Zill Differential Equations 9e¢ Chapter 6 Form A

10.

11.

12.

13.

14.

15.
16.

17.

18.
19.

20.

. Write down the power series expansion about = = 0 for the function f(x) = e”.

Find the radius of convergence of the power series >0, 2" /n
Find the interval of convergence of the power series in the previous problem.

x
Name the singular points of the differential equation zy” — y = 0.
Find a power series solution about x = 0 of the differential equation y” +y = 0.
Find a power series solution about = = 0 of the differential equation y” —4y = 0.

Find the recurrence relation for the terms in the power series solution about
x = 0 of the differential equation y” + zy = 0.

Find the first four nonzero terms of a power series solution about x = 0 of the
differential equation y” + zy = 0.

. What is the radius of convergence of the power series solution of y” + xy = 07

Determine the singular points of 23y” —2xy’ +v = 0 and classify them as regular
or irregular.

Determine the singular points of (z? — 16)%y” — 2xy’ +y = 0 and classify them
as regular or irregular.

Determine the singular points of (2% + x)?(x — 1)y” — 22y’ +y = 0 and classify
them as regular or irregular.

The point x = 0 is a critical point of the differential equation 2xy” + y = 0.
What is the indicial equation?

For the previous problem, find the recurrence relation for the series solution
about z = 0.

Find a series solution of 2xy” +y = 0.

The point x = 0 is a critical point of the differential equation xy” + vy’ + 2y = 0.
What is the indicial equation?

For the previous problem, find the recurrence relation for the series solution
about z = 0.

Find a series solution of zy” + 3 + 2y = 0.

What is the name (including the order) of the differential equation z%y” + zy’ +
(22 — 1/4)y = 07 Write the solution using the special function notation.

What is the name (including the order) of the differential equation (1 —z?)y” —
2xy’ + 6y = 07 Write the solution using the special function notation.



ANSWER KEY
Zill Differential Equations 9e Chapter 6 Form A

1. R=1
2. [-1,1)
3. 2, 2k /k!
4. =0
5. 302 o (=1)ka? /(2k)! or 552 o (—1)* a2 /(2K + 1)!
6. 302 ,(22)%% /(2k)! or 3222 o (—22)2k 1/ (2k + 1)!
7. cros(k+3)(k+2)+c=0,k=0,1,2,...
8. 1—x3/6+2°/180 — 2°/12960 or = — x*/12 + z7 /504 — 2'° /45360
9. R=00
10. = = 0 is an irregular singular point
11. x = +4 are both regular singular points
12. © =0, 1, 2 are all regular singular points
13. 72 —r =0
4. 2¢p 1 (k+r+1)(k+7)+¢=0,k=0,1,2,...
15. o2 (=1)*(x/2)%/(K!(k + 1)!)
16. 2 =0
17. (b +7r+1)2+2¢,=0,k=0,1,2,...
18, 55 5(—2) ek (k)2
19. Bessel’s equation of order 1/2, y = ¢1J1/2(x) + Y1/2(x)

20. Legendre’s equation of order 2, y = ¢; Po(x) + ¢oQ2(x), where Q2(x) is given by
an infinite series



Zill Differential Equations 9e Chapter 6 Form B

10.

11.

12.

13.

14.

15.
16.

17.

18.
19.

20.

Find the radius of convergence of the power series Y2, 2" /n?

Find the interval of convergence of the power series in the previous problem.

. Write down the power series expansion about x = 0 for the function f(z) =

COs .

. What are the singular points of the differential equation x(1 — x)y” 4+ v’ = 0.

Find a power series solution about = = 0 of the differential equation y” —y = 0.
Find a power series solution about = = 0 of the differential equation 3" +4y = 0.

Find the recurrence relation for the terms in the power series solution about
x = 0 of the differential equation 3" — zy = 0.

Find the first four nonzero terms of a power series solution about x = 0 of the
differential equation y” — xy = 0.

. What is the radius of convergence of the power series solution of y” — xy = 07

Determine the singular points of z%y” —2xy’ +y = 0 and classify them as regular

or irregular.
Determine the singular points of (2% — 4)*y” — 2xy’ + y = 0 and classify them

as regular or irregular.

Determine the singular points of x*(z — 1)y” — 22y’ + y = 0 and classify them
as regular or irregular.

The point x = 0 is a critical point of the differential equation zy” + y = 0.
What is the indicial equation?

For the previous problem, find the recurrence relation for the series solution
about z = 0.

Find a series solution of zy” + y = 0.

The point z = 0 is a critical point of the differential equation 2xzy” — vy’ +2y = 0.
What is the indicial equation?

For the previous problem, find the recurrence relation for the series solution
about z = 0.

Find the series solution of 2xy” — v/ + 2y = 0.
What is the name (including the order) of the differential equation z%y” + zy’ +
(x? — 1/16)y = 07 Write the solution using the special function notation.

!

