ‘é—f =br—y—4, 2—? =xz+2y—3is

Select the correct answer.

y=1

8
| |

b

8
| |

(a
(

(c
(d
(e

6. The values of ¢ that make the system g d—‘” =3x + 2y, 4 dy = —cx + y stable are

T

-1, y=-1

~— ~— ~— ~— ~—
8
||

<
| |

Select the correct answer.
(a) ¢>—3/2
(b) ¢ < —3/2
(c) It is stable for all values of c.
(d) It is unstable for all values of c.
)

(e) ¢>0

7. The solution of the system % d—gﬂ =4z —y, % =x+2yis

Select the correct answer.

(a) z=cre 3 + et +1)e 3, y = cre 3 + cote 3
(b) o =cre 3 + cote ™3, y = cre™3 + ot + 1)e 3t
(c) x = c1% + cate®, y = c1e3t + co(t + 1)e
(d) @ =c1e3 + ea(t +1)e¥, y = c1e3t + coted
(e) x = c1e¥ + ot + 1)e¥, y = —c1e3 — coted
8. The critical point (0,0) of the system & d—‘” =4r —y, 2—? =x+2yis

Select all that apply.

asymptotically stable

(a
(b

)

) stable but not asymptotically stable
c¢) unstable
)
)

(
d

(e) a repeller

an attractor
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9. The geometric configuration of the solutions of ‘fl—f =4dx —y, 2—? = x4 2y in the phase
plane is

Select the correct answer.

degenerate stable node

(a
(b

)

) degenerate unstable node
c) stable spiral point
)
)

(
(d
(e) saddle point

unstable spiral point

dy _

10. The solution of the system ¢ d—x = —6x — by, gz =3z + 2y is
Select the correct answer.
(a) o =3cre 3 + coe™!, y = —5cre 3 — cge”!
(b) o = 3c1e3 — coe7t, y = —5eredt + cpe?
(c) o = 3cie3 + coel, y = —5eredt — coel
(d) o = 5c1e3 + cael, y = —3c1e% — et
(e) o =5cre 3 4+ coe™t, y = —3c1e™3t — cpet

11. The critical point (0,0) of the system & d—x = —6x — 5y, 7 dy =3x + 2y is
Select all that apply.

a
b

) asymptotically stable
)
c¢) unstable
)
)

(
(b) stable but not asymptotically stable
(

(d

(e) a repeller

an attractor

12. The geometric configuration of the solutions of ‘fi—f = —6x — by, % = 3x + 2y in the

phase plane is

Select the correct answer.

stable node

(a
(b

)
) unstable node
c) stable spiral point
)
)

(
(d
(e) saddle point

unstable spiral point



Zill Differential Equations 9e¢ Chapter 10 Form C

13. Consider the differential equation ' = tanx. The point x = 0 is

Select the correct answer.

(a) a stable critical point
(b) an unstable critical point

(¢) not a critical point

14. Consider the differential equation z’ = cot z. The point z = 7/2 is

Select the correct answer.

(a) a stable critical point
(b) an unstable critical point

(¢) not a critical point

15. The critical points of the system ' = 23 —y3 — 8, 3/ = 5z are

Select the correct answer.

(a) (2,0), (0,2)
(b) (=2,0), (0,-2)
(¢) (0,2)
(d) (0,-2)

)

none of the above

16. The Jacobian matrix of the system 2’ = 23 — y? +4, 3y = 5z at the critical point (0, 2)
is

Select the correct answer.

wa=[2 ]
wa-2 ]
(©) A= 33:; 216]
(d) A= 33:; —Qg
(©) A= 333; 23;]




Zill Differential Equations 9e Chapter 10 Form C

17. The critical point (0,2) of the system 2’ = 2% — 3% +4, ¢/ = 5z is a

Select the correct answer.

(a) stable node

(b) unstable node

(c) stable spiral point

(d) unstable spiral point
)

(e) center point

18. The Jacobian matrix of the system 2’/ = 23 — 32 4+ 4, 3/ = 5z at the critical point
(0,-2) is

Select the correct answer.

wa=[2 ]
wa=[ 0]
(C)A::?’x; Qg
(@) A= 333; _23(/)]
() A= 39:(2) —Qg]

19. The critical point (0, —2) of the system o’ = 2% — y? + 4, ¢/ =5z is a

Select the correct answer.

stable node
b

(a)
(b) unstable node
(c) stable spiral point
(d)
(e) saddle point

unstable spiral point

20. Assume that z(t) and y(t) represent the populations of two competing species at time
t. The Lotka—Volterra competition model is

Select the correct answer.

