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T he card game called SET 1 is an  ex- 

t remely addictive, fast-paced game 
found in toy s tores  na t ionwide .  Al- 
though children often bea t  adults,  the 
game has a rich mathemat ica l  s truc-  
ture l inking it to the combina to r i c s  of 
finite affine and project ive spaces  and  
the theory of er ror-correc t ing  codes. 

Last year an unexpec ted  c o n n e c t i o n  to 
Four ier  analysis was used to sett le a 
basic question directly re la ted to the 
game of SET, and  m a n y  re la ted ques- 
t ions remain open. 

The game of SET was inven ted  by 
populat ion geneticist Marsha Jean  Falco 

in 1974. She was  s tudying epi lepsy in 
German  Shepherds and  began  repre- 
sent ing genetic data  on the dogs by 
drawing symbols  on  cards and  then  
searching for pa t t e rns  in the data. Af- 
ter  realizing the potent ia l  as a chal- 
lenging puzzle, with e n c o u r a g e m e n t  

from friends and  family she developed 
and marketed the card game. Since 

then, SET has b e c o m e  a huge hit  bo th  
inside and outside the ma themat i ca l  
community.  

SET is played with a special  deck of 
cards (Fig. 1). Each  SET card displays a 
design with four a t t r i b u t e s - - n u m b e r ,  

shading, color, and  s h a p e - - a n d  each 
at t r ibute assumes  one  of three  possi- 
ble values, given in Table 1. 

Table 1 

Number: {One, Two, Three} 

Shading: {Solid, Striped, Open} 

Color: {Red, Green, Purple} 

Shape: {Ovals, Squiggles, Diamonds} 

A SET deck has eighty-one cards, one 
for each possible c o m b i n a t i o n  of at- 
tributes. The goal of the game is to find 
collect ions of cards  sat isfying the fol- 
lowing rule. 

SET iS a trademark of SET Enterprises, Inc. The SET 
cards are depicted here with permission. SET game 
play is protected intellectual property. 

The  SET r u l e :  Three cards are called 
a SET if, with respec t  to each  of the 
four  at t r ibutes ,  the  cards  are e i ther  
all the same  or all different.  

For  example,  Figure  2 i l lus t ra tes  a 
green SET. All ca rds  have the same  
shape  (ovals), the same  color  (green),  

and  the same shading  (solid), and  each 
card has a different  n u m b e r  of  ovals. 
On the other  hand,  Figure  3, also green, 
fails to be a SET, be c a use  there  are two 
oval cards and  one  squiggle card. Thus  
the cards are ne i the r  all the same  nor  

all different with respec t  to the shape  
at tr ibute.  

To play the game, the SET deck  is 
shuffled and twelve cards  are deal t  to 
a table face-up (Fig. 4). All p layers  si- 
mu l t aneous ly  search  for SETS. The first 
player  to locate a SET removes  it, and  
three ne w  cards  are dealt. The p layer  
with the mos t  SETS after  all the cards  
have b e e n  dealt  is the winner .  

Occasionally,  there  will no t  be  any  
SETS among  the twelve  cards  init ially 
dealt. To r emedy  this, three  ext ra  cards  
are dealt. This is r epea ted  unt i l  a SET 
makes  an appearance .  This p rompt s  
the fol lowing SET-theoretic quest ion.  

Q u e s t i o n .  How m a n y  cards  mus t  
be dealt  to gua ran tee  the p resence  
of a SET? 

Figure 5 shows  a co l lec t ion  of twen ty  
cards  con ta in ing  no  SETS. A brute-force  
compu te r  search  shows  that  this is as 
large as possible,  as any  col lec t ion  of 
twenty-one  cards  m u s t  con ta in  a SET. 

There  is a wonde r fu l  geomet r ic  re- 
formula t ion  of this Ques t ion  as fol- 
lows. Let 1:3 be the  field wi th  three  el- 
ements ,  and  cons ide r  the vec to r  space  

Figure 1. Typical SET cards. 
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Figure 2, A SET, 

~4. A po in t  of I =4 is a 4-tuple of the form 

(xl, x2, x3, x4), where  each coord ina te  
a s s u m e s  one  of three possible  values. 
Using the table  of SET at t r ibutes  (Table 
1), SET cards  cor respond  to poin ts  of 
$4 3, and  vice-versa.  

(2, 1, 3, 2) ( ) Two Solid Purple  

Squiggles ( ) 

U n d e r  this cor respondence ,  three  
cards  form a SET if and  only if the three  
assoc ia ted  po in t s  of 1:4 are collinear.  

To see this, not ice  that  if a, /3, 7 are 
three  e l emen t s  of I=3, then  a + fl + 7 = 

0 i f a n d o n l y i f a = f i =  7 0 r { a ,  fi, 7 } =  
{0, 1, 2}. This means  that  the vectors  a, 
b, and  c are e i ther  all the same or  all 
d i f ferent  with respect  to each coordi-  
na te  exact ly  w h e n  a + b + e = 0. Now 
a + b  + c = 0 i n 1 : 4 m e a n s t h a t a - b =  

b - c, so the three  po in ts  are collinear.  
Note tha t  this  a rgumen t  works  w h e n  1:4 
is r ep laced  by  I :d for any d. F rom this 

po in t  of  view, players  of SET are search-  
ing for l ines  con ta ined  in a subse t  of 
F 4. We summar i ze  this rule as follows. 

T h e  A f f i n e  C o l l i n e a r i t y  Rule .  
Three  po in t s  a, b, c E I:~ rep resen t  

co l l inear  po in t s  if and  only if a + 
b + e = O .  

We define a d-cap to be  a subse t  of 
1:~ no t  con ta in ing  any lines, and  ask the 
following. 

E q u i v a l e n t  Q u e s t i o n .  What is the 
m a x i m u m  possible size of a cap in 1:4? 

In this  form the ques t ion  was first 
answered ,  wi thou t  us ing computers ,  
by  Giuseppe  Pel legrino [19] in 1971. 
Note tha t  this was  three  years  before  

the game of SET was invented!  He ac- 
tual ly  a n s w e r e d  a more  general  ques- 

t ion  abou t  "projective SET," which  we 
expla in  in the last  section. 