What is the name (including the order) of the differential equation (1 —z?)y” —
2xy’ + 12y = 07 Write the solution using the special function notation.



ANSWER KEY
Zill Differential Equations 9e Chapter 6 Form B

1. R=1
2. [-1,1]
3. X o(—1)ka (2K)!
4. =0, 1
5. 302w /(2k)! or 3000 o (—x)2F L/ (2k + 1)!
6. >oR20(—1)"(22)%/(2k)! or 32320 (—1)"(22)%+1 /(2K + 1)
7. cpos(k+3)(k+2) —c,=0,k=0,1,2,...
8. 1+ x3/6 + 2°/180 + 2 /12960 or = + /12 + 27 /504 + x'° /45360
9. R=o00
10. = = 0 is a regular singular point
11. x = +2 are both regular singular points
12. = = 0 is an irregular singular point, x = 1 is a regular singular point
13. 712 —r =0
4. cp(k+r+1)(k+r)+c=0k=0,1,2,...
15. 232 o(=1)kak /(k!(k + 1))
16. 2r2 —3r =0
17. ok +r+1)2k+2r—1)+2¢,=0,k=0,1,2,...
18. ¢y |14 532, (—2)kak /(kI(=1) - 1+ 3. (2k — 3))|H+cor™? [1 4 32, (=2)bab /(K15 - 7+ 9. (2K + 3))]
19. Bessel’s equation of order 1/4, y = ¢1J1/4(x) + c2J_14()

20. Legendre’s equation of order 3, y = ¢ P3(x) + coQ3(x), where Q3(x) is given as
an infinite series



Zill Differential Equations 9e Chapter 6 Form C

1. The radius of convergence of the power series >.°° , " /n is

Select the correct answer.

(a)
(b)
c)
)
)

8 [N )

(
(d
(e) none of the above

2. The interval of convergence of the power series in the previous problem is

Select the correct answer.

(a
(

(
(d
(e

3. The first four terms in the power series expansion of the function f(x) = e
about z = 0 are

2x

Select the correct answer.

(a) 14+ a+ 2%+ 23

(b) 1+ 2z + 22* + 22°
(¢) 1+ 2z + 22* + 42°/3
(d) 1+ 2x+ 22%+22%/3
(e) 1+ 2z + 4a® + 82°

4. The singular points of the differential equation y"” +y'/x 4+ y(z —2)/(x —3) =0
are

Select the correct answer.



Zill Differential Equations 9e Chapter 6 Form C

5. The recurrence relation for the power series solution about x = 0 of the differ-
ential equation y”" —y =0is (for k =0,1,2,...)

Select the correct answer.

(a) (k+2)(k+ 1)ckra =k
(b) (k+2)(k+ Lck = e
(¢) (k+ 1Dkcpyo = cy
(d) (k+ 1Dk = e
(e) (k—2)(k—1)cx—2 =cy

6. The solution of the recurrence relation in the previous problem is

Select the correct answer.

(a) cop = co/(2k), copr1 = c1/(2k + 1)

(b) cor = co/(2k)?, copy1 = c1/(2k + 1)?

(¢) cox = co/(2k)!, copy1 = c1/(2k + 1)!

(d) cop = co/(2k + 2)!, cop1 = 1/ (2k + 3)!
(€) car = co/(2k — 1), copr1 = c1/(2k)!

7. A power series solution about x = 0 of the differential equation y” —y = 0 is

Select the correct answer.

(a) y=coXiox?/(2k) + 1 2 o 2%/ (2k + 1)!

(b) y = coXflo ™ /(2k) 4+ c1 T2 2/ (2k + 1)

() y=coXilox®™/(2k)* + 1 T2 w1 /(2k + 1)?

(d) ¥ = co 2oz /(2k)! + 1 32 2/ (2k — 1)!

(e) y=coXor®/(2k) + 1 2o 71/ (2k — 1)

8. The radius of convergence of the power series solution of y” —y = 0 about x = 0
is

Select the correct answer.

(a)
(b)
()
)
)

8 N = O

(d

(e) none of the above



Zill Differential Equations 9e Chapter 6 Form C

9. The singular points of z?(x — 1)y” — 2zy’ +y =0 are v =

Select all that apply.

2
-1

(a)
(b)
c)
)
)

— O

(
(d

(e) none of the above

10. For the differential equation (z? — 4)

Select the correct answer.

(a
(b

) an ordinary point
)

c¢) an irregular singular point
)
)

a regular singular point

(
(d

(e) none of the above

a special point

11. For the differential equation (z* — 4)

Select the correct answer.

(a) an ordinary point

(b) a regular singular point
(c
(d

(e) none of the above

)
)
) an irregular singular point
) a special point

)

12. For the differential equation (z* — 4)

Select the correct answer.