(a) % = ria(Ki+ 2 — anzy) /Ky, § = ray(Ks —y — any) /Ko

(b) (é—f =nraz(Ky — 2+ any) /K, % = r2y(K2 —y — any)/ K2

(c) ?Tf =rz(K; —x — a1ay) /Ky, % =roy(K2 —y — ony)/ Ky

(d) % =rz(K -z — apy)/Ki, % =roy(K2 +y — ony)/ Ky
) ( ) ( )

dz
dt

(e

d
ra(Ky —x — apy)/Ki, g =2y
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1. a,¢c,d

2. b,c, e

10. e
11. a, d
12. a
13. b
14. a
15. d
16. a
17. e
18. b
19. e
20. ¢
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1. Which of the following systems are autonomous?

Select all that apply.

flif—a:-i-y, 7 = 2t —3sint

§§_35x+2y,ﬂ—2x—5y

dy

(a
(b

(d) % =o, ZZ; = 2cosz — 3y
(e

)
)
() & =gty % =2z 3y
)
) fli—f:tQ—l—l, fg = 15z — 4y
2. Which of the following systems are linear?

Select all that apply.

(a) flif—:v—i—y, dt—2t—3smt
(b) & =350 +2y, W =215y
(c) ‘fl—f:m+1/y,%:2xet—3y
(d)
)

d ffl—f:O, ZZ; —200sa:—3y
(e

e — 241, W =15z -
3. The initial value problem z” — 2/ + tz = 0, 2(0) = 1, 2/(0) = 2 can be rewritten as

dt ) dt
the system

Select the correct answer.

(a) o’ =z, v =u—tx, 2(0) =1, u(0) =2
(b) ' =z, v =2 —tu, x(0) = 1, u(0) =2
(c) 2/ =u, v =u+tx, (0) =1, u(0) =2
(d) ' =wu, v =2+ tu, x(0) =1, u(0) =2
(e) 2’ =u, v =u—tx, z(0) =1, u(0) =2
4. The critical points of the system =2x+y—3, ‘ézt/ =2x — 3y — 7 are

Select the correct answer.

(a) y=-1
(b) x =2
(c) (2,-1)
(d) (=1,2)
(e) (=3,-7)
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dy

5. The constant solutions of ‘é—f =222 +4y% -1, gt

T — 2y are

Select the correct answer.

(a) x=2/3,y=1/3
(b) 2=2/3,y=1/3, and x = —2/3, y = —1/3
(¢) x=-2/3, y=-1/3
(@) @ =2/V7,y=1/V7
() x =2/VT,y=1/VTand x = —2//7, y = —1/V/7
6. The values of ¢ that make the system ‘fl—f = —3x + 2y, 2—? = —cx — y stable are

Select the correct answer.

(a) ¢>—3/2
(b) ¢ < —3/2
(c) It is locally stable for all values of ¢
(d) It is unstable for all values of c.
(e) ¢>0
7. The solution of the system ‘é—f = —3z + 2y, % =4x —yis

Select the correct answer.

5t

(a) z = cre! + coe™ !, y = 2cie! — coe”
(b) & = cre! + caed, y = 2c1e! — cpe™

(c) = 2cie! + cae™5 y = cret — cpe™t
(d) = = 2cie! + e, y = cref — cpe™

(e) z = 2ciet + coe™ 5 y = 2c1et — cpe™t

8. The critical point (0,0) of the system ‘Cil—‘f = —3z + 2y, 2—? =4z —yis

Select all that apply.

