Wave Equations

Solutions of the homogeneous Wave Equation with speed one are of the form f[x+t]+g[x-].

ul[x_, t_] = ESinix-tl
u2[x_, t_]=Cos[2 (x+t)];

Tabl e[
Pl ot [ul[x, t], {x, 0, 2},
Pl ot Label -» StringForm["t=""", t1,
AxesLabel - {"x", "ul"}
1,
{t, 0, 3, 0.2}
1
Tabl e[
Pl ot [u2[x, t1, {x, 0, 2},
Pl ot Label -» StringForm["t=""", t1,

AxesLabel - {"x", "u2"}

1,
{t, 0, 3, 0.2}
]

Tabl e[
Pl ot [ul[x, t]+u2[x, t], {x, 0, 2},
Pl ot Label - StringForm["t=""", t1,

AxeslLabel -» {"x", "ul+u2"}

1.
{t, 0, 3, 0.2}
1

Thislooks fairly simple.
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One Directional Wave Equation

The uni-directional, hmogeneous, wave equation with speed one has solutions of the form f[x-t]. This represents awave travel-
ling to the ?? at speed one.

ul[x_, t_] =Sech[x-t];

Tabl e[
Pl ot [ul[x, t], {x, 0, 2},
Pl ot Label - StringForm["t=""", t1,

AxeslLabel -» {"x", "ul"}

1,
{t, 0, 3, 0.2}
1
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t=2.6

Characteristics

Information in wave equations travels along specific physical famillies of curves called characteristics. The unidirectiona wave
equation with speed one has one family of characteristicsx—t = ¢;. The wave equation with speed one has two: x—t = ¢; and

X+t=Cp.
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The existence of such curvesis what makes the equations hyperbolic and the characteristics have serious physical implications for

designing numerical schemes to solve hyperbolic equations. We are going to try to understand this by looking a the model
equations above.

The existence of such curvesis also what makes the equations easy to find test solutions for. For the unidirectional equation: 1)
Pick afunctionf. 2) A solution of u; + @ ux = Oisu = f(x— at). Thisiseasy to check: just differentiateand plug in!

in@4= f [t_]1 = Sech[t +3];
a:l;
ux_, t_1=f[x-at];
D[u[x, t], t] +aD[u[x, t], X]
Ani Pic = Animate[
Plot [u[x, t], {x, -6, 6},
Pl ot Range » {0, 1},
Pl ot Label -» StringForm["t=""", t]

1
{t, 0, 4, 0.05}]
Export ["Wave.gi f", Ani Pic]

out37l= 0

t=0.3

out[38]=

ousl= Wave. gi f



24 | Oct29.nb

Numerics

W + a Ug = f discretizesas followswith positive differencesfor each derivative.
At
an+1: un - a/A—(U!1 —UJ!‘)+AtFJf‘

X j+1

The IC sets U?and then we simply fill in the values using the update formula. The one problem is what to do when the j + 1runs
above the appropriaterange. Well the periodic boundary conditions say simply to wrap it around to the first value of j. | am going
to writethisin our matrix form causeit will be easier to do the stability analysis. Wewriten = « % and have the update formula

_n+l _.n _n

=B-U +AtF
where B is the matrix with 1-  ’®n the diagonal and  *%n the super diagonal and in the bottom left corner (because of the
periodic boundary conditionsi.e.

1-» n 0 O 0
0O 1- n O 0
| ¢ . . :
0 -+ 0 1-n 1 0
0 -~ 0 0 1-n 7q
n o o - 0 1-g

My exact solution (with f = 0) isu[x, t] = Sech[3— (X + a t)].

