Zill Differential Equations 9e Chapter 5 Form A
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11.
12.

13.

14.

15.

16.

17.

A spring attached to the ceiling is stretched 6 inches by a two pound weight. What
is the value of the Hooke’s Law spring constant, k? Include units in your answer.

. In the previous problem, what is the mass, m? If the system is set in motion, what is

the natural frequency, w? Include units.

. For the previous two problems, write down the initial value problem for the motion,

if the mass is pulled down 1 foot from equilibrium and released.

. Solve the initial value problem that you derived in the previous problem.

. A vibrating spring problem has the solution & = 4 cos 3t —3sin 3t. What is the period?

What is the amplitude? Write the solution as z = Asin(wt + ¢).

. A spring with spring constant 12 pounds per foot is attached to the ceiling. A 4 pound

weight is attached. How far does the spring stretch?

The mass-spring system of the previous problem is set in motion in a medium that
imparts a damping force numerically equal to 2 times the velocity. The mass is pushed
up three inches from the equilibrium position and given a downward velocity of 2 feet
per second. Write down the initial value problem for the position, x(t), as a function
of time, t.

. Solve the initial value problem from the previous problem.

. A beam of length L is embedded horizontally at one end and free at the other end.

The weight density, w(x), is constant, wy. Its flexural rigidity, E1, is given. Write
down the correct boundary value problem for the deflection, y(x), as a function of
distance, x, from the embedded end.

Solve the boundary value problem of the previous problem.
Solve the eigenvalue problem y” 4+ Ay = 0, y(0) = 0, y(w) = 0.
Solve the eigenvalue problem y” + Ay = 0, ¢/(0) = 0, ¢/(7/2) = 0.

A model for a nonlinear mass-spring system is mfli%x +kz3 = 0, where z is displacement
and m is mass. Solve this for dz/dt by multiplying by dz/dt and integrating.

Write down the differential equation for the angle 6 between a pendulum of length [
and a vertical line.

Linearize the equation of the previous problem and solve the resulting differential
equation.

A rocket with mass m is launched vertically upward from the surface of the earth
with a velocity, vg. Let y(t) be the distance of the rocket from the center of the earth
at time t. Write down the initial value problem for the position, y(t), assuming that
the only force acting on the rocket is gravity, which is inversely proportional to the
square of the distance from the center of the earth.

Solve the differential equation of the previous problem for the velocity by multiplying
by the velocity and integrating.
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18. In the previous problem, what is the escape velocity?

19. A 10 foot chain of weight density 1 pound per foot is coiled on the ground. One end
is pulled upward by a force of 10 pounds. Write down the differential equation for the
height, x(t), of the end of the chain above the ground at time ¢.

20. Solve the differential equation in the previous problem.



ANSWER KEY
Zill Differential Equations 9e Chapter 5 Form A

1. k = 4lbs/ft
2. m = 1/16 slug, w = 8sec™ !
3. x4 64x =0, 2(0) = 1, (0) =0
4. x = cos(8t)
5. T =2n/3, A=5, x = 5sin(3t + ¢), where ¢ = tan=1(—4/3) + 7
6. s=1/3ft
7. L2 1169 4 962 = 0, 2(0) = —1/4, 2(0) =2
8. x = —e 8 cos(4v/2t)/4
9. S = wo/EI, y(0) = 0, y'(0) = 0, y"(L) = 0, y""(L) =0
10. y = wo(L?2%/4 — La3/6 + 2% /24)/EI
11. A, =n?, y, = ¢y sin(nz), n =1,2,3,...
12. A\, = 4n?, y, = c,cos(2nz), n =1,2,3,...
13. % = \/c— kaz?/(2m)
14. £9 4 gsing/1 =0
15. 6 = c1 cos(y/g/lt) + casin(y/g/lt)

16. % = —k/(my?), y(0) = R(radius of earth), %(O) =g

17. v =% = \Ju} — 2k(1/R — 1/y)/m
18. vg = \/2k/(mR)
19. 292 4+ v% =320 — 322

20. x =15 — 15(1 — 44/5t/15)2, assuming z(0) = 0
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1.

10.

11.

12.
13.

14.

15.

16.

A spring attached to the ceiling is stretched 5 centimeters by a two kilogram mass.
What is the value of the Hooke’s Law spring constant, k7 Include units in your answer.

In the previous problem, if the system is set in motion, what is the natural frequency,
w? Include units.

For the previous two problems, write down the initial value problem for the motion,
if the mass is pulled down 6 centimeters from equilibrium and released.

. Solve the initial value problem that you derived in the previous problem.

A vibrating spring problem has the solution z = 5cos4t + 12sin4¢t. What is the
period? What is the amplitude? Write the solution as z = Asin(wt + ¢).

A spring with spring constant 8 Newtons per meter is attached to the ceiling. A 2
kilogram mass is attached. How far does the spring stretch?

The mass-spring system of the previous problem is set in motion in a medium that
imparts a damping force numerically equal to 8 times the velocity. The mass is started
from the equilibrium position with a downward velocity of 4 centimeters per second.
An external force f(t) = 12sint Newtons is applied to the system. Write down the
initial value problem for the position, x(t), as a function of time, ¢.

Solve the initial value problem from the previous problem.

A beam of length L is embedded horizontally at one end and simply supported at
the other end. The weight density, w(z), is constant, wy. Its flexural rigidity, E1, is
given. Write down the correct boundary value problem for the deflection, y(z) as a
function of distance, x, from the embedded end.

Solve the boundary value problem of the previous problem.