(a) asymptotically stable
(b) stable but not asymptotically stable
(¢) unstable
(d) an attractor

)

(e) a repeller
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9. The geometric configuration of the solutions of ‘fl—f = —3x + 2y, 2—? = 4x — y in the
phase plane is
Select the correct answer.
(a) stable node
(b) unstable node
(c) stable spiral point
(d) unstable spiral point
(e) saddle point
10. The solution of the system Cfi—f =5z + v, % =3z + 3y is
Select the correct answer.
(a) o =cre % + e y=cre 0 — 3cge™
(b) o = c1€% + cae?, y = c1e% — 3cge?!
(c) ©=cre % —3cge 2!, y = c1e7 4 coe™?!
(d) o =c1€% — 3cae 2, y = c1€% + cpe™
(e) o =c1e% + e, y = 1% — 3cpe™
11. The critical point (0,0) of the system ‘é—f =5+, % =3x+ 3y is
Select all that apply.
(a) asymptotically stable
(b) stable but not asymptotically stable
(c) unstable
(d) an attractor
(e) a repeller
12. The geometric configuration of the solutions of ‘fi—f =b5r+y, % = 3z + 3y in the phase

plane is

Select the correct answer.

) stable spiral point

) unstable spiral point
(c) stable node

) unstable node

)

saddle point
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13. The solution of the system ‘é—f = —6x — by, % =4x 4 2y is

Select the correct answer.

(a) = = cre”?(2cos(2t) + 4sin(2t)) + coe 2 (4 cos(2t) — 2sin(2t)),
y = 4ere™?t cos(2t) + dege 2 sin(2t)

(b) o = c1€?(2cos(2t) + 4sin(2t)) + coe? (4 cos(2t) — 2sin(2t)),
y = —4cre? cos(2t) — 4ege? sin(2t)

(c) @ = cre 2 (4 cos(2t) + 2sin(2t)) + coe™ 2t (=2 cos(2t) + 4sin(2t)),
y = —4c1e 2 cos(2t) — 4ege 2! sin(2t)

(d) o = cre2"(2cos(2t) + 4sin(2t)) + cae 2! (4 cos(2t) — 2sin(2t)),
y = —4cre 2 cos(2t) — dege™? sin(2t)

(e) x = c1e®(4cos(2t) + 2sin(2t)) + c2e? (—2cos(2t) + 4sin(2t)),
y = —4cie? cos(2t) — 4cge? sin(2t)

14. The critical point (0,0) of the system ‘é—f = —6x — 5y, fl—t =4x + 2y is

Select all that apply.

(a) asymptotically stable

(b) stable but not asymptotically stable

(c) unstable

(d)
)

(e) a repeller

an attractor

15. The geometric configuration of the solutions of ‘é—f = —6x — by, % = 4x + 2y in the
phase plane is

Select the correct answer.

stable node
b

(a)
(b) unstable node
(c) stable spiral point
)
)

(d) unstable spiral point
(e) saddle point

16. Consider the differential equation ' = sec . The point z = 0 is

Select the correct answer.

(a) a stable critical point
(b) an unstable critical point

(¢) not a critical point
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17. Consider the differential equation 2’ = sinx + cos z. The point z = 37 /4 is

18.

19.

20.

Select the correct answer.

(a) a stable critical point
(b) an unstable critical point

(¢) not a critical point

The critical points of the system =’ = 23 — 3% — 8, 3/ = 8y are

Select the correct answer.

(a) (2,0), (0,2)
(b) (=2,0), (0,-2)
(¢) (0,2)
(d) (0,-2)

)

The Jacobian matrix of the system ' = 23 —y® — 8, 3/ = 8y at the critical point (2,0)
is

Select the correct answer.

(a) A '393; —3y(2)1
(b) A= :3933 —3y;]
(©) A= :3933 Sy;]
wa=]2 ]
oa=2 0]

Assume a bead of mass m slides along the curve y = f(x). Also assume that there is
a damping force acting in the direction opposite to the velocity and proportional to
the velocity, with proportionality constant 5. The differential equation that describes
the horizontal position of the bead is

Select the correct answer.

(a) m&GE = —mgf'(z)/(1 — [f'(2)]?) — L%
(b) m&E = —mgf'(x)/(1 - [f'(2)]?) + pL
(c) m&E = —mgf'(x)/(1+ [f'(2)]?) - pL
(d) m&E =mgf'(2)/(1+[f'(2)]?) - pL
() m%E =mgf'(x)/(1+[f'(2)]?) + p%
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1. b,d
2. a, b, e
3. e

4. ¢

10. b
11. c, e
12. d
13. ¢
14. a, d
15. ¢
16. ¢
17. a
18. €
19. d
20. c
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1. Rewrite the equation y"” — 3yy” + 3y’ +y = 0 as a system of first order equations.
2. Is the system of the previous problem autonomous? Is it linear? Explain.