Figure 4. Can you f ind all five SETS? (Or all eight for those readers with black-and-white pho-  

tocop ies, )  

Although SET cards are descr ibed by 
four  at tr ibutes,  from a mathemat ica l  
perspect ive  there is nothing sacred 

abou t  the n u m b e r  four. We can play a 
three-a t t r ibute  version of SET, for ex- 
ample  by playing with only the red 
cards. Or we can play a five-attribute 
vers ion  of SET by using scratch-and- 
sniff  SET cards with three different 
odors. In general, we define an af f ine  
SET g a m e  o f  d i m e n s i o n  d to be a card 
game with one card for each point  of 
l:d 3, where  three cards form a SET if the 
co r respond ing  points are collinear. 

A cap of the max imum possible  size 

is called a m a x i m a l  cap. It is natura l  
to ask for the size of a maximal  cap in 
I:~, as a funct ion of the d imens ion  d. 

We denote  this number  by ad, and the 
k n o w n  values  are given in Table 2. 

Table 2 

8d 2 4 9 20 45 112<-a6-<114 ? 

The values  of ad in d imens ions  four and 
be low can  be found by exhaust ive com- 
pu te r  search. The search space be- 
comes  unmanageab ly  large start ing in 
d imens ion  five. Yves Edel, Sandy Fer- 
ret, Ivan Landjev, and Leo Storme re- 

cently created quite a stir by announc-  

ing the so lu t ion  in d imens ion  five [6]. 
We shall spend  some t ime working  our  
way up to their  solution.  

There are m a n y  other  possible  gen- 
eral izat ions of the game of SET. For  ex- 

ample, we could add ano the r  color, 
shape, form of shading, and  n u m b e r  to 
the cards, to make  the cards  corre- 
spond  to po in ts  of I-4. Here, however,  

several  choices  need  to be made  about  
the SET rule. Is a SET a col lect ion of 
cards where  every a t t r ibute  is all the 
same or all different, or  is it a collec- 
t ion of col l inear  points?  In I: 4, there are 
four  po in ts  on  a line, so do we require 
three or four  col l inear  po in ts  to form a 
SET? Fur thermore ,  if we choose the 
col l ineari ty criterion, then  coll ineari ty 
of SET cards is sensi t ive to the choice 
of which color, shape, etc. cor responds  
to which e lement  of F44. Because  of 

these  compl ica t ions  we will restr ict  
our  a t t en t ion  here to caps (line-free 
col lect ions)  in I :d. 

We can exhibi t  caps graphically us- 
ing the fol lowing scheme. Let us con- 
s ider  the case of d imens ion  d = 2. A 
two-at t r ibute  vers ion  of SET may be re- 
alized by playing with only  the red 
ovals. The vec tor  space F 2 can be 

Figure 3. No t  a SET, Figure 5. T w e n t y  cards w i thou t  a SET, 
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Figure 6. The correspondence between 2-at- 

tribute SET and ~2. 

graphically r ep resen ted  as a tic-tac-toe 
board  as in Figure  6. We indicate  a sub- 
set S of ]: 2 "X" 3 by drawing  an  in each 

square of the t ic-tac-toe board  corre- 
sponding to a po in t  of S. The lines con- 
ta ined in S are a lmos t  pla in  to see: most  
of them appear  as w inn ing  tic-tac-toes, 
while a few mee t  an  edge of the board 
and "loop a round"  to the opposite 
edge. Check that  the two l ines in Fig- 
ure 7 cor respond  to SETS in Figure 4. 

Figure 8 con ta ins  p ic tures  of some 
low-dimensional  max imal  caps. In di- 
mens ions  one th rough four, the caps 
are visibly ssqnmetrical ,  and  each cap 
conta ins  e m b e d d e d  copies of the max- 
imal caps in lower  d imensions .  No 
such pa t te rn  is visible in the diagram 
of the 5-cap. It is na tura l  to ask if the 
maximal  caps in Figure 8 are the only 
ones in each d imens ion .  In a trivial 
sense, the a n s w e r  is 'no',  s ince we can 
make a new cap by pe rmut ing  the col- 
ors of an old cap. There  are m a n y  other 

pe rnmta t ions  of F~3 / guaran teed  to pro- 
duce new caps  f rom old. Pe rmuta t ions  
of ~ taking caps  to caps are exactly 

i s  I i �9 i/ ~1 
/ / i i 

x., X , , "  J J p - i  

i i s / / 
i "  I I (  
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Figure 7. This collection of points contains 

two lines which are indicated by dashed 

curves. 

1-cap 

xl Ix 

2 - c a p  

3 - c a p  

4 - c a p  

Figure 8. Low-dimensional maximal caps. 

those taking l ines to lines, and  such  a 
permuta t ion  is called an  aff ine trans- 
formation.  Anothe r  charac ter iza t ion  
of affine t rans format ions  is that  they 
are the pe rmuta t ions  of ~: d of the form 

of.v) = Av + b, 

where A is an inver t ib le  d x d-matr ix  

with entr ies  in ~-3, b is an arbi t rary  vec- 
tor  of F~, and v is a vec tor  in F d. We 

say that  two caps are of the same  type 
if there is an affine t r ans fo rmat ion  
taking one to the other. For  example,  
consider  the affine t r ans fo rmat ion  o(x, 
y ) = ( - x - y , - x + y -  1) taking a 
vector  (x, y) E ~ to ano the r  vec tor  in 
]:2. Applying this to a 2-cap gives an- 

other  2-cap of the same type. This is il- 
lustrated in Figure 9, where  we have 

X X  

X 

• 

5-cap 

xr ix 

X 

xl 
[ X 

i x t 
' i 

I 

dec la red  the cen te r  square of  the  tic- 
tac-toe board  to be the or igin of  F 2 3 .  

It is k n o w n  that  in d i m e n s i o n s  five 
and  be low there  is exact ly  one  type  of 
max ima l  cap. An affine t r a n s f o r m a t i o n  

taking  a cap to itself is cal led a s y m -  
m e t r y  of the cap. Al though it is no t  ob- 
v ious  from Figure 8, the m a x i m a l  5-cap 
does  have some symmetr ies .  In fact, its 
symmet ry  group is transit ive,  m e a n i n g  
that,  given two points  of the  5-cap, 
there  is a lways a symmet ry  t ak ing  one  

 lxl , ; x :l 
Figure 9. Two 2-caps of the same type. 
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to  the  other .  Michael  Kleber  r epo r t s  
t ha t  the  s t ab i l i ze r  of  a po in t  in the  
5-cap is the  s e m i d i h e d r a l  g roup  o f  or- 
d e r  16. 