A thin vertical homogeneous column of length L is subjected to a constant load,
P. Tt is hinged at both ends. Its flexural rigidity, EI, is given. Write down the
correct boundary value problem for the deflection, y(z), of this column as a function
of distance, z, from the top.

Solve the boundary value problem in the previous problem.

A model for a nonlinear mass-spring system is Cng +2+22 = 0, where z is displacement
and m is mass. Solve this for dz/dt by multiplying by dz/dt and integrating.

Write down the differential equation for the angle 6 between a pendulum of length 2
feet and a vertical line.

Linearize the equation of the previous problem and solve the resulting initial value
problem if the pendulum is pulled to an angle of 30° and released.

A rocket with mass m is launched vertically upward from the surface of the earth
with a velocity of 5 miles per second. Let y(¢) be the distance of the rocket from the
center of the earth at time . Write down the initial value problem for the position,
y(t), assuming that the only force acting on the rocket is gravity, which is inversely
proportional to the square of the distance from the center of the earth.
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17. Solve the differential equation of the previous problem for the velocity by multiplying
by the velocity and integrating. Assume that the radius of the earth is R = 4000
miles.

18. In the previous problem, what value of k£ implies that the rocket will continue upward
forever?

19. A 20 foot chain of weight density 1 pound per foot is coiled on the ground. One end
is pulled upward by a force of 10 pounds. Write down the differential equation for the
height, x(t), of the end of the chain above the ground at time ¢.

20. Solve the differential equation in the previous problem.



ANSWER KEY
Zill Differential Equations 9e Chapter 5 Form B

1. kK =392 Newtons per meter
2. w = l4sec™!
3. £2 1 1962 = 0, 2(0) = 0.06, 9 (0) = 0
4. x = 0.06 cos(14¢)
5. T =7/2, A= 13, z = 13sin(4t + ¢), where ¢ = tan=1(5/12)
6. s = 2.45 meters
7. 2 4492 4 4y — Gsint, 2(0) = 0, %(0) = 0.04
8. x = (24e % 4 31te 2" — 24 cost + 18sint)/25
9. y"" = wo/(EI), y(0) =0, y'(0) =0, y(L) =0, y"(L) =0
10. y = wo(L?2%/16 — 5Lx3 /48 + 2*/24) /(ET)
11. y" + Py/(EI) =0, y(0) =0, y(L) =0
12. P, = EI(nn/L)?, y, = cpsin(nmz/L)
13. & = /o — 2% —21/2
14. 29 +165in6 = 0
15. 0 = mcos(4t)/6

16. mLy = —k/y?

dz?

17. W = /25 1 2k(1/y — 1/4000)/m
18. k < 50000m
19. CL‘% + vcfi—f + 32z = 320, where v = ‘fi—f

20. z = 15 — 15(1 — 44/5t/15)? assuming x(0) = 0
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1. A spring attached to the ceiling is stretched one foot by a four pound weight. The
value of the Hooke’s Law spring constant, k, is

Select the correct answer.

(a) 4 pounds per foot
(b) 1/4 pound per foot
(¢) 1/4 foot-pound
(d) 4 foot-pounds

)

(e) none of the above

2. In the previous problem, if the mass is set in motion, the natural frequency, w, is

Select the correct answer.

(a) 4v/2sec
(b) 4v/2sec™!
(c) 32 sec
(d)
(¢)

3. In the previous two problems, the correct differential equation for the position, z(t),
of the mass at a function of time, %, is

Select the correct answer.

(a) L2 4 2/4=0
(b) L2 4 22 =0
(c) %—1—43::0
(d) % +82 =0
(e) ngx—i-BQa::O

4. If the mass in the previous problem is pulled down two feet and released, the solution
for the position is

Select the correct answer.

(a) = = 2cos(4v/2t) + 2sin(4v/2t)
(b) 2 = 2sin(4v/2t)

(c) x = 2cos(4v/2t)

(d) x = 2sin(4t)

(e) x = 2cos(4t)



Zill Differential Equations 9e¢ Chapter 5 Form C

5. The solution of a vibrating spring problem is x = 4 cost — 3sint. The amplitude is

Select the correct answer.

(a) 7
(b) 1
(c) 25
(d) 5
(e) -1

6. In the previous problem, the function x can be written as

Select the correct answer.

x = where tan ¢ = —4/3

(a) sin(t + ¢),

(b) z = 4sm(t + ¢), where tan¢p = —4/3
(¢) x =5sin(t + ¢), where tan ¢ = —4/3
(d) x = 5sin(t 4+ ¢), where tan ¢ = —3/4
(e) x = 4sin(t + ¢), where tan ¢ = —3/4

7. The moment of inertia of a cross section of a beam is I, and the Young’s modulus is
E. Tts flexural rigidity is

Select the correct answer.

8. A beam of length L is simply supported at one end and free at the other end. The
weight density is constant, w(x) = wy. Let y(x) represent the deflection at point z.
The correct form of the boundary value problem for this beam is

Select the correct answer.
Py — wo/EI
Q2 = wo/ET, y

(a
(b) L4 =wo/EIL y
(

)
) 0

(c) 4 = woEl, y(0) =0, y"(L) =0
) 0
)

da:2
4
3x4 =wp/FEI, y(0) =0, y"(0) =0, y(L) =0y""(L) =0

none of the above

d
(e
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9. The eigenvalue problem y” + Ay =0, y(0) = 0, y(7) = 0 has the solution

Select the correct answer.