(a
(b

) an ordinary point
)

c¢) an irregular singular point
)
)

a regular singular point

(
(d

(e) none of the above

a special point

2,1

y" —2xy’ +y = 0, the point x = 0 is

2,1

y" —2xy’ +y =0, the point z = 2 is

3,/

y" —2xy’ +y =0, the point z = —2 is



Zill Differential Equations 9e Chapter 6 Form C

13. The indicial equation for the differential equation 2zy” — ¢’ + 2y = 0 is

Select the correct answer.

(2r
(2
(2r — 2
(r—3)
(r—2)

(a) 1)
(b) 3)
() )
)
)

r

<
<

0
0
0

<

<

r

(d
(e

14. The recurrence relation for the differential equation 2zy” — ¢y’ + 2y =0 is

— 0
—-2)=0

r\r

Select the correct answer.

(a) crp1(k+7)(2k+2r —1)4+2¢, =0

(b) ckrai(k+r)(k+r—1)+2¢ =0

(¢) cr(k+r+1)2k+2r—1)—2¢, =0
(d) crpi(k+r+1)2k+2r —1)+2¢, =0
(e) cri(k+r+1)(2k+2r)+2¢, =0

15. The differential equation z%y” + xy’ + (2? — 1/16)y = 0 is

Select the correct answer.

a) Bessel’s equation of order n

(a)

(b) Bessel’s equation of order 1/16

(c) Bessel’s equation of order 1/4

(d) Legendre’s equation of order 1/16
)

(e) Legendre’s equation of order 1/4

16. The solution of the previous problem is

Select the correct answer.

) Y =c1Piya(z) + 2Py ju(2)
) y = c1Py(z) + coP_y(x)

) y=c1dy(x) + coYy(x)

) y=c1Jija(x) + cad_1/4(x)

) v = crije(x) + 2 116(7)
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17.

18.

19.

20.

Consider the differential equation 2z?y” + 3zy’ + (2z — 1)y = 0. The indicial
equation is 2r? +r — 1 = 0. The recurrence relation is cx[2(k +r)(k+7r—1) +
3(k+r)—1] 4+ 2c,_1 = 0. A series solution corresponding to the indicial root

r=-—lisy=a"" [1 + 25 Ckxk], where

Select the correct answer.

(=2)"/[k(=1)-1-3---(2k = 3)]
2% /(K11 -3+ (2k — 3)]
(=2)"/[k(=1)-1-3---(2k — 1)]
(=2)%/[k!(- )(% 3)]]
(=2)"/[k11-3--- (2k — 5)]

(a)
(b)
c) ¢k
)
)

Ck

Ck

(
(d

(e Cr.

Ck

In the previous problem, a series solution corresponding to the indicial root
r=1/2isy =21+ 2, cpa*}, where

Select the correct answer.

(=2)%/[K13-5-7---(2k — 3)]
e = (=2)%/[k11-3-5--- (2k — 3)]
—2K[k!5-7-9- - (2k +1)]
(—=2)%/[k!(2k + 3)1]

(=2)%/[k!5-7-9---(2k + 3)]

(a)
(b)
c) ¢
)
)

Ck

(
(d

(e Cr.

Ck

The differential equation (1 — z?)y” — 2zy’ + 20y = 0 is

Select the correct answer.

a) Bessel’s equation of order 20

(a)

(b) Bessel’s equation of order 4

(c) Legendre’s equation of order n

(d) Legendre’s equation of order 20
)

(e) Legendre’s equation of order 4

The solution of the previous problem is

Select the correct answer.

) ¥ = c1Py(x) + caP_g()

) y = c1Py() + caQq(x), where Q4(x) is given by an infinite series
) y = c1dy(x) + c2Ya(x)

) y = c1rJiya(@) + cad_1/a(x)

) ¥ = c1Ja0() + c2Yoo(7)



ANSWER KEY
Zill Differential Equations 9e Chapter 6 Form C

1. b
2.d

10. a
11.
12.

13.

o o lon on

14.
15. ¢
16. d
17. a
18. e
19. e
20. b



Zill Differential Equations 9e Chapter 6 Form D

1. The radius of convergence of the power series > 0° , ™ /n! is

Select the correct answer.

(a)
(b)
c)
)
)

8 [N )

(
(d
(e) none of the above

2. The interval of convergence of the power series in the previous problem is

Select the correct answer.

(a) {0}

(b) (=1,1)
(¢) [-1,1]
(d) (=1,1]
(€) (—o0,00)

3. The first four nonzero terms in the power series expansion of the function f(z) =
sinz about x = 0 are

Select the correct answer.

(a) 1—x+2%/2—23/3

(b) x —23/6 + 25/120 — 27 /5040

(¢) x4 a3+ 2 + a7

(d) 1+2?/2+a2*/4+25/6
(e) 1 —a?/2+ 2124 — 25/720

4. The singular points of the differential equation zy” + 3" + y(x +2)/(x —4) =0
are

Select the correct answer.

a
b
¢

d

e

none

N

2
, 4
a'274

D~
~— ~— ~— ~— ~—

0
0
0
0

—~



Zill Differential Equations 9e Chapter 6 Form D

5. The recurrence relation for the power series solution about x = 0 of the differ-
ential equation y” +y =0 is

Select the correct answer.