The  s y m m e t r y  group  is usefu l  for  re- 
duc ing  the  n u m b e r  o f  c a s e s  tha t  need  
to  be  c h e c k e d  in exhaus t i ve  c o m p u t e r  
s e a r c h e s  for  m a x i m a l  caps ,  thus  
g rea t ly  speed ing  up run  t imes .  To see  
th is  i dea  in act ion,  c h e c k  ou t  Dona ld  
Knuth ' s  SET-theoretic c o m p u t e r  pro-  
g r a m s  [17]. 

C o m b i n a t o r i c s  

We can m a k e  s o m e  p r o g r e s s  on com-  
pu t ing  the  size of  m a x i m a l  caps  us ing 
on ly  count ing  a rguments .  

Proposition I. A maximal  2-cap has 
four  points. 

Proof. We have  exh ib i t ed  a 2-cap wi th  
fou r  points .  The p r o o f  p r o c e e d s  by  
con t rad ic t ion .  Suppose  tha t  t he re  ex- 
i s t s  a 2-cap wi th  five poin ts ,  x l ,  x2, x3, 
x4, xs. The p l ane  D =2 can  be  d e c o m p o s e d  
as  the  un ion  of  t h r ee  ho r i zon ta l  para l -  
lel  l ines  as  in F igure  10. 

Each  l ine con ta ins  a t  m o s t  two  
p o i n t s  of  the  cap.  Thus,  t h e r e  a re  two  
ho r i zon ta l  l ines  tha t  con ta in  two  po in t s  
o f  the  cap,  and  one  line, H, tha t  con- 
t a ins  exac t ly  one  po in t  of  the  cap.  With- 
ou t  loss  o f  general i ty ,  le t  x5 be  th is  
poin t .  There  are  exac t ly  four  l ines  in 
t he  p lane  con ta in ing  the  p o i n t  Xs, 
w h i c h  we  deno t e  H, L1, L2, L3. This is 
i l lus t ra ted  in F igure  11. 

Since the  line H con ta in s  n o n e  o f  the  
p o i n t s  Xl, �9 . . , x4, by  the  p igeon-ho le  
p r inc ip le  two  of  t he se  p o i n t s  x~ and  Xs 
m u s t  lie on  one  l ine L~-. This  s h o w s  tha t  
the  l ine L~ con ta in s  the  p o i n t s  xr, xs and  
x5, wh ich  c o n t r a d i c t s  the  h y p o t h e s i s  
t ha t  the  five p o i n t s  a re  a cap.  [ ]  

We can  app ly  the  m e t h o d  of  P ropo-  
s i t ion  1 to c o m p u t e  the  s ize o f  a max-  
ima l  cap  in th ree  d imens ions .  

H : : : : : :  

. . . . .  4 

. . . . .  

. . . . .  

Figure 10. [F~ decomposed as the union of 

three parallel lines. 

L 3  

I: 

"'".i? 

. . . . , j . . - L 2  
Figure 11. The four lines containing xs. 

Proposition 2. A maximal 3-cap has 
nine points. 

Proof. We have  exh ib i ted  a 3-cap with 
nine points .  The p r o o f  p r o c e e d s  by 
con t rad ic t ion .  Suppose  tha t  there  ex- 
is ts  a 3-cap with  ten  points .  The space  
~:33 can  be  d e c o m p o s e d  as  the  union of  
th ree  pa ra l l e l  p lanes .  Since the  inter- 
s ec t ion  o f  any  p lane  with the  3-cap is 
a 2-cap, P ropos i t ion  1 impl ies  that  no 
p l ane  can  conta in  more  than  four  
p o i n t s  of  the  cap. This means  that  the 
p l ane  conta in ing  the  fewes t  n u m b e r  of  
po in t s  mus t  con ta in  e i ther  two  or  three  
points ,  for  i f  it con ta ined  four  po in ts  
we  w o u l d  need  twelve  po in t s  total ,  and  
one  or  zero  po in t s  would  mean  at mos t  
n ine  po in t s  total .  Call this  p lane  H, and 
no te  tha t  t h e r e  a re  at  leas t  seven poin ts  
o f  the  cap,  x l ,  �9 - . ,  XT, not  con ta ined  in 
H. 

Let  a and  b be two  poin ts  o f  the  cap 
on  the  p l ane  H. There  are  exac t ly  four  
p l anes  in the  space  B :3 conta in ing  bo th  
a and  b, wh ich  we deno te  H, MI, M2, 
M3. Since  H does  not  conta in  the  po in ts  
Xl, . �9 . , x7, b y  the p igeon-hole  princi-  
p le  one  o f  t he  p lanes  Mi mus t  conta in  
t h ree  of  t h e s e  po in t s  Xr, xs, xt. This 
s h o w s  tha t  t he  p lane  214/contains a to- 
tal  of  five po in t s  of  the  cap,  which  con- 
t r ad i c t s  P ropos i t i on  1. []  

Unfor tunate ly ,  this  m e t h o d  is not  
s t rong  e n o u g h  to p rove  tha t  a4 ~-- 20. 
To do  this, w e  employ  ano the r  t ime- 
h o n o r e d  combina to r i a l  technique,  
namely ,  coun t ing  the  s a m e  thing in two 
d i f ferent  ways .  By w a y  of  in t roduct ion ,  
we  will  give a no the r  p r o o f  tha t  a3 = 9. 

Proposition 3. A maximal 3-cap has 
nine points. 

Proof.  The p r o o f  is again by  cont rad ic-  
t ion.  S u p p o s e  that  there  exis t s  a 3-cap 
C wi th  t en  points .  The space  ~:33 can  be  

d e c o m p o s e d  as  the  un ion  of  th ree  par-  
al lel  p lanes ,  H 1 , / / 2 , / / 3  in m a n y  differ- 
en t  ways .  Given such  a decompos i t i on ,  
we  ob t a in  a t r ip le  of  numbers ,  

{!C N HI  J, !C n H2 ~, C r/H.3!}, 

ca l led  the  (unordered) hyperplane 
triple, w h e r e  ]C N Hi] is the  size of  C n 
Hi.  Since  a 2-cap has  at  mos t  a2 = 4 
points ,  the  on ly  poss ib l e  va lues  for  a 
hyperp lane  t r iple  are  {4, 4, 2} or  {4, 3, 3}. 
Let  

a = the  n u m b e r  of  {4, 4, 2} 

hype rp l ane  tr iples,  

b = the  n u m b e r  of  {4, 3, 3} 

hype rp l ane  tr iples.  