3. The critical points of the system =222 +y — 20, dt =3x — 2y — 5 are

Select the correct answer.

(a) (2,3), (3,2)

(b) (=15/4,-65/8), (3,2)
(c) (3,2)

(d) y=2

(e) x=3

4. The only constant solutions of the system {; d—x = 2z + 6y — 20, ‘fg =2x — 2y + 4 are

Select the correct answer.

@)xz

(b) y=

(c) x=-1
(d)z=1y=3
(e) x=-1,y=-3

5. A system for a vector X(¢) in Cartesian coordinates is changed to polar coordinates
yielding % = r —2, 9 = 2. Solve this system with the initial condition X(0) = (1, 0).

6. Solve the system ‘é—f = —3z + 2y, % = -2z +vy.
7. Is the system ‘é—f = -3z + 2y, % = —2x + y stable or unstable? If stable, is it

asymptotically stable? Explain.

8. Describe the geometric configuration of the solutions of Cfi—f = -3z 42y, % =—2x+y
in the phase plane.

9. The solution of the system G =2z + 3y, § @ =z +4yis

Select the correct answer.

(a) x = 3cre! — e, y = —crel + cped

(b) @ = 3cie! + caed, y = —cret + caedt

(c) o =3cre !+ coe™®, y = —cre ! — coe?
(d) = cre’ + e, y = —3cret — coel

(e) z=cre™t —coe™ ™ y=—3ciet — cpe!

10. = = 3m/4 is a critical point of the differential equation 2’ = cosz + sinz. Is it stable
or unstable?

11. # = m/2 is a critical point of the differential equation 2’ = cosz. Is it stable or
unstable?
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12. = 37/2 is a critical point of the differential equation ' = cosz. Is it stable or

unstable?

13. The critical point (0,0) of the system % = 2z 4 3y, ¥ =z + 4y is

dt
Select all that apply.

asymptotically stable

(a
(b

)

) stable but not asymptotically stable
c) unstable
)
)

(
(d

(e) a repeller

an attractor

14. The geometric configuration of the solutions of ‘fi—f
plane is

Select the correct answer.

stable node
b

(a)
(b) unstable node
(c) stable spiral point
(d)
(e) saddle point

unstable spiral point

dt

= 2x+ 3y, % = x+4y in the phase

15. Write down the Lotka—Volterra competition model differential equations. Make sure

you define all variables.

16. In the previous problem, find the critical points. Discuss the geometric configuration
of the solutions in the phase plane near the critical points along the axes, including

stability.

17. The Jacobian matrix of the system ' = 522 4 3% 4+ 4, y/ = 3x — y at the critical point

(—1/2,-3/2) is

Select the correct answer.

() J [ 15/3 27_/1”
(b) J— : —15/; —27_/1”
(©) J= : 153:; 3_yi ]

@) J— : —15:(;; —S_yi]
=] 75 4
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18. The critical point (—1/2, —3/2) of the system 2’ =523 +y> + 4,9y =3x —y is a

Select the correct answer.

(a) stable node

(b) unstable node

(c) stable spiral point
(d)

)

(e) saddle point

unstable spiral point

19. The Jacobian matrix of the system ' = x? + 32 — 32,9/ = x — y at the critical point
(4,4) is

Select the correct answer.

= 33
o= ]
o=
ORI
0a=[1

20. The critical point (4,4) of the system 2’ = 2? +y> — 32,y =z —y is a

Select the correct answer.

stable node

unstable node

)
)
c) stable spiral point
) unstable spiral point
)

saddle point



ANSWER KEY
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Ly=uv=v9=3yw—-3u—y

2. autonomous (no explicit ¢ dependence), non-linear (because of the yy” term)
3. b

4. d

5. r=2—¢',0=2t

6. x =cret +egte ™t y=cret + ot +1/2)et
7. stable and asymptotically stable

8. degenerate stable node

9. b

10. stable

11. stable

12. unstable

13. c, e

14. b

15. a

16. ‘;li—f =nrz(l —z/Ky — a1y), ‘fi—lt’ =roy(l — y/Ko — aox), where x(t) and y(t) are the
populations of the competing species at time t.

