Zill Differential Equations 9e Final Exam 2 Form A
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11.

12.
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14.
15.

16.

17.

18.
19.

20.

. Solve the differential equation 3’ — 4y = z=.

. Solve the differential equation y” — 4y + 3y = x + €.

2

. Solve the differential equation (22 + y?)dx + 2xydy = 0.

. Use Euler’s method to solve the initial value problem ' = 1+y, y(0) = 1, with a step

size of h = 0.1. Find approximations of y(0.1) and y(0.2).

. A 10 gram sample of a radioactive substance has a half-life of 52 hours. Identify all

variables. Assuming the rate of decay is proportional to the amount present, write
down the differential equation problem for the amount of the substance as a function
of time, and solve it. How much is left after 10 hours?

. A frozen chicken is taken from a freezer at 32°F oven and placed on table at 65°F.

Thirty minutes later it has warmed to 45°F. Identify all variables in the problem,
write down the differential equation problem for the temperature, and solve it for
the temperature as a function of time. Assume that Newton’s law of cooling applies.
What is the temperature one hour after it was taken out of the freezer?

. Solve the differential equation y" + 6y’ + 9y = x2? + 1.

Solve the differential equation y” — 6y’ + 13y = cos z.

x

. Solve the differential equation y” + y = tan .

Solve the differential equation x%y” 4 3zy + 10y = 0.

A 1-kilogram mass is attached to a spring with spring constant 10-Newtons per meter.
The system is immersed in a liquid that imparts a damping force numerically equal to
6 times the instantaneous velocity. The mass is initially released from rest at a point
0.25 meter below the equilibrium point. Identify all variables and find the equation
of motion of the mass.

Identify the singular points of (x — 1)3z(z + 1)%y” — 329’ 4+ 2y = 0 and tell whether
they are regular or irregular.

Use power series methods to find the solution of 2zy” — 1 + 2y = 0 about = = 0.
Use power series methods to find the solution of xy” + 2y’ — zy = 0 about z = 0.
Use power series methods to find the solution of xy” + zy’ —y = 0 about z = 0.

Use power series methods to find one solution of x2y” + zy’ + (22 — 9)y = 0 about
z=0.

In the previous problem, identify the equation and write down the solution using the
special function notation.

Find the Laplace transform of te?t.
Find the inverse Laplace transform of 5/(s — 4)%.

Find the inverse Laplace transform of e=2%/(s(s — 1)).
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Find the inverse Laplace transform of 1/(s? + 4s + 5).
Find the inverse Laplace transform of 1/((s—1)(s%+9)) using the convolution theorem.

Solve the initial value problem y' — y = sin(3t), y(0) = 0 using Laplace transform
methods. (Hint: the previous problem might be useful.)

Solve the initial value problem y” —y =t U(t — 4), y(0) = 1, 3'(0) = 0 using Laplace
transform methods.

Solve the system X' = AX where A = ( ? Z )

Solve the system X’ = AX where A = ( _El) 1 )
5 —4 0
Solve the system X' = AX where A= 1 0 2
0 2 5

Consider the initial value problem y' = 3zy,y(0) = 1. Solve for y(0.1) using the
improved Euler method with a step size of h = 0.1.

In the previous problem, solve for y(0.1) using the classical fourth order Runge-Kutta
method with a step size of h = 0.1.

Let A = g i1’> . Classify the critical point (0,0) of the system X' = AX as stable

or unstable and saddle point, node, or spiral point.

In the previous problem, identify the eigenvectors. Do the solutions enter or leave the
origin along the eigenvectors at t — oco? What happens to all other solutions?

Let A = :;L _1 . Classify the critical point (0,0) of the system X' = AX as
stable or unstable and saddle point, node, or spiral point.

In the previous problem, identify the eigenvectors. Do the solutions enter or leave the
origin along the eigenvectors at t — co?

Show that the set of functions {sinz, sin(2x), sin(3z), ...} is orthogonal on [0, 7].
For the set of functions in the previous problem, find an orthonormal set of functions.
Let f(x) = x. Write f(x) as a Fourier cosine series on [0, 7].

Consider the heat equation problem k% = %, u(0,t) =0, u(2,t) =0, u(x,0) = f(x).
Separate variables using u(z,t) = X (z)T(t). What are the corresponding problems
for X and T

What are the solutions of the eigenvalue problem and the other problem from the
previous problem?

In the previous two problems, what is the infinite series solution for u(x,t)?
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50.

Consider the problem of steady-state temperature, u(r, ), on a circular plate of radius
5, with given temperature, f(0) along the boundary. Write down the differential
equation in polar coordinates along with appropriate boundary conditions that will
allow you to solve the problem. Separate variables, using u(r,0) = R(r)O(6). Write
down the resulting problems for R and ©.

Find the solutions of the problems of the previous problem.

In the previous two problems, what is the infinite series solution for u(r, 6)?

0ifx <0

Let f(zx)=4¢ 1if0<x <1 ;. Find the Fourier integral representation of f(x).
Oifx>1

Consider the heat equation problem % = %, —o0 < x < oo, t > 0, u(z,0) =

uo if |z |< 1
0 otherwise
problem for U(a,t) = F{u(z,t)}.

Apply a Fourier transform in x and write down the resulting

In the previous problem, what is the solution for U(a,t)?

In the previous two problems, what is the solution for u(z,t)?

. . . . . . 2 2
Write down the finite difference approximation for the wave equation, 62% = %

with an x step size of h and a t step size of k£ Use the u; ; notation.

In the previous problem, assume that the boundary and initial conditions are u(0,t) =

rif0<x<1/2
l—zifl/2<zx<1
c=1, h=0.25, and k = 0.5. The equations for u;; involve u; _1. Explain how you
would find those values.