{a, b} = {-10, 10};

TMax = 12;

{nx, nt} = {100, 100};
b-a TMax

(ax, aty = N[{ —, — H:

a:l;
At
n=a—;
AX
B = SparseArray|[
Join[
Table[{i, i}>1-n, {i, nx+1}],
Table[{i, i +1}->n, {i, nx}],
{{-1, 1}y >n}
1
1
g[t_] =Sec[3+t];
UEX[X_, t _1:=0[X+at];
U=Tabl e[0, {nt +1}, {nx+1}];
Di mensi ons [U]
Urlg = Tabl e[uEx[x, 0], {Xx, a, b, ax}];
Do
uln] = B. ULn - 17,
{n, 2, nt +1}

I
Li st Pl ot 3D[U,
Pl ot Range » Al |

1
CPl ot = Li st Cont our Pl ot [U]

(101, 101}
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The periodicity is pretty obviousif we put to contour plots side biy side
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G aphi csArray[{Show[CPl ot, Franme - Fal se], Show[CPl ot, Franme - Fal se]},
G aphi csSpaci ng » -0. 05]

It flat out does not work if we do it with the other sign of a. A simple stability analysis explains this. Before we do that we need to

get picky about the quaity of our solutions. The peak value should be constant but it drifts downwards in the contour plot. The
contour stripes should be constant width but they broaden. The stability analysiswill explain thi aswell bit first a harder example
with a steeper intial condition!

{a, b} = {-10, 10};

TMax = 12;

{nx, nt} = {100, 100};
b-a TMax

nx ' nt }]

{AX, At} = N[{

a=1;
At
n=a—;
AX
B = SparseArray[
JoinJ
Table[{i, i}->1-n, {i, nx+1}1,
Table[{i, i +1}->n, {i, nx}],
]{{-1, 1} - n}
1
glz_] = Pi ecewi se[{
{0, = <0},
{t/8, 0<t=<8},
{0, ©>8}
}

uE>]([x_, t_]:=9g[X+at];

U=Tabl e[0, {nt +1}, {nx+1}];

Di nensi ons[U]

UL1l] = Tabl e[uEx[x, 0], {x, a, b, Ax}1I;

Do[
ulny = B. ULn - 17,
{n, 2, nt +1}

1
Li st Pl ot 3D[U,
Pl ot Range -» Al | ]
CPl ot = Li st Cont our Pl ot [U]

(101, 101}



Oct29.nb | 27

Same thing but now with the cliff facing the other way!
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{a, b} = {-10, 10};
TMax = 12;
{nx, nt} = {100, 100};

(ax, At}:N[{b_a TMax

nx  nt }]

a=1;
At
n=oa—;
AX
B = SparseArray|[
Join[
Table[{i, i}>1-n, {i, nx+1}1,
Table[{i, i +1}->n, {i, nx}],
]{{-1, 1} »n}
IN
glz_] = Pi ecewi se[{
{0, © <0},
{1-t/8, 0<tx<8},
{0, =>8}
}

uE>]<[x_, t_]1:=g[X+at];
U=Tabl e[0, {nt +1}, {nx+1}];
Di nensi ons [U]

U[l] = Tabl e[uEx[x, 0], {x, a, b, AX}];
Do[

ugny = B. ULn - 17,

{n, 2, nt +1}

1;
Li st Pl ot 3D[U,
Pl ot Range » Al | ]
CPl ot = Li st Cont our Pl ot [U]

(101, 101}
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Same thing but now with a bigger time step. Does not work.

n@3= {a, by ={-10, 10};
Tvax = 12;
{nx, nt} = {100, 50};
b-a Tlvax}].

AX, At} =N s
¢ } [{ nx nt
a=1;
At
n=a—,
AX
B = SparseArray|[
Join|
Table[{i, i}>1-n, {i, nx+1}],
Table[{i, i +1}->n, {i, nx}],
]{{-1. 1} »n}
1 ] )
glz_] = Pi ecewise[{
{0, £ <0},
{1-t/8, 0<t=<8},
{0, t>8}
}

uE>]<[x_, t_1:=9g[x+at];
U=Tabl e[0, {nt +1}, {nx+1}];
Di mensi ons [U]

Urlg = Tabl e[uEx[x, 0], {Xx, a, b, ax}];
Do

urn] = B. Ufn - 17,

{n, 2, nt +1}

I
Li st Pl ot 3D[U,
Pl ot Range » Al | ]
CPl ot = Li st Cont our Pl ot [U]

out43)= {51, 101}
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out[46]=
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