) (B+2)(k+ 1)cpa+c =0
) (k+2)(k+1)ep+ oo =0
) (k+ 1Dkcpio+c=0
) (k+1)
) (k=2

a

(
(b
(

—~ —~

(c
d

(e

6. The solution of the recurrence relation in the previous problem is

/{ZCk+Ck 2—0
k — 2( —1)C]€_2+Ck=0

Select the correct answer.

(a) car = co(—=1)%/(2k), copy1 = c1(—1)%/(2k + 1)

(b) cor = co(—=1)F/(2k)2, can1 = c1(—=1)%/(2k + 1)?

(¢) cor = co(—=1)%/(2k)!, copy1 = c1(—=1)%/(2k + 1)!

(d) cor = co(—=1)%/(2k + 2)!, copy1 = c1(—=1)%/(2k + 3)!
(€) cor = co(=1)"/(2k = 1), cop1 = er(=1)"/(2k)!

7. A power series solution about x = 0 of the differential equation y” +y = 0 is

Select the correct answer.

(a) ¥ = co ZpZo(= 1) 2 /(2k)! + 1 32320 (—1) a1/ (2k + 1)!
(b) y = co XR0(—1)"2 /(2k) + e1 2o (= 1) 21 /(2K + 1)
(€) y = co RZo(—=1)"a* /(2k)* + e1 32 (= 1) a1 /(2 + 1)?
(d) y = co 3R (=1)"2 /(2K)! + e1 32 (= 1) 271 /(2k — 1)
(€) y = co RZo(—=1)*a*/(2k) + e XpZo(=1) 271 /(2k — 1)

8. The radius of convergence of the power series solution of y” +vy = 0 about x = 0
is

Select the correct answer.

(a)
(b)
()
(d)

)

8 N = O

d

(e) none of the above



Zill Differential Equations 9e Chapter 6 Form D

9. For the equation (z* — 16)*(x — 1)y” — 2zy’ +y = 0, the point z = 0 is

Select the correct answer.

(a
(b

) an ordinary point
)

c¢) an irregular singular point
)
)

a regular singular point

(
(d

(e) none of the above

a special point

10. For the equation (2 — 16)3(z — 1)y” — 22y’ +y = 0, the point z = 1 is

Select the correct answer.

(a
(b

) an ordinary point
)

c¢) an irregular singular point
)
)

a regular singular point

(
(d

(e) none of the above

a special point

11. For the equation (2 — 16)3(z — 1)y” — 22y’ +y = 0, the point z = 4 is

Select the correct answer.

(a
(b

) an ordinary point
)

c¢) an irregular singular point
)
)

a regular singular point

(
(d

(e) none of the above

a special point

12. The indicial equation for the differential equation xy” + 2y’ — xy = 0 is

Select the correct answer.

(a) r(r—1)=0
(b) r(r+2)=0
(c) r2r+1)=0
(d) r(2r—1)=0
(e) r(r+1)=0



Zill Differential Equations 9e Chapter 6 Form D

13. The recurrence relation for the differential equation xzy” + 2y’ — xy = 0 is

Select the correct answer.

(a) cp(k+r)(k+r—1)4+c2=0
(b) ck(k+r)k+r—1)—cto=0
(€) ecx(k+r+1)2—cp2=0
(d) ece(k+r+2)(k+r+1)+c2=0
(€) ce(k+r)(k+r+1)—cta=0
14. Consider the differential equation xy” — xy’ + y = 0. The indicial equation is

r(r—1) = 0. The recurrence relation is cx 1 (k+7r+1)(k+7)—cp(k+r—1) = 0.
A series solution corresponding to the indicial root » = 0 is

Select the correct answer.

1= 202 0(—22)"/[k!(=1) - 1+ 3+ (2k — 1)]
1= Zzozo(_Qx)k/[k!(Qk —3)!]
Y1 = Zi":o(—%)’“/[k!l -3+ (2k = 3)]

15. In the previous problem, a second solution is

Select the correct answer.

(a) y
(b) yo=ux fe$/x2dx
(€) yo =14+ 352, cpa®, where ¢, = (k —1)/(k(k + 1))
(d) y2 =1+ 352, cxz®, where cj, = 1/k?

)

(e) none of the above

16. The differential equation x?y” + zy’ + (22 — 1/25)y = 0 is

Select the correct answer.

a) Bessel’s equation of order n

(
(

)
b) Bessel’s equation of order 1/25
(c) Bessel’s equation of order 1/5
)
)

(d) Legendre’s equation of order 1/25

(e) Legendre’s equation of order 1/5
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17. The solution of the previous problem is

Select the correct answer.

c1Pyys(x) + caPoy5(x)
c1Ps(z) + coP_5(x)
c1J5(z) + c2Ys(x)
c1d15(x) + cad_15(2)
c1J125(x) + €2Y1/25(2)

(a) v
(b) y=
() y
)y
) Y=

(d
(e

18. The differential equation (1 — z?)y” — 2xy’ + 12y = 0 is

Select the correct answer.