17. (0,0), (0, K3), (K1,0), (1/Ky—aa2)/(1/ (K1 Ky) —ongam), (1/ K1 —ao)/(1/ (K1 Ky)—
a12091)). The critical points (0, K3) and (K7,0) are both stable nodes, assuming
ajoKo > 1, ag1 K1 > 1.

18. e
19. e

20. e
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1. Which of the following systems are autonomous?

Select all that apply.

dz _ @ _ 9, g4 dz _
g =Tty g =2z—3siny, F=1xyz

(a
(b

)

) i—fz3.5x—|—2y,%:Qm—f)y,%:x—i-y—l-z
c) ‘fl—f:m+zet,2—?:2xet—3y, %:m—y—l-?z
)
)

(
(d
(e

2. Which of the following systems are linear?

dv _ g dy _
a =0 q =

d
dr — 4241, & =150 — 4y, & = zy2

2cost — 3y, % =Yz

Select all that apply.

dz

— dy __ : dz _
a) g =c+vy, g =2z—3siny, 7 =Yz

(
b) 4 =35z +2y, ¥ =22 -5y, & =

(b) G =350+2y, P =225y, F=x+y+=z
(

dz _ g dy _
a =0 q=

d
i—f:t2+1,d—?:15x—4y,%:xyz

d
(e

)
)
(c) Cé—f::v—l—zet,z—?:%et—i%y, L—g—y+2z
) 2cost — 3y, %:xyz
)

3. Find the critical points of the system ‘é—f =z+y+3, % =z —2y—1.

4. Find all constant solutions of the system ‘é—f =—x+y—3, % =bx — 2y + 1.

5. A periodic solution of an autonomous system

Select all that apply.

is unstable

(a
(b

)
) is locally stable
(¢) can occur in a linear system
)
)

(d
(e
dx

6. The values of ¢ that make the system %% = 4z + y, 2—? = —cx — 6y stable are

can occur in a nonlinear system

none of the above

Select the correct answer.

(a) c>24
(b) c< 24
(¢) It is locally stable for all values of c.
(d)
)

(e) ¢>0

It is unstable for all values of c.
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7. The solution of the system ‘é—f =4dx + v, % = —25x — Oy is

Select the correct answer.

(a) x = cre! + eatel, y = —berel + co(—btet + et)
(b) z=cre t +cate™, y = —Beje™t + co(=bte t +e7t)
(c) o= —b5cre t +cote™t, y = cre™t + co(—5tet +e7t)
(d) z = —bcret + cotel, y = crel + co(—bte! + €t)

)

8. The critical point (0,0) of the system ‘Cll—‘f =4x + vy, 2—? = —25x — 6y is

Select all that apply.

asymptotically stable
b

(a)

(b)

(c) unstable
)
)

stable but not asymptotically stable

(d) an attractor

(e) a repeller

9. The geometric configuration of the solutions of ‘é—f =4z + vy, % = —25x — 6y in the
phase plane is
Select the correct answer.
(a) degenerate stable node
(b) degenerate unstable node
(c) stable spiral point
(d) unstable spiral point
(e) saddle point
d
10. Solve the system ‘é—f = —5x — 4y, F = —x —2y.
11. Is the system ‘Cil—‘f = —bx — 4y, % = —x — 2y stable or unstable? If stable, is it
asymptotically stable? Explain.
12. Describe the geometric configuration of the solutions of ‘fl—‘f = —br — 4y, 2—? =—x—2y

in the phase plane.
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13. The solution of the system ‘é—f = 2x + 5y, % = —x —2yis

Select the correct answer.