(a) y =sin(nz), A =n% n=1,2,3,

(b) y =cos(nz), A\=n? n=1,23,

(¢) y=sin(nx), A =n,n=1,2,3,

(d) y =cos(nz), A\=n,n=1,2,3,
)

10. The eigenvalue problem y” + Ay = 0, 3/(0) = 0, y'(7/2) = 0 has the solution

Select the correct answer.

(a) y =sin(2nx), A = 4n? n=1,2,3,

(b) y = cos(2nz), A =4n%, n=1,2,3,

(¢) y =sin(2nx), A =2n, n =1,2,3,

(d) y =cos(2nz), A =2n,n=1,2,3,
)

11. The boundary value problem T% + pw?y = 0, y(0) = 0, y(L) = 0 is a model of

the shape of a rotating string. Suppose T' and p are constants. The critical angular
rotation speeds, w = wy,, for which there exist non-trivial solutions are

Select the correct answer.

12. In the previous problem the corresponding non-trivial solutions for y are

Select the correct answer.

(a) W)
(b) (wn)
c) i
)
)

Y (

Y

y = sin(wy,’x)
)

Il
o

(
(d

(e) none of the above

o0s(wn2x)
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13. A pendulum of length [ hangs from the ceiling. Let g represent the gravitational
acceleration. The correct linearized differential equation for the angle, 6, that the
swinging pendulum makes with the vertical is

Select the correct answer.

(a) g ﬁ +40/1=0
(b) 4 dt2 +g0/l=0
(c) % —i— 10/g=0
(d) 4 dt2 +10/g=0
(e) 4 dt2 —g0/l=0

14. The solution of the differential equation of the previous problem is

Select the correct answer.

= ¢y cos(gt/l) + cosin(gt/1)

= c1 cos(\/g/lt) + casin(y/g/lt)

15. A rocket with mass m is launched vertically upward from the surface of the earth with
a velocity vg. Let y(t) be the distance of the rocket from the center of the earth at
time t. Assuming that the only force acting on the rocket is gravity, which is inversely
proportional to the square of the distance from the center of the earth, the correct
differential equation for the position of the rocket is

Select the correct answer.

(a) % =—k/y
(b) G = —k/y?
(

)
)
() mdt = —k/y?
)
)

.

d mdt2 = —k/y?

(e) none of the above

16. In the previous problem, the solution for the velocity, v, is

Select the correct answer.
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17. In the previous problem, if y(0) = R, what is the escape velocity?

Select the correct answer.

(a) vo = +/2k/(mR)
(b) vo =2k/(mR)

(¢) vo=2m/(kR)
(d) vo=+v2m/(kR)
(e) none of the above

18. A 10 foot chain of weight density 2 pounds per foot is coiled on the ground. One end
is pulled upward by a force of 10 pounds. The correct differential equation for the
height, x(t), of the end of the chain above the ground at time ¢ is

Select the correct answer.

(a) xd—fd%x + Cfi—f + 322 = 160
(b) dzde | do? 4 395 — 160
(c) wbz 4 42% 4 39, — 160
(d) zdede 4 do 4 39, — 160
(c) wdzde 4 dr? _ 1)

19. The solution of the problem given in the previous problem is

Select the correct answer.

(a) =15 —15(1 — 4/10t/15)?

(b) = =15/2 — 15(1 — 44/10t/15) /2
(c) x =15/2 — 15(1 — 23/10t/15)%/2
(d) x =15/2 — 15(1 — 4y/10t/5)? /2
(e) =15 — 15(1 — 44/10t/15)

20. The differential equation ‘2275 + xcosz = 0 is a model for an undamped spring-mass
system with a nonlinear forcing function. The initial conditions are z(0) = 0.1,
2/(0) = —0.1. The solution of the linearized system is

Select the correct answer.

(a) z =0.1cost

(b) z =0.1sint

(¢) x=0.1cost—0.1sint
(d)

)

d
(e



ANSWER KEY
Zill Differential Equations 9e¢ Chapter 5 Form C

1. a

2. b

10. b
11. b
12. e
13. b
14. e
15. d
16. ¢
17. a
18. ¢
19. d
20. ¢
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1. A spring attached to the ceiling is stretched 2.45 meters by a four kilogram mass. The
value of the Hooke’s Law spring constant, k is

Select the correct answer.
(a) 1/4 meter-Newton
(b

)
) 4 meter-Newtons
c) 1/4 Newton per meter
)
)

(
d

(e) none of the above

16 Newtons per meter

2. In the previous problem, if the mass is set in motion, the natural frequency, w, is

Select the correct answer.

3. In the previous two problems, if the mass is set into motion in a medium that imparts
a damping force numerically equal to 16 times the velocity, the correct differential
equation for the position, z(t), of the mass at a function of time, ¢, is

Select the correct answer.

(a) L2 44 4 5/4=0
(b) L2 4% 420 =0
(c) T2+ 49 44z =0
(d)
)

d
(e

4. If the mass in the previous problem is pulled down two centimeters and released, the
solution for the position is

d? d —
oy 4dr 4 gy =

oy 4dr 4 390 =0

Select the correct answer.

) x = 0.02e2 4+ 0.04te2
) x=2e 2 4 4te 2!
(c) = =0.02e* — 0.04te?
) x=e %sint

) x

= 0.02¢ % cost
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5. The solution of a vibrating spring problem is x = 5cost — 12sint¢. The amplitude is

Select the correct answer.

17

(a
(b) -7

b
(c
(d
(e

6. In the previous problem, the function x can be written as

3
0

D =

Select the correct answer.