H o w  m a n y  d i f fe ren t  ways  are  there  to 
d e c o m p o s e  U :3 as  the  union o f  th ree  hy- 
p e r p l a n e s ?  On the  one hand,  there  a re  
a + b ways.  On the  o the r  hand,  there  is 
a unique  l ine t h rough  the origin of  U :3 
p e r p e n d i c u l a r  to  each  family  of  th ree  
pa ra l l e l  hype rp l anes ,  and  w e  can  coun t  
t he se  l ines  as  fol lows:  Any nonze ro  
po in t  d e t e r m i n e s  a line th rough  the ori- 
gin, and  t h e r e  a re  33 - 1 = 26 nonzero  
points .  Since  each  line con ta ins  two 
nonz e ro  poin ts ,  t he re  mus t  be  26/2 = 
13 l ines  t h r o u g h  the  origin. Thus, 

a + b = 1 3 .  

To obta in  ano the r  equat ion in a and 
b, we  will  coun t  2-marked planes, 
which  are  pa i r s  of  the  form (H, {x, y} c 
H N C), w h e r e  H is a plane. It can be  
c h e c k e d  tha t  the re  are exact ly  four  
p l anes  conta in ing  any pair  of  dist inct  
points .  This is a special  case  of  Propo- 
s i t ion 4 which  follows. Thus, there  a re  
4(12~ = 180 2-marked  planes.  On the 
o the r  hand,  for  each  {4, 4, 2} hyperp lane  
t r ip le  we  coun t  (4)  + (4)  + (2) = 13 

2-marked  p lanes ,  and  for  each  {4, 3, 3} 
hype rp l ane  t r ip le  we  count  (4)  + (23) + 
(3) = 12 2 -marked  planes.  Hence, 

13a + 12b = 180. 

The only  so lu t ion  to  these  equat ions  is 
a = 24, b = - 1 1 .  This is a cont radic-  
t ion  s ince  a and  b can only t ake  non- 
nega t ive  va lues .  []  

In the  p r o o f  above  we  needed  to  
coun t  the  n u m b e r  of  hyperp lanes  con- 
ta in ing a f ixed  pa i r  of  points ,  or  in 
o t h e r  words ,  con ta in ing  a fLxed line. To 
app ly  this  m e t h o d  to max imal  4-caps, 
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we will  need  to  solve  a genera l i za t ion  
of  this  p rob lem.  Define a k-fiat to  be  a 
k-d imens iona l  affine s u b s p a c e  of  a vec-  
tor  space .  

Proposition 4. The number  ofhyper-  
planes containing a f i x ed  k-fiat in  $d 
is given by 

3 d k -  1 

2 

Proof. Let K be  a k-flat  con ta in ing  the  
origin. Then the na tu ra l  m a p  

~-~ --~ ~ /K ~-- F~ -k 

gives a b i jec t ion  b e t w e e n  h y p e r p l a n e s  
of  I :d conta in ing  K and  h y p e r p l a n e s  of  
1 =d-k conta in ing  the origin. 

Each hyperp lane  conta ining the ori- 
gin is de te rmined  by a nonzero  normal  
vector,  and  there  are  exac t ly  two 
nonzero  n o m m l  vec to r s  de tenn iu ing  
each hyperplane.  Thus, there  are  haft as  
many  hyperp lanes  as there  a re  nonzero  
vectors.  Since there  a r e  3 d - k  - 1 non- 
zero vectors,  there  mus t  b e  (34-k _ 1)/2 
hyperp lanes  containing the origin. []  

This  le ts  us  app ly  the  i deas  of  
P ropos i t ion  3 to  ca lcu la te  a4- 

P r o p o s i t i o n  5. A m a x i m a l  4-cap has 
twenty points. 

Proof.  We have exh ib i t ed  a 4-cap wi th  
20 points .  The p r o o f  p r o c e e d s  by  con- 
t radic t ion.  Suppose  tha t  t he re  ex is t s  a 
4-cap C wi th  21 points .  Let  xijk be  the  
n u m b e r  of  {i,j, k} h y p e r p l a n e  t r ip les  of  
C. Since a 3-cap has  a t  m o s t  a3 = 9 
points ,  t he re  a re  only  7 pos s ib l e  hy- 
pe rp l ane  tr iples:  

{i,j, k} = {9, 9, 3}, [9, 8, 4}, {9, 7, 5}, 
{9, 6, 6}, {8, 8, 5}, {8, 7, 6}, {7, 7, 7}. 

The n u m b e r  of  ways  to  d e c o m p o s e  I:~ 
as  a union  of  th ree  pa ra l l e l  h y p e r p l a u e s  
is equal  to the  n u m b e r  of  l ines  t h rough  
the origin in I:~, w h i c h  is (34 - 1)/2 = 
40. Thus, 

(1) X993 4- X984 -[- X975 4- X966 

4- X885 4- X876 4- X777 : 40. 

To obta in  ano the r  equa t ion  in Xijk, let  
us  count  2-marked hyperplanes, which  
a re  pa i r s  o f  the  fo rm (H, {x, y} C H N 
C), whe re  H is a hype rp lane .  Using 
P ropos i t ion  4 above,  w e  f ind tha t  the  
n u m b e r  o f  h y p e r p l a n e s  con ta in ing  a 
d is t inc t  pa i r  of  po in t s  is  13. Thus,  t he re  

are  13(2 ,1) = 2 7 3 0  2 -marked  hyper-  

planes.  As in the  p r o o f  o f  P r o p o s i t i o n  
3, there  are  

+ . . .  + [(;) + (;) + 

2-marked hyperp lanes .  Expl ic i t ly  com-  
put ing each  coef f ic ien t  a b o v e  y ie lds  
the fo rmula  

(2)  75X993 + 70X984 + 67x975 + 66X966 

+ 66Xs85 + 64Xs76 + 6 3 x 7 7 7  = 2730. 