(a) @ =ci1(—2cost +sint)el + co(—cost — 2sint)et, y = ¢; costel + cysintel

(b) & = c1(—2cost +sint)e™! + co(—cost — 2sint)e™t, y = ¢y coste™ + cosinte™!
(¢) z =c1(—2cost+sint) + ca(—cost — 2sint), y = ¢j cost + casint

(d) x =cq(cost +sint) + co(—cost +sint), y = —2c¢1 cost — 2¢o sint

(e) z=c1(—2cost+sint) + ca(—cost — 2sint), y = —2¢; cost — 2cysint

14. The critical point (0,0) of the system ‘fl—f = 2x + by, % =—x—2yis

Select all that apply.

asymptotically stable
b

(a)
(b)
(c) unstable
(d)
)

stable but not asymptotically stable

d

(e) a repeller

an attractor

15. The geometric configuration of the solutions of ‘é—f = 2z + 5y, % = —x — 2y in the
phase plane is

Select the correct answer.

stable node

(a
(b

)
) unstable node
c) stable spiral point
)
)

(
(d

(e) center point

unstable spiral point

16. Consider the differential equation x’ = cosx — sinx. The point x = 7/4 is

Select the correct answer.

(a) a stable critical point
(b) an unstable critical point

(¢) not a critical point
17. Find the critical points of the system 2’ = 2> +y?> — 8, ¢y =z — y.

18. Find the Jacobian matrix of the system 2’ = 22 + y? — 8, ¢/ = = — y at each critical
point.

19. Are the critical points of the system 2’ = 22 + y? — 8, y/ = z — y stable or unstable?
Explain.

20. Classify the critical points of the system z’ = 22 + 4% — 8, 3/ = 2 — y as node, spiral
point, center, or saddle point.



ANSWER KEY
Zill Differential Equations 9e¢ Chapter 10 Form F

1. a, b

2. b, c

3. (—5/3,—-4/3)

4. x =5/3,y =14/3

5 b,c,d

6. a

7. b

8. a,d

9. a

10. z =cre t +4coe ™0 y = —cre™t + cpe bt
11. stable and asymptotically stable
12. (0,0) is a stable node

13. ¢

14. b

15. e

16. a

17. (2,2), (-2,-2)

4 4 4 4
18. At(2,2),J:l1 _1],at(—2,—2),J:l . _11

19. (2,2) is unstable (one eigenvalue is positive); (—2, —2) is stable (both eigenvalues have
negative real part).

20. (2,2) is a saddle point; (—2,—2) is a spiral point.
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"

1. Rewrite the equation y

2. Is the system of the previous problem autonomous? Is it linear? Explain.

3. The critical points of the system d—x =22 4+ y? — 25, fft’ =22 —y? — 9 are

Select the correct answer.

(a) (V17,2v?2)
(b) (VI7,2V2), (-V17,-2v2)
(c) (V17,2v2), (-V17,-2v2), (-V17,2v2), (V17 -2V?2)
(d) (-=v17,2v2), (V17,-2V?2)
(e) (—V17,-2V72)
4. The constant solutions of ‘é—f =222 + 9y — 1, ‘Zg =1z —y are

Select the correct answer.

—3y" 4+ 3y" + 3y = e as a system of first order equations.

(a) 2=1/V3,y=1/V3

(b) z=-1/V3,y=-1/V3

(c) x=1/V3,y=1/v3and v = —-1/V3,y = —1//3

(d) 2=1/V3,y=1/V/3and v = —-1/V3,y = —1/V/3and . = 1/V3, y = —1/V/3

and = = —1/\/§7 y= 1/\/3

(e) none of the above

5. Find the solution of % = —y — /22 + 42, fg =z —y\/2? + y?, by changing to polar

coordinates.

6. Solve the system ‘(iif =4dr +2y, 3 d—y =—z+y.

7. Is the system =4z + 2y, 4 dy = —x + y stable or unstable? If stable, is it asymptot-

ically stable? Explaln

8. Describe the geometric configuration of the solutions of ‘é—f =dx + 2y, fl—?
the phase plane.

9. The solution of the system fli—f = -3z +2y, 4 dy = —Hx + 3y is

Select the correct answer.

a) x = 3¢y cost + 3casint, y = c1(2cost —sint) + ca(cost + 2sint)
b) =3¢y cost — 3easint, y = c1(2cost —sint) + ca(cost + 2sint)

(a)

(b)

(¢) * =2¢cycost+ cosint, y = ci(3cost —sint) + ca(cost + 3sint)

(d) x =cycost+ 2cosint, y = c1(3cost —sint) + ca(cost + 3sint)
)

(e) x =2cycost+ 2cosint, y = c1(3cost —sint) + co(cost + 3sint)