(a) x = 5sin(t + ¢), where tan ¢ = —5/12
(b) = = 12sin(t + ¢), where tan¢ = —5/12
(¢) = =12sin(t — ¢), where tan¢ = 5/12
(d) = = 13sin(t + ¢), where tan¢ = 5/12
(e) = =13sin(t + ¢), where tan¢ = —5/12

7. A beam of length L is simply supported at the left end and embedded at the right
end. The weight density is constant, w(z) = wy. Let y(z) represent the deflection at
point z. The correct form of the boundary value problem for this beam is

Select the correct answer.

(a) 24 = wo/EI, y(0) =0, y/(L) =0
(b) L4 — wy/EI, y(0) = 0, 3 (0) = 0, y(L) =0, y/(L) = 0

(d % =wy/EI, y(0) =0, y"(0) =0, y"(L) =0y (L) =0

(e) none of the above

8. The solution of the boundary value problem in the previous problem is

)
)

(c) T4 =woEl, y(0) =0, y"(L) =0
)
)

Select the correct answer.
(a) y = wo/EI(L3x/48 — Lx3/16 + 2*/24)
(b) y = wo/EI(2?/2 — Lx)
(c) y=woEI(L31/48 — L3 /16 + x1/24)
(d) y = woEI(x?/2 — L)

)

(e) none of the above
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9. The boundary value problem r‘fTé‘ + 2‘;—1; =0, u(a) = ug, u(b) = uy is a model for the
temperature distribution between two concentric spheres of radii a and b, with a < b.
The solution of this problem is

Select the correct answer.

(a) u=co+ c1/r, where ¢; = ab(u; —up)/(b — a) and ca = (u1b — upa)/(b — a)
(b) w=ca+ c1/r, where ¢; = (u1b — upa)/(b — a) and ¢z = ab(u; — up)/(b — a)
(¢) u=cy—cy/r, where ¢; = ab(u; — ug)/(b—a) and co = (u1b — upa)/(b — a)
(d) u=cy —c1/r, where ¢; = (u1b — upa)/(b — a) and ¢y = ab(u; — ug)/(b — a)
(e) none of the above

10. The eigenvalue problem y” + Ay = 0, y(0) = 0, y(7/2) = 0 has the solution

Select the correct answer.

sin(nz), A =4n? n=1,2,3,...
cos(nz), \=4n? n=1,2,3,...
(nz), \=2n,n=1,2,3,...

cos(nx), A=2n,n=1,2,3,...

(a
(b

(¢

I
2

in

d
(e

11. The eigenvalue problem y” + Ay = 0, y(0) = 0, y(1) = 0 has the solution

S
I

(
(

none of the above

Select the correct answer.

(a) y =sin(nrz), A= (nm)%, n=1,2,3,
(b) y = cos(nnz), A = (n7)?, n=1,2,3,
(¢) y =sin(nmx), A\ =nm, n=1,2,3,
(d) y =cos(nwz), \=nm,n=1,2,3,
(e) none of the above

12. A pendulum of length 16 feet hangs from the ceiling. Let g = 32 represent the
gravitational acceleration. The correct linearized differential equation for the angle,
0, that the swinging pendulum makes with the vertical is

Select the correct answer.

(a) ﬁ+29:0
(d) %wp:o
)

(e) £8—20=0
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13. The solution of the differential equation of the previous problem is

Select the correct answer.

(a) 0
(b) 6
(c) ¢
(d) ¢
) 0

—t/2

d
(e

14. A rocket is launched vertically upward with a speed vg. Take the upward direction as
positive and let the mass be m. Assume that the only force acting on the rocket is
gravity, which is inversely proportional to the square of the distance from the center
of the earth. Let y(¢) be the distance from the center of the earth at time, t. The
correct differential equation for the position of the rocket is

c1 cos(2t) + cosin(2t)

c1 cos(v/2t) + e sin(v/2t)

Select the correct answer.

(a) m% = vo — k/y?
2

(b) mg# = —k/y?

(©) % =v0— k/y?

(@) G = —k/y*

(e) none of the above

15. In the previous problem, the solution for the velocity, v, is
Select the correct answer.
(a) v=1o—k/y*
(b) v =y + k/y?
(c) v=c+2k/(my)
(d) v=+/c+2k/(my)
)

(e) none of the above

16. In the previous problem, if y(0) = R, the escape velocity is

Select the correct answer.
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17. The differential equation ‘2275 + ze

18.

19.

20.

0.0z — () is a model for an undamped spring-mass

system with a nonlinear restoring force. The initial conditions are z(0) = 0, 2/(0) = 1.
The solution of the linearized system is

Select the correct answer.

a
N N N N N
8 8 8 &8 8
[
® Q
B 32
o+

=cost —sint

The initial value problem (L — z)%% — (4£)2 = Lg, z(0) = 0, 2/(0) = 0 is a model of

dz
a chain of length L falling to the ground, where x(t) represents the length of chain on
the ground at time ¢. The solution for v = fli—f in terms of x is

Select the correct answer.

In the previous problem, the solution for x as a function of ¢ is

Select the correct answer.

In the previous two problems, how long does it take for the chain to fall completely
to the ground?

Select the correct answer.

= (L/g)



ANSWER KEY
Zill Differential Equations 9e¢ Chapter 5 Form D

1. d
2. b

10. e
11. a
12. b
13. e
14. b
15. d
16. e
17. d
18. e
19. ¢
20. d
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1. A spring attached to the ceiling is stretched 6 inches by a two pound weight. What
is the value of the Hooke’s Law spring constant, k? Include units in your answer.