0, u(1,t) = 0, u(z,0) = }, ut(x,0) = 0. Also assume that

In the previous two problems, solve the system of equations for u at the mesh points
along the line where ¢t = 0.5.

In the previous three problems, if ¢ = 1 and h = 0.25, what is the least upper bound
for k that would guarantee stability of the numerical scheme?



ANSWER KEY
Zill Differential Equations 9e Final Exam 2 Form A

l.y=—2%/4—2/8—1/32 + ce*®
2. 334+ zy*=c
3. ¥(0.1) =~ 1.2, (0.2) ~ 1.42

4. x(t) = amount of the substance at time ¢, ‘é—f = kx, x = 10e*, k = In(1/2)/52 =
—0.0133, 2(10) = 8.75¢

5. T(t) = temperature at time ¢, 2 = k(T — 65), T' = 65 — 33", k = In(20/33)/30

—0.0167, T = 65 — 33¢0-0167 ' T(60) = 52.9°F
6. y=cre 3% + core 3% + 22 /9 — 42 /27 + 5/27
y = c1€3% cos(2x) + c2e3” sin(2z) + (2 cos x — sinx)/30

y =13 + coe® + /3 +4/9 — ze” /2

© o

Yy =c1c08T + cysinx — coszxln | secz + tan z |
10. y = 27 c; cos(3Inx) + cosin(31In )]

11. z(t) = position at time ¢, " +62'+10z = 0, (0) = 0.25, 2/(0) = 0, x = 0.25¢ 3! cos t+
0.75e 3 sin t

12. & =0, —1 are regular singular points, = 1 is an irregular singular point

13. y=co[l + >0 (=2)"2"/(n!(-1)-1---(2n —3)) +
2?1+ 3200 (=2)" 2" /(n!5 - 7--- (2n + 3))

4. y=co 32 gx? 1/ (2n) + ¢ 300 g 22/ (2n + 1)!
15. y=cor +c1[—zlnx — 1+ 370 5(—1)"z"/(nl(n — 1))]
16. y = eo X5 o(— 1) (/273 /(nl(n + 3))

17. Bessel’s equation of order 3, y = coJs(x) + ¢1Y3(x)
18. 1/(s — 2)?

19. 53¢t /6

20. Ut —2)(e72 - 1)

21. e sint

22. (3e! — 3cos(3t) — sin(3t))/30

23. y = (3e! — 3cos(3t) — sin(3t))/10

24. y =cosht + (—t+ 5e!=*/2 +3e*7/2) U(t — 4)

25. X = < _?>€t+62 ( 1 >e5t
26. X = ciet [( (1) )cos(3t) - ( g )sin(?)t) + coel [( g )cos(?)t) + < (1) )sin(?)t)]
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4 2 2 —5/2
X =¢ 5 | + e 0 |e+es 0 [t +| —1/2 | e
—2 -1 -1 0
y1 = 1.015113
unstable saddle point

1

M=—-1uv = 1) Ao =4, v9 = , the solution approaches the origin along

3
2
v1, the solution recedes from the origin along vo; all other solutions recede from the
origin.

stable node

Al =—2,v] = , Ao = =3, vg = , the solutions approach the origin along

1 1
2 1
both eigenvectors; all other solutions approach the origin tangent to the v; line.

Jo sin(nz) sin(maz)dz = [ [cos((n — m)z) — cos((n + m)x)|dz/2 =
[sin((n —m)x)/(n —m) —sin((n + m)x)/(n +m)]/2|§ = 0 if n # m.

{\2/msinz, \/2/msin(2x), /2/msin(3z), ...}

flx) =7/2+ 322, 2(cos(nm) — 1) cos(nx)/(n?nr)

X" 42X =0, X(0) =0, X(2) =0, T + kAT =0

A =n2r2/4, X =sin(nma/2), T = e k*m°t/4 =123 ...

u =322 ¢ sin(nwz/2)e F T4 where ¢, = f02 f(x)sin(nrx/2)dx

% + %% + }2% =0, u(0,0) is bounded, u(5,0) = f(0), u(r,0) = u(r,2m). After
separation, 72R"” +rR' — AR = 0, R(0) is bounded, ©” + X0 = 0, ©(0) = O(27)

A=n% O = ¢, cos(nb) + d,sin(nf), R=r",n=0,1,2,...

u=co+ 2% [cn cos(nb) + dy, sin(nh)]r™, where co = [ f(8)d6/(27),
Cp = 027rf(9) cos(nf)df/(5"r), d,, = 027rf(9) sin(nf)dd /(5" )

f(z) = [5{[sin acos(az) + (1 — cos ) sin(ax)]/a}da/7

Ui+ a?U =0, U(a, 0) = 2ug sina/a

U = 2ugsin et /o

u=ug [ [sin aete™0% [o]doy )

Wi jp1 = N (uip1j + uwio1) + 2(1 — A2)u; j — u; j—1, where A = ck/h

Use a central difference approximation of w:(x,0) = 0 =~ (u(x, k) — u(x, —k))/(2k) to
get u; 1 = U 1.

ul,l = 1/4, u2,1 = —1/2, U3,1 = 1/4
k=0.25
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1. The solution of 3/ +y = z is

Select the correct answer.

(a) y=—x+1+4ce
(b) y=—x—14ce”
(c) y=az—1+ce™
d) y=—x—14ce™™
() y=z+1+ce™

2. The solution of 2y’ = (x — 1)y?

Select the correct answer.