(a
(b

) Bessel’s equation of order 12

)
¢) Legendre’s equation of order 12

)

)

Bessel’s equation of order 3
(
(d

(e) Legendre’s equation of order 4

Legendre’s equation of order 3

19. The solution of the previous problem is

Select the correct answer.

(a) y = c1Ps(x) + c2P_3(x)

(b) y= 3($) + c2Q3(x), where Q3(z) is given by an infinite series
(c) y= 4(95) + o Yy(x)

(d) y = c1J3(x) + c2Ys(x)

(e) y= 1J12($) + o Y1a()

20. Find three positive values of A for which the differential equation (1 — z%)y”
22y’ + Ay = 0 has polynomial solutions.

Select the correct answer.



ANSWER KEY
Zill Differential Equations 9e Chapter 6 Form D

1.d

2. e

10. b
11. ¢
12. e
13. e
14. a
15. b
16. ¢
17.

18.

on o o

19.

20. a
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1. The radius of convergence of the power series 3.°°, 2" /n%/? is

Select the correct answer.

b

(a)
(b)
(c)
)
)

8 [N N )

(d

(e) none of the above

2. The interval of convergence of the power series in the previous problem is

Select the correct answer.

(a
(b

) (=1,1)
)
c)
)
)

(—1

[—1,1]
(c) [-1,1)
(d) (o0, 00)
(e) none of the above

3. Write down the power series expansion about 2 = 0 for the function f(x) = €*".

4. What are the singular points of the differential equation sinz y” —y = 07

5. The recurrence relation for the power series solution about x = 0 of the differ-
ential equation y” + vy =0 is

Select the correct answer.

(a) (k+2)(k+ 1)cga+ (K + 1)k =0
(b) (k+2)(k+1)cpr2+ kex =0

(¢) (k+ 1)kcgio+ ke, =0
(d) (k+1)
) (k—2)

(e

k+1)key + (k—2)cp—2 =0
k — 2(/€ )Ck 2+k’6k—0



Zill Differential Equations 9e Chapter 6 Form E

6. The solution of the recurrence relation in the previous problem is (let ¢; = 1)

Select the correct answer.

) (=1)*/k
) (=1 /K2
(c) cx = (=1)*/k!
) (=D /((k+2)(k +1))
) (=D /((k = 1)(k = 2))

7. A power series solution about x = 0 of the differential equation y” + " = 0 is

Select the correct answer.

d Y= Cp + C1 Ek:o(_ )kxk/k'

)
)
(c) y=coXiZo(~1)"= 2k/(?/{?) +o1 3 o( 1)z 2k“/(?k + 1)
(d)
(€) y=coX gt /k! 4+ c1 302 o (—1)*2* /k!

8. The radius of convergence of the power series solution of 4" +y" = 0 about x = 0
is

Select the correct answer.

(a)
(b)
()
)
)

8 N = O

(d
(e) none of the above

3,/

9. Determine the singular points of z°y” —2xy'+y = 0 and classify them as regular

or irregular.

10. Determine the singular points of (z% — 1)*y” — 2zy’ +y = 0 and classify them
as regular or irregular.

11. Determine the singular points of (23 + z)?(z — 1)%y” — 22y’ +y = 0 and classify

them as regular or irregular.
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12. The indicial equation for the differential equation x?y” — (z — 2/9)y = 0 is

Select the correct answer.

(a) 2 —2/9=0

(b) ™ +r+2/9=0
() r*—r—2/9=0
(d) 72 +7—2/9=0
(e) r*—r—+2/9=0

13. The recurrence relation for the differential equation z?y” — (z —2/9)y = 0 is

Select the correct answer.

(a) ckra((k+r+1)(k+7r)+2/9)+c =0

(b) cr((k+r)(k+r—1)+2/9)+c =0

() cor1((B+r+1)(k+7)+2/9)—c=0

(d) cr((E+r)k+r—1)+2/9) —c, =0

(€) chrr((E+r+1)(k+71)—2/9)+2¢, =0

14. Consider the differential equation x?y” + zy’ + (x* — 1/4)y = 0. The indicial
equation is 72 —1/4 = 0. The recurrence relation is cx[(k+7)*—1/4] +¢;_2 = 0.

One series solution corresponding to the indicial root r = —1/2is y = 2~ /2(1+
S, ), where

Select the correct answer.

(a) e = (=1)*/(2k)!
(c) ex = (=1)"/!
(d) o = —1F/(2k)!
() cx = (=1)F/kP2

15. The point = 0 is a critical point of the differential equation 3zy” + (2 —z)y’ —
y = 0. What is the indicial equation?

16. For the previous problem, find the recurrence relation for the series solution
about x = 0.

17. Find the series solution of 3xzy” + (2 — z)y’ — y = 0.
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18. The differential equation (1 — 2?)y” — 2xy’ + 2y = 0 is

Select the correct answer.