To obta in  y e t  a n o t h e r  equa t ion  in 
Xo.k , let  us  coun t  3-marked hyper- 
planes, which a re  pa i r s  o f  the  fo rm (H, 
{x, y, z} C H rh C), w h e r e  H is a hy- 
perplane.  Notice  that,  s ince  {x, y, z / C  
C, the  poin ts  x, y, and  z canno t  be  
cotl inear.  There  a re  4 h y p e r p l a n e s  con-  
taining 3 d is t inct  non-co l l inea r  points ,  
thus, there  are  4(21) = 5320 3 -marked  

hyperplanes .  Imi ta t ing  ou r  coun t  of  2- 
m a r k e d  hype rp l anes  above ,  we  f ind 
that  

(3) 169x993 + 144Xgs4 + 129x975 
+ 124x966 + 122Xss5 + l l l x s76  

4- 105x777 = 5320. 

We now have th ree  equa t ions  in 
seven var iables ,  and  so  in p r inc ip le  
there  could  be  inf in i te ly  m a n y  solu-  
tions. Fo r tuna t e ly  w e  a re  only  inter-  
es ted  in the  nonnega t ive  in teger  solu-  
tions. Adding 693 t imes  equa t ion  (1) to  
three  t imes  equat ion  (3), and  then  sub- 
t rac t ing off 6 t imes  equa t ion  (2), gives 

53;984 + 8X975 + 9X966 -t- 3X885 

+ 2Xs76 = 0. 

The only nonnega t ive  so lu t i on  to this  

equat ion is Xos4 = x975 : x966 : x885 ~- 

Xs76 = 0. But equa t ion  (2) minus  63 
t imes  equat ion (1) is 

123;993 4- 7X984 -}- 4X975 4- 3X966 

-}- 3X885 4- 3?876 ---- 210. 

This r educes  to  1 2 X 9 9 3  = 210, wh ich  
con t rad ic t s  x993 be ing  an  integer .  [ ]  

This p roo f  was  improved  f rom a pre-  
vious vers ion b y  conver sa t ions  wi th  
Yves Edel. The m e t h o d  of  count ing 
marked  hyperp lanes  v ia  hype rp lane  
t r iples  gives the shor te s t  k n o w n  p r o o f  
o f  a4 ---- 20 t h a t  does  no t  use  an exhaus-  
tive compute r  search.  Unfor tunate ly ,  a 

s t ra igh t fo rward  app l i ca t ion  of  this  
me thod  fails to  s h o w  tha t  a5 = 45. Par t  
of  the  p r o b l e m  is tha t  the  n e w  equat ions  
count ing 4 -marked  h y p e r p l a n e s  require  
an addi t ional  var iab le  to d is t inguish  be-  
tween  the  ca ses  w h e n  four  po in t s  a re  
affmely d e p e n d e n t  o r  independen t .  In 
the  nex t  sec t ion  w e  desc r ibe  ano the r  
a p p r o a c h  wh ich  c o m p u t e s  as. 

The  Four ie r  T r a n s f o r m  
The F o u r i e r  t r a n s f o r m  is an  i m m e n s e l y  
useful  too l  for  ana lyz ing  p r o b l e m s  wi th  
a s s o c i a t e d  s y m m e t r y  groups .  I t  is a 
na tu ra l  c o n s t r u c t i o n  in r e p r e s e n t a t i o n  
theory ,  and  w e  re fe r  the  r e a d e r  to  the  
b o o k  of  F u l t o n  and  Harr i s  [7] for  m o r e  
a b o u t  th is  f a sc ina t ing  subjec t .  In th is  
sec t ion  w e  d e s c r i b e  a F o u r i e r  t rans-  
fo rm m e t h o d  o r ig ina t ed  b y  Roy  Meshu-  
lam [18] w h i c h  was  l a t e r  u sed  by  Jiir- 
gen B i e r b r a u e r  and  Yves Ede l  [1]. The 
fo l lowing b o u n d  a p p e a r s  in t hese  pa-  
pers:  

Proposition 6. Let C C I :d be a d-cap 
such that any  hyperplane intersects C 
in  at most  h points. Then 

1 + 3 h  
P--< h , 

1 + - -  3d-1 

where p is the size of C. 
In pa r t i cu la r ,  any  h y p e r p l a n e  inter-  

sec t s  a d -cap  in a (d - 1)-cap. S tar t ing  
wi th  the  fac t  t ha t  a l  = 2, w e  can  in- 
duc t ive ly  a p p l y  P r o p o s i t i o n  6 to ob ta in  

a2 --< 4, a3 --< 9, a4 ~ 21. 

The b o u n d  a 6 -~ 114 c o m e s  f rom ap- 
p ly ing  P r o p o s i t i o n  6 us ing  h = a5 = 45 
and  d = 6. Thus,  for  l ow-d imens iona l  
caps,  P r o p o s i t i o n  6 gives nea r ly  sha rp  
bounds .  In c o n t r a s t  to  o t h e r  me thods ,  
P ropos i t i on  6 d o e s  no t  b e c o m e  m o r e  
diff icul t  to  a p p l y  as  t he  d i m e n s i o n  
g rows  larger .  

Given a func t ion  f :  I :d --> C, def ine  
the  Fourier  transform o f f  to  be  a n e w  
f u n c t i o n f  : I:~ --~ C de f ined  by  the  for- 
mu la  

(4) f ( z )  = ~, f(x)~ zx, 
x ~  ~ 

w h e r e  ~ = e 2~/s. Given a se t  S C I :d 3, 
the  characteristic func t ion  of  S is de-  
f ined b y  the  f o r m u l a  

10 if x E S, 
X(x) = if  x ~ S. 
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Knowing  the  cha rac t e r i s t i c  func t ion  of  
S is exac t ly  the  s a m e  as  knowing  the 
se t  S. The  F o u r i e r  t r ans fo rm of  the  
c h a r a c t e r i s t i c  funct ion,  

= Z 

has  a na tu ra l  g e o m e t r i c  i n t e rp re t a t i on  
as  fo l lows.  Not ice  f irst  tha t  7(0) is sim- 
p ly  the  s ize of  the  se t  S. Next,  le t  z be  
a n o n z e r o  vec tor ,  and  cons ide r  the  
t h r e e  pa ra l l e l  h y p e r p l a n e s  H0, H b  Ha 
n o r m a l  to  z, w h e r e  

Hj  = {x ~ F~, z . x = j}. 