(a) y=1/(x +Inz +¢)
(b) y=1/(x —lnz +¢)
(¢) y=—c/(z+1nx)
(d) y = —¢/(z —Inx)
() y=—-1/(x —lnx +¢)

3. A frozen chicken at 32°F is taken out of the freezer and placed on a table at 70°F
One hour later the temperature of the chicken is 55°F. The mathematical model for
the temperature T'(t) as a function of time ¢ is (assuming Newton’s law of warming)

Select the correct answer.

(a) 2L = kT, T(0) = 32, T(1) =55
(b) 4L = k(T — 70), T(0) = 32, T(1) = 55

d) € =T T(0) =32 T(1) =55

dt
(e

)
)
(c) & = (T -70), T(0) = 32, T(1) = 55
(d)
) 4L = k(T — 55), T(0) = 32, T(1) = 55
4. In the previous problem, the solution for the temperature is

dt

Select the correct answer.

(a) T(t) = 70 — 38¢ 9301
(b) T(t) =70 — 38¢93%
(c) T(t) =55 — 32930t
(d) T(t) = 55 — 32e93%
(e) T(t) — 55¢e~ .930t
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5. The solution of y”" — 6y’ + 8y = 0 is

Select the correct answer.

(a) y=cre 2 4 cpe™ @
(b) y = c1€*® + coze®®
(c) y = cre™ 2 4 cowe @
(d) y = c1€?® + coe™®

(e) y = c1e®® + coe™ ¥

6. The solution of y” — 4y’ + 20y = 0 is

Select the correct answer.

(a) y= 2% cos(4x) 4 coe 2% sin(4x)
(b) y = cre”2® cos(4x) + coe?® sin(4x)
(c) y= cos(4x) + c2€2® sin(4x)
(d) y= Tt e

(e) y=ac cos(4:1:) + co sin(4x)

7. The correct form of the particular solution of 4’ + 2y +y = e % is

Select the correct answer.

8. The solution of ¥ 4+ 2y’ =z + €*

Select the correct answer.

c1+ce @ 42?4 —x/44€%/3
c1+ce @ 422 /4+x/4—e”/3
c1+cee @ 422 /4 2 /44 €% /3
c1+cge ™ — 2% /4 —x/4—€%/3
c1+ e —22/4—x/4+e%/3

a

(
(b
(

(c
d

(e

)y
)y
)y
)y
) y=
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9. The solution of ¢y’ + 3y’ — 4y = cos x is

Select the correct answer.

c1e® + coe™ + (5sinx + 3cosz) /34
c1e® + coe ™ + (=5sinx + 3cos x) /34

(

b (=
c1e® + coe ™ + (=5 cosx — 3sinx)/34

(

(=

)y
)y
(c) y
(d) v
)y

(a
(

d
(e

10. The solution of " + y = tan x is

c1e® + cae™ + (5cosw + 3sinz) /34
5cosz + 3sinz)/34

cre® + e +

Select the correct answer.

(a) y =cpcosx + casinz + coszln | secx + tan x|
(b) y=cicosx + casinz — cosxIn | secx + tan x |
(¢c) y=-cicosx + casinz + coszln | secz |
(d) y=cicosx + casinz —cosxIn | tanz |
(e) y=-cicosx + casine —cosxIn | secx — tanx |

11. The solution of x%y” — zy’ =0 is

Select the correct answer.

1

(a) y=c1 + cox™

(b) y=cilnz + coz~!
(c) y = c1 + cox?

(d) y=c1+c2lnz

(e) y=rc + cor™?

12. A 4-pound weight is hung on a spring and stretches it 1 foot. The mass spring system
is then put into motion in a medium offering a damping force numerically equal to
the velocity. If the mass is pulled down 6 inches from equilibrium and released, the
initial value problem describing the position, x(¢), of the mass at time ¢ is

Select the correct answer.

(a) 2" —8x' + 322 =0, 2(0) =6, 2/(0) =0
(b) 2 + 82’ + 32z = 0, 2(0) = 6, /(0) = 0
(c) 2" — 82"+ 322 =0, z(0) =1/2, 2/(0) =0
(d) 2" +8z" 4+ 322 =0, x(0) =1/2, 2/(0) =0
(e) 2" + 32z =8, 2(0) =1/2, 2/(0) =0
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13. In the previous problem, the solution for the position, x(t), is

Select the correct answer.

(a) = = e*(cos(4t) + sin(4t))/2
(b) = = e *(cos(4t) + sin(4t))/2
(c) x = e *(cos(8t) + sin(8t))/2
(d) x = e*(cos(8t) + sin(8t))/2
(e) z= — 32tebt

14. Using power series methods, the solution of 2zy” + v’ 4+ 2y =0 is

Select the correct answer.

(a) y=codpZi(=2)"2"/(n!(1-3---(2n —1))) +
a2 0 (=2)"a /(nd(3 -5 (2n + 1))

(b) y = o35ty (=2)"a"/(n!(1-3--- (2n —1))) +
61331/2[1+E 1(=2)"2"/(nl(3-5--- (2n +1)))]
(€) y=coll + 2551 (=2)"a"/(n!(1-3---(2n —1)))] +
all + 2,51 (=2)""/(n!(3-5--- (2n + 1)))]

(d) y=co[l + 2521 (=2)"2"/(n!(1-3---(2n = 1)))] +
ez 21+ 3000 ( )”xn/(n!(3 5.+ (2n+1)))]
]+

(e) y=[1+>,2:(=2)"z"/(n!(1- (2n —-1)))
2214 3202 (=2)mam / (n)(3 - )
15. Using power series methods, the solution of zy” — xy’ +y = 0 is

Select the correct answer.

(a) y=cor+cifrlne — 1+ 352, 2™/n!]