(a
(b

) Bessel’s equation of order 2

)
(¢) Legendre’s equation of order 2
(d)

)

Bessel’s equation of order 1

d

(e) Legendre’s equation of order n

Legendre’s equation of order 1

19. The solution of the previous problem is

Select the correct answer.

(a) y=c1Pi(x) + coP_y(x)

(b) y =1 Pi(z) 4+ ca@Q1(x), where Q1 (x) is given by an infinite series
(¢) y=c1Ji(z) + coYi(x)

(d) y=crha(z) + c2Yo(x)

(e) y=cri(z) + c2J_1(2)

20. In the previous two problems, what is the polynomial solution?



ANSWER KEY
Zill Differential Equations 9e¢ Chapter 6 Form E

1. b
2. b
3. 302, (32)F k!
4. x = nm, n is an integer
5. a
6. ¢
7. d
8. d
9. x = 0 is an irregular singular point
10. x = 41 are both regular singular points
11. x = 0, £¢ are regular singular points, x = 1 is an irregular singular point
12. e
13. ¢
14. a
15. 3r2 —r =0
16. (3k+3r+2)ckpr1 — =0
17. cor'2 02 o (2/3)F /K + e[+ 2, 28 /(2-5-8 -+ (3k — 1))]
18. d
19. b

20. P(z) ==
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1. Find the radius of convergence of the power series >°° | 2™ /n!/2.
2. Find the interval of convergence of the power series in the previous problem.

3. The first four nonzero terms in the power series expansion of the function f(z) =
sinz about x = 0 are

Select the correct answer.

(a) 1 —x+2%/2 —23/3

(b) & —x3/6 + 2°/120 — 27 /5040
(¢) v+ a3 +2°+2a"

(d) 1+2%/2+2%/4+ 25/6

(e) 1—a?/2+x*/24 — 2°/720

4. The singular points of the differential equation y" +y'/x +y(z —2)/(x —3) =0
are

Select the correct answer.

5. Find a power series solution about x = 0 of the differential equation y” —y' = 0.
6. Find a power series solution about x = 0 of the differential equation y”+4y = 0.

7. Find the recurrence relation for the terms in the power series solution about
x = 0 of the differential equation 3" + 2%y = 0.

8. Find the first four nonzero terms of a power series solution about x = 0 of the
differential equation y” + 2%y = 0.

9. What is the radius of convergence of the power series solution of 3" + 2%y = 07?
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10. For the differential equation (z* — 1)*(z + 2)y” — 22y’ + y = 0, the point z =1
1s

Select the correct answer.

(a
(b

) an ordinary point
)

c¢) an irregular singular point
)
)

a regular singular point

(
(d

(e) none of the above

a special point

11. For the differential equation (z* — 1)*(z + 2)y” — 22y’ +y = 0, the point z = 2
is

Select the correct answer.

(a
(b

) an ordinary point

)
(c) an irregular singular point
(d)

)

a regular singular point

d

(e) none of the above

a special point

12. For the differential equation (z* —1)3(x +2)y” —2zy’ +y = 0, the point z = —2
is

Select the correct answer.

(a
(b

) an ordinary point
)

(c) an irregular singular point
)
)

a regular singular point

(d) a special point

(e) none of the above

13. The point = = 0 is a critical point of the differential equation 4zy”+y'/2+y = 0.
What is the indicial equation?

14. For the previous problem, find the recurrence relation for the series solution
about x = 0.

15. Find the series solution of 4xy” +y'/2 4+ y = 0.
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16. The differential equation z%y” + xy/ + (22 — 1/9)y = 0 is

Select the correct answer.

a) Bessel’s equation of order n

(a)

(b) Bessel’s equation of order 1/9

(c) Bessel’s equation of order 1/3

(d) Legendre’s equation of order 1/9
)

(e) Legendre’s equation of order 1/3

17. The solution of the previous problem is

Select the correct answer.

) y=c1Pis(x) + caPoy ()
) y=cabs(z) + P s(z)

) y = c1s(x) + 2Y3(x)

) y=cdis(x) + cod 15(x)
) y=c1Jijg(x) + c2Yiy9(x)

18. What is the name (including the order) of the differential equation (1 —z?)y” —
2xy' + 12y =0

19. In the previous problem, what is the recurrence relation for the series solution
about z = 07

20. What is the solution of the differential equation in the previous two problems?



ANSWER KEY
Zill Differential Equations 9e¢ Chapter 6 Form F

1. R=1
2. [-1,1)
3. b
4. d

5. co+c1 5, ¥ /k!
6. conro(—1)F(22)%%/(2K)! + 1 520 (— 1)k (22) 21 /(2K 4 1)!
7. ck(k—1) 4+t =0
8. 1 —a*/12 4 2®/672 — 2'2/88704 or = — x°/20 + 2°/1440 — '3/224640
9. R=00
10. ¢
11. a
12. b
13. 47> —=7r/2=0
M. cpp(k+r+1)4dk+4r+1/2)+ ¢, =0

15. co[14+35%, (—22)% /(k'1-9- - (8k=T)]4+c1z™B[1+ 352 (—22)% / (k!115-23 - - - (8k+
7)]

16. ¢

17. d

18. Legendre’s equation of order 3

19. cprok+2)(k+1) —cp(k+4)(k—3)=0

20. ¢y(x — 523/3) + o[l + 52, 282 (=3)(—=1)1-3--- (2k — 5)/(2k)!]
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1. The radius of convergence of the power series >0, x/n® is

Select the correct answer.