=—z+yin
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10. The critical point (0,0) of the system ‘fl—f = —3x + 2y, fl—? = —br + 3y is

Select all that apply.

asymptotically stable
b

(a)

(b)

c¢) unstable
)
)

stable but not asymptotically stable
(
(d

(e) a repeller

an attractor

11. The geometric configuration of the solutions of ‘é—f = —3x + 2y, fl—? = —bx 4 3y in the
phase plane is

Select the correct answer.

stable node

(a
(b

)
) unstable node
c) stable spiral point
)
)

(
(d

(e) center

unstable spiral point

12. x = 0 is a critical point of the differential equation ' = sinz. Is it stable or unstable?
13. o = 7 is a critical point of the differential equation 2’ = sin . Is it stable or unstable?

14. The critical points of ‘é—f =1-2xy, % = 2xy — y are

Select the correct answer

d) (1/2,1)
(e) (—-1/2,-1)
15. The Lotka—Volterra predator—prey system is ‘fl—f = azx — bxy, fl—? = —cy + dxy, where

x(t) is the prey population at time ¢, y(t) is the predator population at time ¢, and the
constants a, b, ¢, and d are all positive. Classify the critical point at (0,0), including
stability.

16. In the previous problem, identify the other critical point.

17. In the previous two problems, classify the other critical point, including stability.
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18. The Jacobian of the system ‘fl—f =224+ 9y? -1, fl—? = 3y at the critical point (1,0) is

Select the correct answer

<a>_§§]

o3 2]
© |2 ‘21;]
<d>:2§ 2@]
@ % %)

19. The critical point (1,0) of ‘fl—f =a?+9% -1, fl—? =3y is

Select the correct answer

(a) asymptotically stable
(b) stable but not asymptotically stable
(c) unstable
(d)

)

(e) a repeller

an attractor

20. The critical point (1,0) of ‘fl—f =a2+9y% -1, fl—? =3y is

Select the correct answer

stable node

(a
(b

)
) unstable node
c) stable spiral point
)
)

(
(d
(e) saddle point

unstable spiral point



ANSWER KEY
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Ly=uv=v,v=ww=3w-3v—-—u+e

2. non-autonomous (because of the e’ term), linear
3. ¢

4. ¢

5. r=1/(t+c1), 0 =t+cy

2 3t

6. x = cre?t + 20263t, Yy = —ce t— coe
7. unstable (positive eigenvalues)

8. (0,0) is a node

9. e

10. b

11. e

12. unstable

13. stable

14. d

15. (0,0) is an unstable saddle point
16. (¢/d,a/b)

17. (¢/d,a/b) is a stable center point
18. a

19. c, e

20. b
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1. Which of the following systems are autonomous?

Select all that apply.

(a) i—fzx—ty,‘é—?zQzQ—Ssinx,%:J:—Fy—z
(b) fli—f::v—l—zet,%:%et—i%y, %zm—y—l—lz
(c) ‘é—fz3x+2y,%:2x—5y,%:x+y+z
(d) ‘é—f:O, Z—?:Qcosz—Sy, %:xyz

(e) fli—f:tQ—l—l, %:1533—43/,%:3@2

2. Which of the following systems are linear?

Select all that apply.

a d—x:m—ty,d—y:2z2—3sinm,%:x—l—y—z
dt dt dt
(b) Cé—f::v—l—zet,z—?:%et—i%y, L—g—y+2z
(c) ‘é—fz3x+2y,%:2x—5y,%:x+y+z
(d) ffl—f:O, Z—?:Qcosz—Sy, %:xyz
d
() % =42 +1, % =15z — 4y, & = zyz

3. Find the critical points of the system ‘é—f = 2% +4y + 1, le—lt’ =z — 2y.
4. Find all constant solutions of the system ‘é—f =22+ 9% —4, % =52 — 2y + 1.

5. The values of ¢ that make the system ‘é—f =2z + 2y, % = —cx — 4y stable are

Select the correct answer.

c>4

(a
(b

)
) e< 4
c¢) It is locally stable for all values of c.
)
)

(
(d
(e) ¢>0

It is unstable for all values of c.

6. The solution of the system Cfi—f = 2x + 2y, % = —bx — 4y is

Select the correct answer.