(b) y=cor+eafrlne — 14+ 3%, 2"/ (nl(n + 1))]
c) y=cox+cilzlnz+ >, ,2"/(nl(n —1))]

d) y=cox+cfzlne+ 352, 2"/ (n!(n - 1))]
) [

(e) y=cox+cifzlne — 1+ >0 52" /(nl(n —1))]

16. L{tsint} =

Select the correct answer.

(a) 2s/(s* = 1)
(b) (s*+1)/(s* = 1)?
(c) (s*=1)/(s*+1)
(d) s%/(s* +1)
(e) 2s/(s®+1)?
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17. L7s/(s* + 45 +29)} =
Select the correct answer.
(a) cos(5t)e /5
(b) cos(5t)e? /5
(c) (cos(bt) — 2sin(5t)/5)e 2
(d) sin(5t)e2t/5
)

(e) sin(5t)e=?

18. Using the convolution theorem, we find that £71{1/((s +1)(s®> + 1))} =

Select the correct answer.

(a) (e7!+sint — cost)/2
(b) (e +sint — cost)/2
(c) (e7t +sint + cost)/2
(d) (et —sint — cost)/2
(e) (e7t —sint —cost)/2

19. Using Laplace transform methods, the solution of ¢ + y = 2sint, y(0) = 1 is (Hint:
the previous problem might be useful.)

Select the correct answer.

(a) y=2e"+sint + cost
(b) y =€t + et —sint — cost
(c) y:2 t —sint — cost
(d) y:2 t 4 sint — cost
(e) y=e ~t 4 sint — cost
20. Using Laplace transform methods, the solution of v +y = 6(t — 7/2), y(0) = 1,
y'(0) =01is

Select the correct answer.

(a) y =sint +sin(t — 7/2) U(t — 7/2)
(b) y =sint — cos(t — w/2) U(t — 7/2)
(c) y=cost+sin(t —n/2) U(t —7/2)
(d) y =cost+cos(t —m/2) U(t —7/2)
(e) y=cost—sin(t —7/2) U(t —7/2)



Zill Differential Equations 9e Final Exam 2 Form B

21. The solution of X' = ( i _Z ) X is

Select the correct answer.

(a) X—cl<i>62t—|—cz< ' >e3t

(b) X:q(%)e%—l—cz( o >e3t
(©) X_q(:f >e2t+c2< o >e3t
(@) X:q(_f >e2t+c2< . >e3t
(e) X—c1<_; >e2t+@< . >e3t

22. The eigenvalue-eigenvector pairs for the matrix A =

Select all that apply.

1
(a) 4, [ O
0
0
o2 | 1
-1
1
(C) 27 -1
0
0
@2 | 1
1
0
(e) 2, 1
0

O O =

= w O

= = O

are
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4 00
23. The solutionof X’= 0 3 1 |Xis
0 -1 1
Select the correct answer.
0 0 [/ 0 0
(@) X=c1 | 1 |ef+c 1 | e +cs 1 |t + ] 1 |e*
0 -1 -1 0
0 0 [/ 0 0
(b) X =¢1 1 e+ 1 | e +es 1 |te?t+ ] 1 |e*
-1 0 i 0 0
1 0 [/ 0 0
(c) X=c1| 0 |e*+c 1 | e +cs 1 |t + ] 1 |e*
0 —1 —1 0
1 0 0 0
(d) X=c1| 0 [e*+ca| 1 [P +e3 L [te?+ | 1 |e*
0 1 1 0
1 1 1 0
() X=c1| 0 |ef+c| =1 |eF+e3 1 f[te?+ [ 1 |e*
0 0 0 0

24. The solution of X' = < _; _i ) X is

Select the correct answer.
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25. A particular solution of X' = < _; _1 )X—i— ( i ) is

Select the correct answer.

om-(122)
(b) X, = ( _ﬁf;)
(© X, = ( :ﬁf?,)
om-(23)

(©) X, = ( :ﬁ;?,)

26. Using the improved Euler method with a step size of h = 0.1, the solution of 3 = 142,
y(0)=0at 2 =0.11is

Select the correct answer.

(a) y1 =0.1015
(b) y1 =0.115
(¢) y1 =0.105
(d) y1 = 0.10005
(e) y1 = 0.1005

27. In the previous problem, the exact solution of the initial value problem is

Select the correct answer.

(a) y=tanz

(b) y =secx

(€) y=(e> =1)/(e7*" +1)
(d) y=—(e?*+1)/(e7> —1)
(€) y=—(e** —1)/(e*" +1)

28. In the previous two problems, the error in the improved Euler method at z = 0.1 is

Select the correct answer.
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29. Using the classical Runge—Kutta method of order 4 with a step size of h = 0.1, the
solution of ¢ =1+ g2, y(0) =0 at x = 0.1 is

Select the correct answer.

(a) 0.099589

(b) 0.100334589
(¢) 0.10034589
(d) 0.10334589
(e) 0.1034589

30. In the previous problem, the error in the classical Runge-Kutta method at = 0.1 is
(Hint: see the previous five problems.)

Select the correct answer.

(a) 0.00083

(b) 0.000083
(c) 0.000000083
(d) 0.0000083
(e) 0.00000083
—4 -9

31. Let A = i3 ), and consider the system X’ = AX. The critical point (0, 0)

of the system is a

Select the correct answer.

(a) stable node
(b) unstable node
(c) unstable saddle
(d)

)

(e) unstable spiral point

stable spiral point

32. Let A = _1 :11 , and consider the system X’ = AX. The critical point (0, 0)
of the system is a spiral point. The origin is

Select the correct answer.