. In the previous problem, what is the mass, m? If the system is set in motion, what is
the natural frequency, w? Include units.

. For the previous two problems, write down the initial value problem for the motion,
if the mass is pushed up 6 inches from equilibrium and given an upward velocity of 2
feet per second.

. Solve the initial value problem that you derived in the previous problem.

. The solution of a vibrating spring problem is x = 6cost + 8sint. The amplitude is

Select the correct answer.

[

0
4

(a
(b
(c
(

N =

d
(e

. A beam of length L is embedded horizontally at one end and free at the other end.
The weight density is given by w(z) = x. Its flexural rigidity, EI, is given. Write
down the correct boundary value problem for the deflection, y(z).

-2
48

. Solve the boundary value problem of the previous problem.

. A model for a nonlinear mass-spring system is %—i—ac—x?’ = 0, where z is displacement
and m is mass. Solve this for dz/dt by multiplying by dz/dt and integrating.

. The eigenvalue problem y” + Ay = 0, y(0) = 0, y(7w/2) = 0 has the solution

Select the correct answer.

(e) none of the above

(a) y =sin(nz), A =4n%,n=1,2,3,...

(b) y = cos(nz), \=4n* n=1,2,3,...

(¢) y=sin(nx), A\=2n,n=1,2,3,...

(d) y =cos(nz), \=2n,n=1,2,3,...
)

10. The eigenvalue problem y” + Ay = 0, y(0) = 0, y(1) = 0 has the solution

Select the correct answer.

(a) y =sin(nrx), A= (n7)%, n=1,2,3,
(b) y = cos(nmz), A = (n7)%, n=1,2,3,
(¢) y =sin(nrx), A =nm, n=1,2,3,
(d) y =cos(nmz), A\=nm,n=1,23,

)

(e
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11.

12.

13.

14.

15.

16.

17.

Write down the differential equation for the angle 6 between a pendulum of length
1/2 feet and a vertical line.

Linearize the equation of the previous problem and solve the resulting initial value
problem if the pendulum starts at an angle of 40° with an angular velocity of 2 rad /sec.

A pendulum of length 4 feet hangs from the ceiling. Let g = 32 represent the gravita-
tional acceleration. The correct linearized differential equation for the angle, 6, that
the swinging pendulum makes with the vertical is

Select the correct answer.

) %180 =0
) L0 180=0
) ¥ 1+6/8=0
)
)

(a
(b
(c
(d
(e

2
9 +0/8=0

d*0 —
) _89=0

The solution of the differential equation of the previous problem is

Select the correct answer.

(a) 6 =ce”
(b) 6 = ¢ cos(8t) + co sin(8t)
(c) 0=c1 cos(\/_t) + c9 sin(v/8t)
(d) 0
) 0

d
(e

A rocket with mass m is launched vertically upward from the surface of the earth
with a velocity vg. Let y(t) be the distance of the rocket from the center of the earth
at time t. Write down the initial value problem for the position, y(¢), assuming that
the only force acting on the rocket is gravity, which is inversely proportional to the
square of the distance from the center of the earth.

Solve the differential equation of the previous problem for the velocity by multiplying
by the velocity and integrating.

In the previous two problems, let R represent the radius of the earth. The escape
velocity is

Select the correct answer.

(a) vo = 2k/(mR)
(b) vo = mR/(2k)
(¢) vo = mR/(2k)
(d) vo = +/2k/(mR)
(e) vo =+/2m/(kR)
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18. The differential equation ‘2275 + 27 %1% = 0 is a model for an undamped spring-

mass system with a nonlinear restoring force. The initial conditions are z(0) = 0.1,
2/(0) = —0.1. The solution of the linearized equation is

Select the correct answer.

(a
(b
(c
(d
() x=0.1cost—0.1sint

)

)

) *=0.1cost
) x =0.1lsint
)

19. The boundary value problem EI% + Pg%’ =0, y(0) = 0, ¥’(0) = 0, y(L) = 0,
y"(L) = 0 is a model for the deflection, y(x), of a vertical column of length L which
is hinged at both ends and which is being compressed by a force, P. Assume that ET
is constant. The critical buckling loads for this problem are

Select the correct answer.

20. In the previous problem, the nontrivial solutions of the boundary value problem are

Select the correct answer.

(a) y =sin(y/Fp/(El)x)
(b) y = cos(v/Fn/(EI)x)
(c) y =sin(P,/(El)x)
(d) y = cos(Pn/(ET)x)
(e) y =sin(v/P,Elx



ANSWER KEY
Zill Differential Equations 9¢ Chapter 5 Form E

1. 4 pounds per foot
2. m = 1/16 slug, w = 8sec™!
3. x4 64z =0, 2(0) = —1/2, 2(0) =2
4. x = —cos(8t)/2 — sin(8t) /4
5. a
6. y"" = x/EI y(0) =0, y'(0) = 0, y"(L) = 0, y""(L) = 0
7.y = (L32% — L?23/2 + 2°/20) /(6 E1)
8. &= /c—2— 212
9. e
10. a
11. 29 1 64sing = 0
12. 0 = 27 cos(8t)/9 + sin(8t)/4
13. b
14. ¢
15. m&Y = —k/y?
16. v = +/c+ 2k/(my)
17. d
18. e
19. b

20. a
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1. A spring attached to the ceiling is stretched one foot by a four pound weight. The
value of the Hooke’s Law spring constant, k is

Select the correct answer.

(a) 4 pounds per foot
(b) 1/4 pound per foot
(¢) 1/4 foot pound
(d)

)

(e) none of the above

4 foot pounds

2. In the previous problem, if the mass is set in motion, the natural frequency, w, is

Select the correct answer.