(a)
(b)
()
)
)

8 N = O

d

(e) none of the above

2. The interval of convergence of the power series in the previous problem is

Select the correct answer.

(a) (—=1,1)

(b) [-1,1]

(c) [-1,1)

(d) (=00, 00)

(e) none of the above

3. Write down the power series expansion about = 0 for the function f(z) =
sin .

4. Identify the singular points of the differential equation Inz - y” + 1y = 0.
5. The recurrence relation for the power series solution about x = 0 of the differ-
ential equation y” — 3y’ =0 is

Select the correct answer.

(a) (k4 1)ck1 = ek

(b) (k+1)cx = cx1(k—1)
(c) (k4 2)(k+ 1)cpyo = 1k
(d) (k+ Dkc = cr—2(k —2)
() (k—2)(k—1)ck_2 = crk
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6. The solution of the recurrence relation in the previous problem is

Select the correct answer.

(a) ¢ = co/k
(b) cx = co/k?

(
(d

(e Cr.

co(— UW@M!
co(=1)*/(2k + 1)!

7. A power series solution about x = 0 of the differential equation y” — ¢y’ = 0 is

Ck

)

)
) ¢

)

)

Select the correct answer.

(a) y=co 2o x®/(2k) + 1 oo 2T/ (2k + 1)!

(b) y=coX oo r®/(2k) + 1 2o 2T/ (2k + 1)

(c) y=co+c1 302, 2 /k!

(d) y=coSp2gz"/k! + 1 352 (—x)k k!

(e) none of the above

8. The radius of convergence of the power series solution of y” — ¢y = 0 about
x=01s

Select the correct answer.

(a)
(b)
c)
)
)

8 N = O

(
(d
(e) none of the above

3.,

9. Determine the singular points of 2°y” 4+ 5xy’+y = 0 and classify them as regular

or irregular.

10. Determine the singular points of (1 — cos z)y” — 2zy’ +y = 0 and classify them
as regular or irregular.

11. Determine the singular points of (z —sinz)(z —1)%y” — 22y’ +y = 0 and classify

them as regular or irregular.
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12.

13.

14.

15.

16.

17.
18.
19.

20.

The indicial equation for the differential equation zy” + (1 —x)y’ —y =0 is

Select the correct answer.

The recurrence relation for the differential equation zy” + (1 — x)y’ —y =0 is

Select the correct answer.

(a) crp1(k+71)+c=0

(b) cry1(k+7)—cx =0

(¢) crri(k+r+1)—c=0

(d) crs(k+r+1)+c =0
)

(e) chri(k+r+1)(k+7r)—2¢=0

The solution of zy” + (1 — z)y’ —y =0 is

Select the correct answer.

(a) cre® + coe®(Inw + 02, (=1)Fak /(K - k)
(b) cre™® + cxe *(Inaw + 302, (= 1)*ak /(K - k')
(c) cre® + cpe®(Inx + 352 %/ (k - k!)

(d) cre™® + cpe *(Inz + 302, 2%/ (k- k)

(e)

The point x = 0 is a critical point of the differential equation z%y” + xy’ +
(2?2 —1/9)y = 0. What is the indicial equation?

a1 SRo(=1)*a (k- KY) + coe®(Inw + 32, (1) %/ (k - k)

For the previous problem, find the recurrence relation for the series solution
about z = 0.

Find the series solution of z?y” + zy’ + (z* —1/9)y = 0.
What is the name of the differential equation in the previous problem?

Write the solution of the previous four problems in terms of the special function
notation.

Use the recurrence relation (k+ 1) Pei1(z) — (2k+ 1) 2 Py(z) + kPy—1(x) = 0 and
Py(x) =1, Pi(x) = x to generate the next two Legendre polynomials.