(a
(b

) unstable, and the solutions recede from the origin clockwise as t — oo.

)
(c) stable, and the solutions approach the origin clockwise as ¢t — oc.
(d)

)

unstable, and the solutions recede from the origin counter-clockwise as t — oo.

d

(e) none of the above

stable, and the solutions approach the origin counter-clockwise as t — oc.



Zill Differential Equations 9e Final Exam 2 Form B

33. Consider the non-linear system 2’ = 1 — 2xy, 3y’ = 22y — y. The linearized system
about the one critical point, (1/2,1), is X’ = AX, where A =

Select the correct answer.

34. In the previous problem, for both the linearized system and the non-linear system,
the critical point is a

Select the correct answer.

(a) unstable node

(b) stable node

(c) saddle point

(d) unstable spiral point
)

(e) stable spiral point

35. The Fourier series of an even function can contain

Select all that apply.

sine terms
b

)

) cosine terms
(c) a constant term
)

)

(a
(

(d) more than one of the above

(e) none of the above
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36. The solutions of a regular Sturm-Liouville problem ((ry") + (Ap + q)y = 0, y(a) = 0,
y(b) = 0) have which of the following properties?

Select the correct answer.

(a) There exists an infinite number of real eigenvalues.
(b) The eigenvalues are orthogonal on [a, b].

(¢) For each eigenvalue, there is only one eigenfunction (except for non-zero constant
multiples).

(d) Eigenfunctions corresponding to different eigenvalues are linearly independent.

(e) The set of eigenfunctions corresponding to the set of eigenvalues is orthogonal
with respect to the weight function r(z) on the interval [a, b].

37. The solution of the eigenvalue problem y” + Ay =0, y(0) =0, y(2) =0 is

Select the correct answer.

(a) A=nn/2, y=cos(nmx/2),n=1,2,3,...
(b) X = (n7/2)?, y = cos(nwz/2), n = 1,2,3,...
(c) A2 =nr/2, y=sin(nrz/2), n=1,2,3,...
(d) A =nn/2, y =sin(nmz/2), n=1,2,3,...
(e) A= (n7w/2)2, y = sin(nwz/2), n = 1,2,3,...

38. Consider Laplace’s equation on a rectangle, axg + 2 6 = 0 with boundary conditions
ug(0,y) = 0, ug(l,y) = 0, u(x,0) = 0, u(x,2) = f(x). When the variables are
separated using u(x,y) = X (x)Y (y), the resulting problems for X and Y are

Select the correct answer.

(a) X" +AX =0, X'(0) =0, X'(1) =0, Y" =AY =0, Y(0) =0
(b) X" +AX =0, X'(0) =0, X'(1) =0, Y" +AY =0, Y(0) =0
() X" +AX =0, X'(0)=0, X'(1)=0,Y" =AY =0, Y(2) =0
(d) X" +AX =0, X'(0)=0,Y"+AY =0, Y(0) =0, Y(2) =0
(&) X" +AX =0, X'(0)=0,Y"—AY =0,Y(0)=0, Y(2) =0

39. The solutions of the eigenvalue problem and the other problem from the previous
problem are

Select the correct answer.

= sinh(nmy), n =1,2,3,...
= sinh(nmy), n =1,2,3,...
, Y =sinh(nmy), n =1,2,3,...
, Y =sinh(nnmy), n=1,2,3,...
Y =sinh(nny), n=0,1,2,..., (Y =y if n =0)

(a) A =nm, X = cos(nrzx),

(b) A =nm, X =sin(nnz),

(c) A =n2r% X = cos(nmx
) A
) A

(d
(e

=n 71'2 X = sm(mm;
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40. In the previous two problems, the solution for u(z,y) is

Select the correct answer.

(a) u=73 72, cycos(nmx)sinh(nmy), where ¢, = f02 f(x) cos(nmx)dx/ sinh(2n)
(b) uw=7>"72, cpsin(nmz)sinh(nry), where ¢, = f02 f(x) cos(nmx)dx/sinh(2nm)
(¢) u=coy+ > peq cncos(nmx)sinh(nmy), where ¢ = f02 f(z)dz/4 and

Cp = f02 f(z) cos(nmz)dz/ sinh(2nm)
(d) uw=>3"p2; cncos(nmz)cosh(nmy), where ¢, = f02 f(x) cos(nmx)dx/ sinh(2n)
() u= 702, cysin(nmz)cosh(nmy), where ¢, = fOZ f(x) cos(nmx)dx/ sinh(2n)

41. Consider the problem % + %% + r%% = 0, with boundary conditions u(r,0) = 0,

u(r,m) =0, u(1,8) = f(#). Separate variables using u(r, ) = R(r)O(6). The resulting
problems for R and © are

Select the correct answer.

(a) r2R" +rR + AR =0, R(0) =0, ©” + A0 = 0, ©(0) O(r) =0
(b) 7R’ + 1R + AR =0, ©" + X0 =0, ©(0) = 0, O(r) =

)

)
(c) r2R"+ 1R — AR =0, R(0) =0, ©" + X0 = 0, ©(0)
(d)

)

d) r*R" +rR' — AR =0, R(0) is bounded, ©” + A0 = 0,
() 12R" + TR —AR=0,0" + X0 =0, ©(0) = 0, O(r) =

42. The solutions for A, R and © from the previous problem are

0,
0

0, (1) =0
0(0) =0, O(r) =0
0

Select the correct answer.

(a) A=n% R=7r",0 =cos(nf), n=1,2,3,...
(b) A=n? R=1" O =sin(nd), n =1,2,3,...
(c) A=n? R=1" 0 =sin(nd),n=0,1,2,...
(d) A=n, R=7r",0 =sin(nf), n=1,2,3,...
() A=n, R=1",0 =cos(nf), n=1,2,3,...