(a) 44/2sec
(b) 4v/2sec™!
(c) 32 sec
(d)
(¢)

3. In the previous two problems, if the mass is set into motion in a medium that imparts
a damping force numerically equal to the velocity, the correct differential equation for
the position, x(t), of the mass at a function of time, ¢, is

Select the correct answer.

(a) L2 18 4 /4 =0
(b) Lz 48 25 =0
(c) L2 +8% +42=0
(d) L2y 8d2 1 gr =0
(e) fl;gx—i-S +32x =0

4. If the mass in the previous problem is pulled down two feet and released, the solution
for the position is

Select the correct answer.

(a) z os(4\/§t) + sin(4v/2t)

(b) = = sin(4V31)

(¢) x = cos(4\/§t)
) x
)

(d) = = 2e * cos(4t)
(e) x = 2e *(cos(4t) + sin(4t))

5. A vibrating spring problem has the solution x = 8cos(4t) + 6sin(4¢). What is the
period? What is the amplitude? Write the solution as z = Asin(wt + ¢).
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6. A mass of 2 kilograms is attached to a spring hanging from the ceiling. It stretches the
spring 9.8 meters. If the system is set into motion, what is the period of the motion?

7. In the previous problem, the system is acted upon be a force equal to 30sin(10t)
Newtons. What is the initial value problem that describes the motion, if the mass is
pulled down 5 centimeters from equilibrium and released.

8. Solve the initial value problem from the previous problem.

9. A beam of length L is simply supported at the left end and embedded at the right
end. The weight density is w(xz) = z. Let y(x) represent the deflection at point x.
The correct form of the boundary value problem for this beam is

Select the correct answer.

(a) T¥ =a/EIL y(0) =0, /(L) =
(b) &% = 2/EI, y(0) =0, y(0) = 0, y(L) = 0, /(L) = 0
(c) 4 = 2BI, y(0) =0, y"(L) =
)
)

0
(d % =aFEI, y(0)=0,4"(0) =0, y"(L) =0,y"(L) =0
(e

none of the above
10. The solution of the boundary value problem in the previous problem is

Select the correct answer.

(a) y =wo/EI(L3x/48 — La3/16 + 2/24)
(b) y = wo/EI(x2/2 — Lx)

(c) y =woEI(L*z/48 — La3/16 + z*/24)
(d) y = woEI(x?/2 — Lx)

(e) none of the above

11. A thin, vertical, homogeneous column of length 6 is subjected to a constant load, P.
It is hinged at both ends. Its flexural rigidity is EI = 4. Write down the correct
boundary value problem for this column.

12. Solve the boundary value problem in the previous problem. What is the first (Euler)
buckling load?

13. What are the eigenvalues for the problem y” + Ay = 0, y(0) =0, y(1) = 0?

14. What are the nontrivial solutions of the boundary value problem of the previous
problem?
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15. A pendulum of length 16 feet hangs from the ceiling. Let g = 32 represent the
gravitational acceleration. The correct linearized differential equation for the angle,
0, that the swinging pendulum makes with the vertical is

Select the correct answer.

(a) £ +20=0
(b) L8 +20=0
(c) ¥ +0/2=0
(d) dt2+9/2_o
(e) & dtg —20=0

16. The solution of the differential equation of the previous problem is

Select the correct answer.

= c1 cos(v/2t) + cosin(V/2t)

= ¢y cos(2t) + ¢ sin(2t)

17. The differential equation & dtQ 7+2(1+In(1—=)) = 0 is a model for an undamped spring-
mass system with a nonlinear restoring force. The initial conditions are z(0) = 0.1,
2’(0) = 0. The solution of the linearized system is

Select the correct answer.

a) x =0.1cost

(a)

(b) x =0.1sint

(¢) x=0.1cost—0.1sint
(d)

)

d
(e
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18. A rocket with mass m is launched vertically upward from the surface of the earth with
a velocity vg. Let y(t) be the distance of the rocket from the center of the earth at
time ¢. Assuming that the only force acting on the rocket is gravity, which is inversely
proportional to the square of the distance from the center of the earth, The correct
differential equation for the position of the rocket is

Select the correct answer.

m = vy — k/y?
W = vy — k/y?

(a)
(b)
(c) mit = —k/y?
(d) T
)

(e

b = —k/y
none of the above

19. In the previous problem, the solution for the velocity, v, is

Select the correct answer.

<

(a) v=+/c+2k/(my)

(b) v =1 — k/y*

(c) U_U0+/‘€/y
)
)

<

d

(e) none of the above

20. In the previous problem, if y(0) = R, the escape velocity is

Select the correct answer.

(a)

(b)

(c) vo = 2m/(k:R)

(d) vo = +v2m/(kR)
)

(e) none of the above



ANSWER KEY
Zill Differential Equations 9e Chapter 5 Form F

1.

2.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

a

b

. €

[§]

.T=m/2, A=10, x = 10sin(4t + ¢), where tan¢ = 4/3

T =27

o | 2 =15sin(10t), 2(0) = 0.05, 4£(0) = 0

. 2 =0.05cost+ (50sint — 5sin(10¢))/33
. b

y" +Py/4=0,y(0) =0, y(6) =0

y = sin(nrx/6), P, = (nn/3)%, P, = (7/3)?
A = (nm)?

y = csin(nnz)

b

d
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1. A spring attached to the ceiling is stretched 61.25 centimeters by a two kilogram
mass. What is the value of the Hooke’s Law spring constant, k7 Include units in your
answer.