ANSWER KEY
Zill Differential Equations 9e¢ Chapter 6 Form G

1. b
2. b
3. 0 (= 1)k /(2K + 1)!
4. all <0
5. a
6. c
7. ¢
8. d
9. x = 0 is an irregular singular point
10. x = 2nm, n is an integer, are all regular singular points
11. # = 0 is an irregular singular point, x = 1 is a regular singular point
12. e
13. ¢
14. a
15. r2—1/9=0
16. cp((k+7)>—1/9)+cxro=0

17. cor' B+ (—3)k2?* /(2FK!8-14 - - - (6k+2)|+c1z ™ V3[14+3502, (—3) k% / (2 k4.
10--- (6k — 2))]

18. Bessel’s equation of order 1/3
19. C()Jl/g(l') + Clj_l/g(l')
20. Py(z) = (32% —1)/2, Ps(x) = (523 — 3x)/2
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1. Find the radius of convergence of the power series > 77, x".
2. Find the interval of convergence of the power series in the previous problem.
3. The first four nonzero terms in the power series expansion of the function f(z) =

e~ % about x = 0 are

Select the correct answer.

(a) 1 —x+2?/2—23/3

(b) 1 —z+2%/2—23/6

() 1+ z+2*/24 23/6

(d) 14+ z+2*/2+ 23/3

(e) 1 —a?/2+21/24 — 2°/720

4. The singular points of the differential equation (1 —e*)y” +¢'/(x — 5) +
ylx —4)/(x —7) =0 are

Select the correct answer.

5. Find a power series solution about x = 0 of the differential equation y” +y = 0.
6. Find a power series solution about = 0 of the differential equation y”+4y’ = 0.

7. Find the recurrence relation for the terms in the power series solution about
x = 0 of the differential equation y” — zy = 0.

8. Find the first four nonzero terms of a power series solution about x = 0 of the
differential equation y” — xy = 0.
9. For the equation (2 — 1)3(x + 2)y” — 2xy’ +y = 0, the point z = 1 is

Select the correct answer.

(a
(b

) an ordinary point
)

(c) an irregular singular point
)
)

a regular singular point

(d) a special point

(e) none of the above
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10.

11.

12.

13.

14.

15.
16.

For the differential equation (z* — 1)3(z + 2)y” — 2zy’ + y = 0, the point z = 2
1s

Select the correct answer.

a) an ordinary point

(
(b

)
) a regular singular point

c¢) an irregular singular point
)
)

(
(d

(e) none of the above

a special point

For the differential equation (z —1)3(z+2)%*y” — 2zy’ +y = 0, the point z = —2
is

Select the correct answer.

a) an ordinary point

(
(b

)
) a regular singular point

c¢) an irregular singular point
)
)

(
(d

(e) none of the above

a special point

The point x = 0 is a critical point of the differential equation x%y” + xy’ +
(2?2 —1/4)y = 0. What is the indicial equation?

For the previous problem, find the recurrence relation for the series solution
about z = 0.

Find the series solution of z2y” + zy’ + (% — 1/4)y = 0.
What is the name of the differential equation in the previous problem?
The differential equation z%y” + xy’ + (z* — 1/36)y = 0 is

Select the correct answer.

a) Bessel’s equation of order n

(
(b) Bessel’s equation of order 1/36

)
)

(c) Bessel’s equation of order 1/6

(d) Legendre’s equation of order 1/36
)

(e) Legendre’s equation of order 1/6
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17. The solution of the previous problem is

Select the correct answer.

) Yy = 01P1/6(x) + CQP,1/6(I)
) Yy = Clpﬁ(l') + CQP_(;(I')
(c) y=c1ds(@) + c2Ye(x)
) Yy = 01J1/6(I') + CQJ_l/ﬁ(I')
)y =c1Jize(x) + cad_1/36()
18. Find Py(z), using the recurrence relation (k + 1)Py; — (2k + 1)z Py(z) +
kP._1(z) =0 and Py(z) =1, Pi(z) = .
19. The differential equation (1 — z?)y” — 2xy’ + 30y = 0 is

Select the correct answer.

(a
(b

) Bessel’s equation of order 30

)
(c) Legendre’s equation of order 5
()

)

Bessel’s equation of order 5

d

(e) Legendre’s equation of order 30

Legendre’s equation of order 6

20. The solution of the previous problem is

Select the correct answer.

) y = cds(z) + e2Ys(x)

) y=c1Jis(x) + c2Yi5(x)
) Y= c1Jz0(z) + c2Y30(2)

) y = c1Pso(x) 4+ caP_30(x)
)y

= 1 P5(z) + coQs(x), where Qs(x) is given by an infinite series



ANSWER KEY
Zill Differential Equations 9e¢ Chapter 6 Form H

1.
2.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.

20.

R=1

(_1’1)

. b
. €
- 0o oo (= 1)ka? [ (2k) + ¢ T2 o(— 1)k /(2K + 1))

c o+ 2 (—4x)F k!

Chrs(k+3)(k+2)—c =0

. C

1+ 23/6 + 25/180 + 2°/12960 Or = + z*/12 + 27 /504 + z'° /45360
a

b

r?—1/4=0

Cra2((E+r+2)2=1/4)+c, =0

cor V2R (= 1)Fa?F [ (k) 4 cyzT V2 00 (= 1)k /(2 + 1)
Bessel’s equation of order 1/2

c

d

Py(x) = (352* — 302% + 3)/8

c

e