43. In the previous two problems, the infinite series solution for u(r,0) isu = Y oo ¢, 0, (0),
where ©,, is found in the previous problem, and

Select the correct answer.
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44. Consider the heat problem kaxQ = 8t, 0<z<oo,t>0,u(x,0) =0, u0,t) = up.
Apply a Fourier sine transform. The resulting problem for U(«,t) = Fs{u(z,t)} is

Select the correct answer.

(a) Uy = —kaU + kaug, U(a,0) =0
(b) Uy = —ka?U — kaug, U(a,0) =0
(¢) Uy = —ka®U + kaug, U(a,0) =0
(d) Uy = ka?U + kaug, U(a,0) =0
(e) Uy = ka?U — kaug, U(a,0) =0

45. In the previous problem, the solution for U(a,t) is

Select the correct answer.

(a) U =up(1 + e %) /a
(b) U =uo(1—e7*"")/a
(c) U=up(1—ett)/a
(d) U = up(1 — ek’?)

(e) U = ug(1 + e k™)

46. In the previous two problems, the solution for u(z,t) is

Select the correct answer.

47. Consider the problem C@:c2 = 8t, u(0,t) = 0, u(1,t) = 3, u(x,0) = 3z2. Replace —%
with a central difference approximation with h = 1/3 and % with a forward difference
approximation with £ = 1/2. The resulting equation is

Select the correct answer.

(a) clu(z + h,t) + 2u(z,t) + u(z — h,t)]/h* = (u(x,t + k) — u(x,t))/k
(b) clu(x + h,t) + 2u(x,t) + u(x — h,t)]/h? = (u(z,t + k) +u(z,t))/k
(c) clu(x + h,t) — 2u(x,t) + u(x — h,t)]/h? = (u(z,t + k) — u(z,t))/k
(d) clu(x + h,t) — du(x,t) + u(x — h,t)]/h? = (u(z,t + k) +u(z,t))/k
(e) clu(x + h,t) — du(x,t) + u(x — h,t)]/h? = (u(z,t + k) — u(z,t))/k
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48. In the previous problem, using the notation u;; = u(z,t), and letting ¢ = 1, A = ck/h?,
the equation becomes

Select the correct answer.

(a) wij—1=Aiv1;+ (1+20)u; + Auj,
(b) wij—1 = A1y + (1= 2N)uij + Auio1j
(€) wijr1 = Aip1j+ (1 4+2N)u;j + Aui—1j
) (1T —=2XN)u;j + Auj—1j
) (

1— )\)um + Aui—q

(d) wij1 = Auipr,; +

(€) wijt1 = Aujt1,j +

49. In the previous two problems, the solution for u along the line ¢t = 0.5 at the mesh
points is

Select all that apply.

(a) up; =10/3
(b) u1; =20/9
(¢) wn = 20/3
(d) us1 = 32/3
(€) uzy = 13/3

50. Is the value of A in the previous problem such that the scheme is stable?

Select the correct answer.

yes

(a)
(b)
()

)

(d) It cannot be determined from the available data.

=

0}

It is right on the borderline.
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1. ¢

2. e

10. b
11. ¢
12. d
13. b
14. d
15. e
16. e
17. ¢
18. a
19. d
20. c
21. d
22. a, b
23. ¢
24. a
25. b
26. e
27. a
28. b
29. b
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30. ¢

31. b

32. d

33. ¢

3. e

35. b, c,d
36. a, c,d
37. e

38. a

39. e

40. ¢

41. d

42. b

43. a

44. c

45. b

46. a

47. ¢

48. d

49. a, e

50. b
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1. The solution of 3§/ —y = z is

Select the correct answer.

—r—14ce™
=z —14ce™™®
x—14ce”
—x 4+ 1+ ce”
—x — 1+ ce”

b

(a)
(b)
()
(d)

)

d
(e

2. The solution of ysec? zdx + tan zdy = 0 is

SIS
I

Select the correct answer.

3. Use Euler’s method to solve the initial value problem 3’ = 1 + y2,%(0) = 0, with a
step size of h = 0.1. Find approximations of y(0.1) and y(0.2).

4. The half life of a C-14 is 5600 years. A charcoal sample is discovered with 10% of its
original C-14 remaining. How old is the sample?

5. Consider the logistic equation for a population of a city that is at 5,000, and that has
a limiting size of 10,000. The intrinsic growth rate of the city is 2%. Write down the
mathematical model for the population, P(t), as a function of ¢.

6. In the previous problem, what is the population as a function of ¢?

7. The solution of ¥ — 63/ + 9y = 0 is

Select the correct answer.

3z

(a) T+ come
(b) e % 4 coe™3?
(c)
(d)

)

e(T+V13)z/2 + 626(7—\/ﬁ)x/2
0167’5/2 cos(v/131/2) + c2e™/? sin(v/13x/2)

e 3T 4 core 3T

d
(e

Q‘SQ‘S@@@
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8. The solution of y”" — 4y’ + 13y =0 is

Select the correct answer.

(a) y = cre”? cos(3x) 4 c2¢*” sin(3x)
(b) y = cr1e72® cos(3z) + cpe 2% sin(3x)
(c) y = c1€*® cos(3x) + 2> sin(3z)
(d) y = c1e* + coe?®

)y

(e

9. Solve the differential equation y” — 4y’ + 13y = cos(2x).

= ¢1 cos(3x) + ¢ sin(3x)

10. Solve the differential equation y” + 4y’ + 3y = x + e~ *.
11. Solve the differential equation y” + y = tan .

12. A 1-kilogram mass is hung on a spring with a spring constant of 4N/m. The mass
spring system is then put into motion in a medium offering a damping force numer-
ically equal to four times the velocity. If the mass is pulled down 10 centimeters
from equilibrium and released, and a forcing function equal to 2e~3! is applied to the
system, the initial value problem describing the position, x(¢), of the mass at time ¢
is

Select the correct answer.