(a) o = 2ci1et cost + 2cael sint, y = cret(—3cost — sint) + coel(cost — 3sint)

(b) x = —3ciel cost — 3egel sint, y = cret(2cost — sint) + coel(cost + 2sint)

(c) x = —3cre tcost — 3ege tsint, y = cre ! (2cost — sint) + caet(cost + 2sint)
(d) x =2cie tcost + 2coetsint, y = cre t(—3cost — sint) + caet(cost — 3sint)
(e) x =ciretcost+ coe tsint, y = cre (=3 cost —sint) + coe t(cost — 3sint)



Zill Differential Equations 9e Chapter 10 Form H

7. The critical point (0,0) of the system ‘fl—‘f = 2x + 2y, % = —bxr —4y is
Select all that apply.

asymptotically stable
stable but not asymptotically stable

)
)

(c) unstable
) an attractor
)

a repeller

8. The geometric configuration of the solutions of ‘é—f = 2z + 2y, 2—? = —bx — 4y in the
phase plane is

Select the correct answer.

degenerate stable node

(a
(b

)

) degenerate unstable node
c) stable spiral point
)
)

(
d
(e

dx

9. Solve the system %% = —2z +y, % = —3y.

unstable spiral point

saddle point

10. Is the system ‘fl—f = —2x+vy, 2—? = —3y stable or unstable? If stable, is it asymptotically

stable? Explain.
. . . . d .
11. Describe the geometric configuration of the solutions of ‘é—f = 2rx+y § =-3yin
the phase plane.

12. The solution of the system Cfi—f = —6x — 4y, % =4x 4+ 2y is

Select the correct answer.

(a) x = —cre® + cate, y = c1e?! + co(—te? — €2t /4)

(b) = = c1e® + cote? ) y = —cre? + ca(—te? — et /4)

(c) ©=cre 2 —cote™ y = —cre 2 4 co(—te 2 — 72 /4)
(d) o =cre 2 —cote ™ y = cre 2 + cp(te 2 — 72t /4)

(e) o =cre 2 +cote™, y = —cre™ 2 4 co(—te 2 — 72 /4)
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13. The critical point (0,0) of the system ‘fl—f = —6x — 4y, % =4x + 2y is
Select all that apply.

asymptotically stable
b

(a)

(b)

(c) unstable
)
)

stable but not asymptotically stable

(d) an attractor

(e) a repeller

14. The geometric configuration of the solutions of ‘é—f = —6x — 4y, fl—? = 4x + 2y in the
phase plane is

Select the correct answer.

(a
(b
(

) degenerate stable node
)

(c) stable spiral point
)
)

degenerate unstable node

d
(e

15. Consider the differential equation ' = sinz. The point x = 7 is

unstable spiral point

saddle point

Select the correct answer.

(a) a stable critical point
(b) an unstable critical point

(¢) not a critical point

16. Find the critical points of the system ' = 22 — y? — 48, ¢ = = — 2y.

17. Find the Jacobian matrix of the system 2’ = x? — y? — 48, iy = x — 2y at each critical
point.

18. Are the critical points of the system ' = 2% — y? — 48, o/ = 2 — 2y stable or unstable?
Explain.

19. In the previous problem, classify all critical points as node, spiral point, center point,
or saddle point.

20. Write down the differential equation for the angle of a nonlinear pendulum, and lin-
earize it about one of its critical points.



ANSWER KEY
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1. ¢, d

2. b, c

3. (-1,-1/2)

4. z=1,y=+v3andez=1,y=—/3andz=—-1,y=+v3andz =—1,y = —/3
5. a

6. d

7. a, d

8. ¢

3t 3t

9. z =cre 2 + cpe 3, Y = —cae”
10. stable and asymptotically stable (negative eigenvalues)
11. (0,0) is a stable node.

12. e

13. a, d

14. a

15. a

16. (8,4) and (—8,—4)

16 —8 ~-16 8
17. At(8,4),J_[ | _21,at(—8,—4),<]_[ | _2]

18. ) is unstable (one positive eigenvalue); (—8, —4) is stable (negative eigenvalues)

(8,4
19. (8,4) is a saddle point, (—8, —4) is a node.
d2
dt

20. 29 1 gsing/l =0, £ 1 g0/l =0