To each  n o n z e r o  v e c t o r  z we  a s soc i a t e  
an (ordered)  h y p e r p l a n e  tr iple  

(h0, ha, h2) 
= ( , S A H 0 ,  ' S A H ~ ' ,  ' S A H 2 ' ) .  

Propos i t ion  7. The comp lex  n u m b e r  
7(z) encodes the s a m e  data as  the or- 
dered h y p e r p l a n e  tr iple  (ho, ha, h2) as -  

s o c i a t e d  to z. I n  par t i cu lar ,  

f fz)  = h0~ ~ + h ~  1 + h2~ ~, 

a n d  

2 1 
h0 = y u  + 2 p ,  

1 1 
ha = ~=(P  - u) + ~ v, 

1 1 
h~ = ~ - ( p  - u) - ~ v, 

w h e r e  7(z) = u + i v  and  p = 7(0) i s  
the s i z e  o f  S. 

We cal l  ~-the (ordered)  hyperp lane  
t r ip le  f u n c t i o n  of  S. In the  p rev ious  
s e c t i o n  ou r  i n t e r e s t  in hype rp l ane  
t r i p l e s  was  ad  hoc;  w e  s tud ied  t h e m  be- 
cause ,  in the  end,  it  pa id  to  do  so. We 
n o w  see  tha t  h y p e r p l a n e  t r ip les  ar ise  
na tu ra l ly  v ia  the  F o u r i e r  t rans form.  

There  is an  amaz ing  fo rmula  count-  
ing the  n u m b e r  of  l ines  con ta ined  in a 
se t  S. 

Proposi t ion 8. Let  S be a subset  o f  ~:d 

that  con ta ins  p p o i n t s  and 1 lines. Then 

p + 61: ~ Z ~(z), 
z ~  F'.~ 

w h e r e  "r i s  the h y p e r p l a n e  t r ip le . func-  
t i on  o f  S. 

In [1], B i e r b r a u e r  and  Edel  use  the  
f o r m u l a  a b o v e  t o g e t h e r  wi th  s o m e  
c l eve r  e s t i m a t e s  of  IT3(z) ! to p rove  the  

F o u r i e r  b o u n d  of Propos i t ion  6. We re- 
fer  the  r e a d e r  to thei r  pape r  for  more  
detai ls .  We now summar ize  the  p r o o f  
of  Edel ,  Fer re t ,  Landjev, and S torme [6] 
tha t  a5 = 45. 

Propos i t ion  9. A m a x i m a l  5-cap has 
45 poin t s .  

Proof. Figm'e 8 contains a 5-cap with 45 
points ,  so we  only need to show that  
there  is none  with 46 points. Suppose  for 
a cont rad ic t ion  that C is a 5-cap with 46 
points.  By the  Fourier  analysis bound  of  
Propos i t ion  6, if every hyperplane  inter- 
sec ts  C in at most  18 points, then C can 
have at  mos t  45 points. Thus, there  must  
be  a hyperp lane  H intersecting C in 19 
or  20 points.  Deleting a point  of C not  
on H p roduces  a 5-cap with 45 points  
such  tha t  H is a hyperplane intersect ing 
in 19 or  20 points.  However,  in [6] it is 
shown  that  every 5-cap with 45 poin ts  
has  no hyperp lanes  intersecting in 19 or  
20 points.  The proof  exploits  an inge- 
n ious  ident i ty  in the equations for count-  
ing m a r k e d  hyperplanes,  together  with 
an exhaus t ive  computer  search. []  

Solidity 
In tiffs sec t ion  we discuss what  is known 
abou t  high-dimensional  maximal  caps. 
In [3], A. Rober t  Calderbank and Peter  
F i shburn  crea te  very large high-dimen- 
s ional  caps  via  produc t  const ruct ions  
b a s e d  on large low-dimensional  caps. As 
a measu re  of  the "largeness" of  a cap, 
def ine the  sol idi ty  of a d-cap C to be 

and  def ine  the  a s y m p t o t i c  so l id i t y  of  
m a x i m a l  caps  to be  the  s u p r e m u m  of  
the  so l id i t ies  of  maximal  caps,  

Thus, a sympto t i c  sol idi ty is at  least  the 
sol id i ty  of  any  par t icular  cap. Since 
every  d-cap has  fewer  than 3 d points,  

the  a sympto t i c  solidi ty is at mos t  3. On 
the o the r  hand,  the cap consis t ing of  all 
2 d po in t s  wi th  all componen t s  0 or  1 
s h o w s  tha t  the  solidity is at leas t  2. The 
cen t ra l  open  quest ion is the following. 

Q u e s t i o n .  Is the asympto t i c  solid- 
i ty less  than  3? 

The def in i t ion  of  a sympto t i c  solid- 
i ty l eaves  open  the poss ib i l i ty  tha t  for  

s o m e  low d the re  is a d-cap w i th  high 
sol idi ty,  bu t  for  all  la rger  d eve ry  d-cap  
has  a subs tan t ia l ly  sma l l e r  sol idi ty.  
This  wou ld  m a k e  the name  "asymp-  
to t ic  sol idi ty" r a the r  ques t ionab le ,  bu t  
the  fo l lowing p ropos i t i on  s h o w s  tha t  
th is  neve r  happens .  

Propos i t ion  10. A s y m p t o t i c  s o l i d i t y  

is  the l i m i t  as d ~ ~- o f  the s o l i d i t y  o f  
m a x i m a l  d-caps. 

Proof. This w o u l d  be a very  s h o r t  p r o o f  
if we  knew tha t  the  sol idi ty  of  m a x i m a l  
caps  (ra was  an increas ing  sequence .  
Unfor tuna te ly ,  th is  is no t  known,  so we  
will  t ake  a more  r o u n d a b o u t  app roach .  
We first  no te  tha t  given a d -cap  C, we  
can  cons t ruc t  a 2d-cap C' w i th  the  
s a m e  solidity.  We do this  by  t ak ing  the 
p r o d u c t  of  C wi th  itself: each  p o i n t  of  
C' has  as  i ts first  d coo rd ina t e s  a po in t  
of  C, and  as  its las t  d c o o r d i n a t e s  an- 
o t h e r  po in t  of  C, so C ' , =  C, 2. Then 
G(C')  = ~ = G(C). In fact  w e  can  
a lso  app ly  this  cons t ruc t ion  to t a k e  the  
p r o d u c t  of  a d l - cap  C1 and a d2-cap C2 
to ge t  a ( d l +  d2)-cap C' wi th  so l id i ty  

o~C') = " ' ~  For  example ,  tak- 
ing the  r e p e a t e d  p roduc t  of  a d-cap  
wi th  i t se l f  n t imes  gives an (nd ) -cap  
wi th  the  s ame  solidity.  So we can  re- 
p l a c e  sup  by  lira sup in the  def in i t ion  
o f  a symp to t i c  solidity,  jus t i fy ing  the 
"asympto t i c"  in the  name.  