2. In the previous problem, if the system is set in motion, what is the natural frequency,
w? Include units.

3. For the previous two problems, write down the initial value problem for the motion,
if the mass is pulled down 6 centimeters from equilibrium and released.

4. Solve the problem you derived in the previous problem.

5. A 2 pound weight is attached to a spring and stretches it 6 inches. The system is set
into motion by giving it an upward velocity of 4 feet per second in a medium that
imparts a damping force numerically equal to the velocity. The initial value problem
describing this situation is

Select the correct answer.

(a) L& +16% +162/3 =0, z(0) = 0, L(0) = —4
(b) L2 4 16% 4 162/3 = 0, z(0) = 0, 2(0) = 4
(c) L2 1169 + 64z = 0, 2(0) = 0, 2 (0) = —4
(d) L2 +16% 1 642 = 0, 2(0) = 0, 4 (0) = 4

(e) T2 —16% — 640 = 0, x(0) = 0, 42(0) = —4

6. The solution of the initial value problem of the previous problem is

Select the correct answer.

(a) x = —4te™®

(b) = = 4te~™

(c) x = \/—4 o(—8t—/1T6/3)t _ ,(—8t+1/176/3)t
(d) =z = /3/44(e (=8t—/176/3)t | o(~8t++/176/3)t
(e) none of the above

7. A beam of length L is embedded horizontally at one end and simply supported at the
other end. The weight density is given by w(x) = z. Its flexural rigidity, E1, is given.
Write down the correct boundary value problem for the deflection, y(z) as a function
of distance x from the embedded end.

8. Solve the boundary value problem of the previous problem.
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9. The solution of a vibrating spring problem is = 4 cost — 3sint. The amplitude is

Select the correct answer.

(a) 7
(b) 1
(c) 5
(d) 25
(e) -1

10. The eigenvalue problem y” + Ay = 0, y(0)

Select the correct answer.

(a) y =sin(nz), A =4n?, n=1,2,3,
(b) y = cos(nz), A\ =4n? n =1,2,3,
(¢) y =sin(nx), A =2n,n=1,2,3,
(d) y =cos(nz), A=2n,n=1,2,3,
(e) none of the above

11. The eigenvalue problem y” + Ay = 0, y(0)

Select the correct answer.

(a) y =sin(nrz), A= (nm)%, n=1,2,3,
(b) y = cos(nnz), A = (n7)?, n=1,2,3,
(¢) y =sin(nrx), A =nm, n=1,2,3,
(d) y =cos(nmz), A\=nm,n=1,23,
(e) none of the above

=0, y(7/2) = 0 has the solution

=0, y(1) = 0 has the solution

12. A model for a nonlinear mass-spring system is CfTQx + 22 — 422 = 0, where z is dis-
placement and m is mass. Solve for dz/dt by multiplying by dx/dt and integrating.

13. A pendulum of length 8 feet hangs from the ceiling. Let g = 32 represent the gravita-
tional acceleration. The correct differential equation for the angle, 8, that the swinging

pendulum makes with the vertical is

Select the correct answer.

(a) ﬁ+4sin9:0
(b) & dtg 4 4sinf =0
(c) E+sin0/4:0
(d) £¢ +sinh/4=0

)

dt?
(e) L4 — 4sinfh =0

dit?
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14. In the previous problem, the correct linearized differential equation for the angle, 6 is

Select the correct answer.

(a) £ +0/4=0
(b) L8 +6/4=0
() ¢ —40=0
(d) £+46=0
)

d%0 —
P 446 =0

d
(e

15. The solution of the differential equation of the previous problem is

Select the correct answer.

16. If the pendulum of the previous three problems is started from rest at an angle of 50°
from the vertical, the solution for @ is

17. A rocket with mass m is launched vertically upward from the surface of the earth
with a velocity of 10 miles per second. Let y(t) be the distance of the rocket from the
center of the earth at time . Write down the initial value problem for the position,
y(t), assuming that the only force acting on the rocket is gravity, which is inversely
proportional to the square of the distance from the center of the earth.

18. Solve the differential equation of the previous problem for the velocity by multiplying
by the velocity and integrating.

19. In the previous problem, what is the escape velocity?
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20. The differential equation ‘2275 + 2794 = 0 is a model for an undamped spring-
mass system with a nonlinear forcing function. The initial conditions are x(0) = 0,
2’(0) = —0.1. The solution of the linearized system is

Select the correct answer.

—0.1cost
—0.1sint
=0.1cost —0.1sint
0.1(e™" —€)/2
0.1(ef —e7t)/2

a
b

(a)
(b)
c)
)
)

(
(d
(e

HHHHH
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1. k = 32 Newtons per meter
2. w=4sec!
3. £2 1 162 = 0, 2(0) = 0.06, %(0) =0
4. x = 0.06 cos(4t)
5. ¢
6. a
7. y" =xz/(EI), y(0) = 0,y'(0) = 0, y(L) = 0, y"(L) = 0
8. y = TL3x%/(240FE1) — 3L%x3/(80EI) + x°/(120E1)
9. ¢
10. e
11. a
12. dz/dt = Ve — 222 — 224
13. b
14. e
15. a
16. e
17. m&y = —k/y?
18. v = /c+2k/(my)
19. vop = \/2k/(mR)
20. b
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1. A spring attached to the ceiling is stretched 1.225 meters by a one kilogram mass.
The value of the Hooke’s Law spring constant, £ is

Select the correct answer.

a) 4 Newton-meters

(a)
(b) 1/4 Newtons per meter
(¢) 1/4 Newton-meter
(d)
)

(e) none of the above

8 Newtons per meter

2. In the previous problem, if the mass is set in motion, the natural frequency, w, is

Select the correct answer.