(a) 2" — 42’ + 4z = 26*3t, z(0)=.1, 2/(0) =0
(b) 2" + 42’ + 4z = 2¢73, 2(0) = .1, 2/(0) = 0
(c) 2 — 42’ + 4z = 273t 2(0) = 10, 2/(0) =0
(d) 2" + 42’ + 4z = 273t 2(0) = 10, 2/(0) =0
(e) 2" +4x =44 2e73 2(0) =10, 2/(0) =0

13. In the previous problem, the solution for the position, z(t), is

Select the correct answer.

(a) z=22e"2 — 1.9te 2 4 2¢3
(b) ©=2.2¢"2t +1.9te % + 2¢73¢
(c) x =22e 2 — 1.9te 2t — 2¢3
(d) z=1.9e72 +2.2te™2 4 23
(e) z = —1.9e72 +2.2te™ 2t 4 273!

14. Use power series methods to find the solution of zy” — a9y’ + y = 0 about z = 0.
15. Use power series methods to find the solution of xy” + 2y’ — zy = 0 about z = 0.

16. Use power series methods to find the solution of 2%y” + xy + (22 — 1/9)y = 0 about
z=0.

17. In the previous problem, identify the equation and write down the solution using the
special function notation.
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18. L{t?cost} =

Select the correct answer.

(a) (25 —2s)/(s® +1)3
(b) (65 —25%)/(s? +1)2
(c) (253 —6s)/(s®+1)?
(d) (253 —6s)/(s2+1)3
(e) (6s—2s3)/(s*+1)3

19. L7 (s +1)/(s* + 45 +29)} =

Select the correct answer.

(a) cos(5t)e~* — 2sin(5t)e 2t /5

(b) cos(5t)e2t + sin(5t)e 2

(c) cos(5t)e 2t — sin(5t)e 2

(d) cos(5t)e2t —sin(5t)e=2 /5
) cos(5t) (5t)

20. Using the convolution theorem, we find that £71{1/((s +1)(s%> +4))} =

Select the correct answer.

(a) (et —sin(2t) — cos(2t))/10
(b) (2et — sin(2t) — cos(2t))/10
(c) (et —sin(2t) — 2cos(2t))/10
(d) (2e~t + sin(2t) + 2cos(2t))/10
(e) (2et + sin(2t) — 2cos(2t))/10

21. Using Laplace transform methods, the solution of ¥’ +y = 2sin(2t), y(0) = 0 is (Hint:
the previous problem might be useful.)

Select the correct answer.

(a) y =2(2e~" +sin(2t) + 2cos(2t))/5
(b) y = 2(2e~t + sin(2t) — 2cos(2t))/5
(c) y=2(e"t —sin(2t) — cos(2t))/5
(d) y =2(2et — sin(2t) — cos(2t))/5
(e) y =2(e ! +sin(2t) — 2cos(2t))/5

22. Solve the initial value problem y” —y =t U(t — 3), y(0) =1, y'(0) = 0 using Laplace
transform methods.

23. Solve the system X' = AX where A = ( (1) g )
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24.

25.

26.

27.

28.

29.

30.

1 2

Find a particular solution of the system X' = 0 3

AX + F(t) where A = <

) and

ot
o= (%)
Solve the system X' = AX where A = < _i’ ? )
3 10
Solve the system X' = AX where A=| 0 3 1
0 0 2

Using the improved Euler method with a step size of h = 0.1, the solution of v/ = 142,
y(0) =1at z=0.11is

Select the correct answer.

(a) y1=1.211
(b) y1 =12

(c) y1 = 1221
(d) y1 =1.222
(e) y1 =1.121

Using the classical Runge-Kutta method of order 4 with a step size of h = 0.1, the
solution of 3y =1+ 42, y(0) =1 at x = 0.1 is

Select the correct answer.

What is the expected order of the local truncation error in the improved Euler method
and in the classical Runge-Kutta method?

What is the expected order of the global truncation error in the improved Fuler
method and in the classical Runge-Kutta method?
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31. Consider a simple non-linear pendulum with displacement angle 6. The differential
equation model for this system is

Select the correct answer.

% +gsinf/l =0

% = gsinf/I

(a)

(b)

(c) % +gsinf/l

(d) fli_? = gsinf/I

(e) Z—f +gsinf/l=0

32. With the substitution z = 6, y = ', the equation in the previous problem can be
rewritten as

Select the correct answer.

b

(a
( gsinz/l
(c
(d
(e

33. In the previous problem, the critical point at the origin is a

8.8 8 8 8
I

Y,y =
Y,y =
Y,y = —gsmac/l
Y,y =
v,y = —gaf/l

Select the correct answer.

(a) stable spiral point
(b) unstable spiral point
(c) stable node
(d) unstable node
)
)

e) stable center point

(
(f

34. In the previous two problems, the critical point at (7,0) is a

saddle point

Select the correct answer.

(a) stable spiral point
(b) unstable spiral point
(c) stable node
(d)
)
)

d) unstable node

e
f

stable center point

(
(

saddle point
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35. Consider the parametric Bessel problem z%y” + zy’ + (o?2? — 4)y = 0, y(0) = 0,
y(1) = 0. Write the differential equation in self-adjoint form and identify the functions
r, p, ¢, and the parameter A in the standard Sturm-Liouville differential equation.