We n o w  no te  that  this  p r o d u c t  
c o n s t r u c t i o n  s h o w s  tha t  the  func t ion  

f : N ~ N def ined  by s e t t i n g f ( d )  to  be  
the  size aa of a max imal  d-cap  sa t i s f ies  

f(m + n) >-f(m)j(n). 

Then  F e k e t e ' s  Lemma (see, for  exam-  
p le  [20, L e m m a  11.6]) impl i e s  tha t  
lim,~_~ f ( n )  u" exists .  Since so l id i ty  is 
the  lira sup  o f f ( n )  1/'r~, this  l imi t  mus t  
equal  o-, comple t i ng  the proof .  []  

C a l d e r b a n k  and  F i sburu  use  this  
p r o d u c t  cons t ruc t ion  to s h o w  G >  
2.210147. In [3], t hey  expl ic i t ly  give two  
6-caps,  each  with  112 points .  They  ex- 
p lo i t  t he se  caps  in a re f ined  ve r s ion  of  
the  a b o v e  p r o d u c t  cons t ruc t ion  to  get  
a 13,500-cap with  the  requi red  solidity.  
This  r esu l t  has  been  improved ,  wi th  a 
s i m p l e r  cap,  by  Yves Edel,  w h o  has  
c o n s t r u c t e d  a 62-cap wi th  so l id i ty  
2.214781, and  a 480-cap wi th  so l id i ty  
2.21739 [5]. 
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Projective Caps 
A basic proper ty  of an  affine SET game 
is that  each pair  of cards is conta ined  
in a unique SET. Are there  other  SET-like 
card games  wi th  this proper ty?  Yes! In 
fact, there is a non-aff ine  SET-like game 
with only seven  cards. Consider  the 
Fano plane in Figure 12. 

The seven points of the Fano plane 
are indicated by the dots in the figure. 
Each line of the Fano plane consists ei- 
ther of the three dots lying on a line seg- 
ment  of the diagram, or the three dots 
lying on the circle. In the Fano plane, any 
pair of points  determines  a unique line, 

and every line has precisely three points. 
We define the Fano SET game to be a 

card game with one card for each point 
of the Fano plane, where three cards 
form a SET if file corresponding points of 
the Fano plane are collinear. 

There is a na tura l  project ive geo- 
metric  cons t ruc t ion  of the Fano  plane. 
Given a vec tor  space V = ~:d+ 1, thep~v- 

jective space of V, pdFq, is an object  
tai lored to encode  the inc idence  struc- 
ture of l inear  subspaces  of V. In par- 
ticular, the e l ements  of the set  ~d~q are 
jus t  the one -d imens iona l  subspaces  of 
V. These are cal led the projective 
points of ~:Dd~_q. Given two dist inct  one- 

d imens iona l  subspaces ,  there is a 
unique two-d imens iona l  subspace  con- 
taining them. Thus, if we call the two- 
d imens iona l  subspaces  of V the pro- 
jective lines, t hen  we have the nice fact 
that any two project ive poin ts  deter- 
mine  a un ique  project ive  line. 

When q = 2, then  each projective 
line con ta ins  exact ly  three  projective 
points. To see this, not ice  that  s ince the 
under ly ing field is $2, any one-dimen-  
sional subspace  con ta ins  exactly two 
points: the zero vector,  and the 
nonzero  basis  vector.  Thus, there is a 
bi ject ion b e t w e e n  nonzero  vectors  and  
projective points .  Let L be a two-di- 
mens iona l  subspace  of F d + 1 represent-  

ing a project ive line, and  let {e,f} be a 
vector  space basis  of L. Then  L con- 

Figure 12. The Fano p lane .  

ta ins exactly four vectors: 0, e, f,  and  
e + f .  The nonzero vectors  r ep resen t  
the three projective points  of L. Amaz- 
ingly, this gives rise to the same test  for 
coll ineari ty as in the affine case: 

The Projec t ive  Co l l inear i ty  Rule: 
Three non-zero vectors a, b, c E [[d+ 1 

represent  collinear projective points  
if and only i f a + b + c = 0 .  

The vector  space ~:~ has eight vec- 
tors, and  so the project ive space p2F2 
has seven projective points.  In fact, 
P~F2 is the Fano  plane. We define a 
projective SET game of dimension d to 
be a card game with one card for each 
projective point  in paF2, where  three  
cards form a SET if the co r re spond ing  
projective points  are collinear.  Then  

the Fano  SET game is jus t  the projec-  
tive SET game of d imens ion  two. 

H. Tracy Hall [8] has devised for 
himself  a deck of cards for a p layable  
project ive SET game of d imens ion  five. 
The key step of his cons t ruc t ion  is to 
group the componen t s  of a vec tor  of ~ 6 
into three pairs, 

a = (Xl, x2, Yl, Y2, zl, z2) 
= ((XlX2), (YlY2), (ZlZ2)), 

and  then  to interpret  each pair  as the 
b inary  expans ion  of one of the in tegers  
0,1,2, or 3. For example,  

a = (1, 0, 0, 1, 0, 0) 
= ((10), (01), (00)) = (2, 1, 0). 

To further encode the vector  as a design 

on a card, we associate a symbol to each 
of the three integers 1, 2, or 3, and use 

the blank symbol for the integer 0. We 
print  three such symbols on each card, 
one for each coordinate, and distinguish 
the symbols by printing them in three 
different fonts. In Figure 13 we do this 
using different families of symbols  for 
the different coordinates: { �9  B, *}, {<, 
=, >}, and {Z, ~, Q}. Hall has a much  

cuter way to do this using the charac- 
ters from a popular  children's  game. 