(a) V8 sec
(b) V8 sec™
(c) /32 sec
(d) \/—2$ec 1
)

(e) 1/8 sec™

3. In the previous two problems, If the mass is set to motion in a medium that imparts
a damping force numerically equal to 4 times the velocity, the correct differential
equation for the position, z(t), of the mass at a function of time, t, is

Select the correct answer.

(a) L2 480 4 /4 =0
(b) Lz +4dr 95 =0
(c) L2 +4% 442 =0
(d)

)

d
(e

Do 4 48y =0

P gl 4 397 =0

4. If the mass in the previous problem is pulled down two meters and released, the
solution for the position is

Select the correct answer.

5. A 4 pound weight is attached to a spring and stretches it one foot. If the system is
set into motion, what is the period of motion?
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6.

9.

10.

11.

12.

13.

14.

In the previous problem, if the system starts from rest in the equilibrium position,
describe the subsequent motion if the system is subjected to an external force of
sin(2t) pounds.

A vibrating spring problem has the solution x = 5cos4t + 12sin4t. What is the
period? What is the amplitude? Write the solution as z = Asin(wt + ¢).

A beam of length L is embedded at the left end and simply supported at the right
end. The weight density is w(xz) = z. Let y(x) represent the deflection at point x.
The correct form of the boundary value problem for the deflection, y(x), as a function
of distance, z, from the embedded end is

Select the correct answer.

4 — 2/EI, y(0)

dz?

(a 0, y(L) =0
(b) 24 = /EI y(0) =0, 4/(0) = 0, y(L) = 0, (L) =0
(

)
)

() L4 =BT, y(0) =0, y(L)
)
)

=0
(d) $4 = <ET, y(0) =0, y"(0) = 0, y"(L) = 0y"(L) = 0

(e) none of the above

The solution of the boundary value problem in the previous problem is

Select the correct answer.

= EI(7L3x/6 — 3L*x3/2 + 2°/3) /40

= (¢ — L?z)/(6ET)
=1/(40E1)(7TL32%/6 — 3L%23/2 + 2°/3)
= FEI(2® — L%1)/6

none of the above

Why does it make no physical sense to consider the mathematical problem of beam
deflections for a beam that is simply supported at one end and free at the other end?

A thin, vertical, homogeneous column of length L is subjected to a constant load, P.
It is hinged at both ends. Its flexural rigidity, E1, is given. Write down the correct
boundary value problem for the deflection, y(x), as a function of distance, x, from the
top of the column.

Solve the boundary value problem in the previous problem. What is the first (Euler)
buckling load?

Solve the eigenvalue problem y” + Ay = 0, y(0) =0, y(1) = 0.

Solve the eigenvalue problem y” + Ay = 0, 3/(0) =0, ¥'(1) = 0.
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15. A pendulum of length 4 feet hangs from the ceiling. Let g = 32 represent the gravita-
tional acceleration. The correct linearized differential equation for the angle, 6, that
the swinging pendulum makes with the vertical is

Select the correct answer.

(a) £ +60/8=0
(b) L84 9/8=0
(c) ¢ -80=0
(d) % +8§=0
(e) 29 +80=0

16. The solution of the differential equation of the previous problem is
Select the correct answer.

= ¢y cos(8t) + 2 sin(8t)
= c1 cos(v/8t) + co sin(V/8t)

(e) 6 =cet/8
17. The differential equation ‘575 + 2¢792* = 0 is a model for an undamped spring-
mass system with a nonlinear restoring force. The initial conditions are z(0) = 0.1,
2'(0) = —0.2. The solution of the linearized system is

Select the correct answer.

(a) =0.2cost —0.1sint
(b) x =0.1cost+ 0.2sint
(¢) x=0.1cost— 0.2sint
(d) = = 0.05¢! — 0.15¢7 %)

(e) z = —0.05¢! +0.15¢™*
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18. A rocket with mass m is launched vertically upward from the surface of the earth with
a velocity vg. Let y(t) be the distance of the rocket from the center of the earth at
time ¢. Assuming that the only force acting on the rocket is gravity, which is inversely
proportional to the square of the distance from the center of the earth, the correct
differential equation for the position of the rocket is

Select the correct answer.

(a) W =wvy—k/y?

2
(b) G = —k/y’
(c) md—i’ = v — k/y?
(d) m = —k/y?
(e) none of the above

19. In the previous problem, the solution for the velocity, v, is

Select the correct answer.
(a) v=+/c+2k/(my)
(b) v =wo—k/y
(c) v=vo+Fk/y*
)
)

<

<

d

(e) none of the above

20. In the previous problem, if y(0) = R, the escape velocity is

Select the correct answer.



ANSWER KEY
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1.

2.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

d
b

. d

[§]

. T =+2n/4
. &= (—V2sin(4V/2t) + 4sin(2t)) /14

T =m7/2, A=13, v = 13sin(4t + ¢), where tan ¢ = 5/12
b

. C

The beam would fall off of its support and would not deflect.

y"+ Py/(EI) =0, y(0) =0, y(L) =0

P, = El(nn/L)?, y = sin(nwx/L), P, = EI(r/L)?

A = (n7)?, y = sin(nrx), n =1,2,3,...

An = (n7)?, y = cos(nmx), n =0,1,2,... Note that A = 0 is an eigenvalue.
e

b