36. In the previous problem, what is the solution of the differential equation?
37. In the previous two problems, what are the eigenvalues and eigenfunctions?

38. For a function f(x) defined on [0, 1], write the Fourier-Bessel series using the solutions
of the previous three problems.

39. Consider the wave equation problem a? gQu atg ,u(0,t) =0, u(1,t) =0, u(x,0) =0,
ut(x,0) = f(x). Separate variables using u(x,t) = X (x)T ) The resulting problems
for X and T are

Select the correct answer.

1

9

(a) X" +AX =0, X(0)=0, X(1)=0,T" = T =0, T(0) =
(b) X" +AX =0,X(0)=0,X(1)=0, 7"+ XT=0,T(0) =
(c) X" +AX =0, X(0)=0, X(1) =0, T" —a* T =0, T(0
(d) (0) =0, X(1)

) (0) =0, X(1)

d) X" +XX =0, X(0 1) =0, T" +a?XT =0, T(0
(e) X"+ XX =0, X(0 1)=0,T7"+XT/a?>=0,T(0)=0

i

i

40. The solutions of the eigenvalue problem and the other problem of the previous problem
are

Select the correct answer.

(a) A =nm, X =sin(nrz), T = sin(annt), n =1,2,3,...
(b) A=nm, X = cos(nnzx), T =sin(annt), n =1,2,3,...
(c) A=n2r? X =sin(nmz), T = sin(annt), n =1,2,3,...
(d) A

) A

d
(e

41. In the previous two problems, the solution for u(z,t) is u = > 00 cn Xn(z)T,(2),
where X,, and T, are the solutions from the previous problem, and

=n?n?, X = cos(nmz), T = cos(anmt), n =1,2,3,...

=n’n? X =sin(nmz), T = cos(anmt), n =1,2,3,...

Select the correct answer.

42. Consider the displacement u(r,t) of a circular membrane of radius 1 which is clamped
along the boundary. Its initial displacement is f(r), and its initial velocity is zero.
Write down the initial/boundary value problem for this membrane.
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43.

44.
45.
46.
47.

48.

49.
50.

Separate variables in the previous problem using u(r,t) = R(r)T'(t). Find the resulting
problems for R and T'.

In the previous problem, find the solutions for R and T.
In the previous three problems, what is the infinite series solution for wu(r,t)?
Write down Laplace’s equation for u(r, ¢,6) in spherical coordinates.

In the previous problem, write down the resulting equations if a separation of variables
method is used with u(r,#) being independent of ¢.

Consider the wave equation problem % = %, u(0,t) = 0, u(1,t) = 0, u(z,0) = 0,
u¢(x,0) = sin(7z). Apply a Laplace transform in ¢t. Write down the resulting problem

for U(z,s) = L{u(z,t)}.
In the previous problem, what is the solution for U(z, s)?

In the previous two problems, what is the solution for u(x,t)?
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1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

[§]

(¢

g1 = 0.1, y2 = 0.201
. t=1n(0.1)/(—0.000124) = 18570 years

. 42— 0.000002P(10000 — P), P(0) = 5000

dt

. P =10000/(1 + ¢ 0-02)

a

. C

.y = c1e?® cos(3x) + o sin(3x) + (9 cos(2x) — 8sin(2x))/145

y=cie +coe 3 +x/3—4/94 xe )2
y=c1co8x + coysinx — cosxln | secz + tan z |

b

e

y=cr+c(rlner—1+32,2"/(nl(n—1))
y=cod oo L/ (2n) + 1 300 o 2%/ (2n + 1)!

2/3) S0 0 (~1) (@ /2023 (T (n + 4/3)) + 1 To2o(—1)" (/223 /(n!(D(n +
2/3

Bessel’s equation of order 1/3, y = ¢1J_1/3(x) + caJy3(x)
d
d
e
b

y=(—t+2e3+e3t) Ut - 3) + cosht

1 1
X:cl<o>et+62< 1>e3t
2 0 .
X:clth[< 1 )cost—(l )smt

+ coe?t K (1) )cost—i— ( _? )sint]
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26.

27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.
50.

1 1 1 0
X=c| -1 |eX+c| 0 [e¥+c3 0 [tedt+ | 1 |e3
1 0 0
d
e
O, O()

O(h?), O(h%)

a

c

e

f

(zy') + (aPx — 4/z)y = 0, r(z) = 2, p(z) = 2, q(x) = —4/z, A =

y = c1Jo(ax) + coYo(ax)

A = (an)?, where Jo(a,) =0, y = Jo(anx)

F(@) = Y22 cudalana), where ¢, = [ ws(ana) f(2)da/ [} wJoX(qna)do
d

c

b

a?(Pu 4 10wy — u 4y (1,1) = 0, u(r,0) = f(r), us(r,0) =0

rR"+ R'+ ArR = 0, R(0) is bounded, R(1) =0, T" + a?XT = 0, T'(0) = 0
A=a2, R= Jy(ayr), T = cos(aayt), n =1,2,3, ..., where Jy(ay) =0

u =121 cpJo(a,r) cos(aay,t), where ¢, = fol rJo(anr) f(r)dr/ fol rJo?(ar)dr

8%u 2 Ou 1 &%u 1 9%u cotf Ou __
a2 T i T e T o t 57 99 = 0

r2R" +2rR' — AR = 0, sin 0" + cos 00’ 4+ AsinO = 0
Uz — 82U = —sin(nx), U(0,5) =0, U(1,s) =0
U = sin(rz)/(s? + 72)

u = sin(mz) sin(7t) /7