With respect to this method of en- 
coding vectors, the projective collinear- 
ity rule has the following translation. 

The Pro jec t ive  SET Rule: Three  
cards are called a SET, if each font  
appears  in exact ly one of the fol- 

lowing three ways: 

�9 Not at all. 

I '-II;<l 
I*< R< 

Q 
Figure 13. Can you find all four projective SETS? 

�9 As the same symbol  exact ly  
twice, and  not  as any  o ther  
symbol.  

�9 As all three symbols .  

Hall reports teaching, and  then  losing 
at, this game to his nine-year-old niece. 

Are there still other SET-like games be- 
yond affine and projective SET? Yes and  
no. A Steiner triple system is a set  X to- 
gether with a collection S of three-ele- 
ment  subsets  of X, such that, given any 

two elements x, y ~ X, there is a unique 
triple {x, y, z} ~ S. Interpret ing e lements  
of X as cards, and triples in S as SETS, 
then we obtain a SET-like game from any 
Steiner triple system. The ~ e  and  pro- 
jective SET card games are examples  of 
Steiner triple systems, bu t  it tu rns  out  

that there are many more exotic Steiner 
triple systems. Their study is a very rich 
subject, and the interested reader  should 
look at the book of Charles Co lboum 
and Alexander Rosa [4]. 

A natura l  invar iant  a t t ached  to any  
Steiner  triple sys tem is its symmetry  
group. This is defmed in  prec ise ly  the 

same way we defined s y m m e t r y  groups  
of affine SET games, namely,  as the per- 

muta t ions  of the poin ts  of X taking  
tr iples in S to triples in S. One  way  of 
s tudying Steiner  triple sys tems  is via  
their  symmet ry  groups. A no tab le  prop- 
erty of the symmet ry  groups  of affme 
and  project ive SET games  is tha t  their  

symmet ry  groups are 2-transitive on  
cards; that  is, there is a s y m m e t r y  tak- 
ing any ordered pair  of  cards  to any  
other  ordered  pair  of cards.  In  par t icu-  
lar, this me a ns  that, up to symmetry ,  
there is only one type of SET. To cap- 
ture  this, let us deffme an  abstract SET 
game to be  any Steiner  t r iple sys t em 
where  the symmet ry  group acts  2-tran- 
sit ively on points.  We have the follow- 
ing deep theorem classifying abs t rac t  
SET games, first con jec tu red  in  1960 by  
Marshall  Hall, Jr. [9]. 
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T h e o r e m  11. The only abstract  SET 
g a m e s  are af f ine  and projec t ive  SET 
games ,  in  F d and Pd~-2, respectively.  

This  resul t  is due  to J enn i f e r  Key 
a n d  Ernes t  Shult  [16], Hall  [10], and  
Wil l iam Kantor  [15]. In teres t ingly ,  the  
p r o o f s  use  pa r t  o f  the  c lass i f i ca t ion  o f  
f ini te  s imple  groups.  

If  we actual ly  play projec t ive  SET we  
w a n t  to know how many  cards  need  to 
be  dea l t  to guarantee  a SET. Jus t  as  in the  
affine case, we call a col lec t ion o f  po in ts  
in ~gF2 containing no three  po in ts  on a 
pro jec t ive  line a cap. The p r o b l e m  of  
f inding maximal  caps  for pro jec t ive  SET 
was  solved in 1947 by  Raj Chandra  Bose. 
In [2], he showed  that  the  max imal  caps  
of  ~E:~d~: 2 have 24 points.  Bose ' s  in teres t  in 
this  p rob lem certainly didn ' t  s t em from 
SET, as  the  game was  not  to be  invented  
for  ano ther  27 years.  Rather, he was  
coming  at  it f rom quite ano the r  direc- 
tion, namely,  the  theory  of  error-cor- 
recting codes, which is the  s tudy  o f  the  
f lawless  t ransnfission of  messages  over  
no i sy  communica t ion  lines. As de ta i led  
in the  b o o k  of  Raymond Hill [14], the re  
is a co r re spondence  be tween  pro jec t ive  
caps  in ~Ebd~= 2 and families of  efficient  
codes .  Specifically, if we  form the  ma- 
t r ix  whose  columns  are  vec to rs  repre-  
sent ing  the project ive po in ts  of  the  cap, 
then  the  kernel  of  this  mat r ix  is a l inear  
code  with  Hamming weight  four. The 
m o r e  poin ts  the  cap contains,  the  m o r e  
"code-words"  the cor respond ing  code  
has,  and  so this natural ly mot iva tes  the  
p r o b l e m  of  finding max imal  pro jec t ive  
caps.  Bose  comple te ly  so lved  this p rob-  
l em when  q = 2, but, as  in the  affine 
case,  things become  much  more  difficult  
w h e n  q = 3. We denote  by  bd the size of  
a max ima l  project ive  cap in PdF 3. The 
k n o w n  values  of  bd are given in Table  3. 

Table  3 

d 1 2 3 4 5 6 

b d 2 4 10 20 56 ? 

The  s izes  in d imens ions  2 and  3 a re  due  
to  Bose  [2], d imens ion  4 is due  to  Pel- 
l egr ino  [19], and  d imens ion  5 is due  to  
Hill [11, 12]. We no te  tha t  w e  a lways  
have  a d <-- bd, s ince  t he re  is a c o p y  o f  
F d ins ide  Pd~=3, SO Pel legr ino ' s  r e su l t  is 
the  f i rs t  p r o o f  tha t  a4 --< 20. 

Even  though  the re  is no a b s t r a c t  SET 

game with  cards  given by  po in ts  of  
PhF3, the re  is still some  in teres t ing  SET- 
t h e o r y  a s soc ia t ed  with  the  s tudy  of  
max ima l  pro jec t ive  caps  in this  space.  
In par t icu la r ,  the 45-point  affine cap in 
F igure  8 was  cons t ruc ted  by  dele t ing a 
hype rp l a ne  from the  56-point projec-  
t ive 5-cap given by  Hill in Figure  4 of  
[13]. Uniqueness  of  this  affine cap  was  
s h o w n  in [6] to be a consequence  of  the 
uniqueness  o f  the projec t ive  cap, which 
in turn  was  demons t ra t ed  by Hill in [12] 
by  means  of  a code- theoret ic  argument.  
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