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CM 3230  Thermodynamics, Fall 2014 

Lecture 12 

 

Compressiblity Charts (continued) p. 245-246 

 

- Mixing rules for � components 

 

Kay's	Rules:						
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1. Three types of properties 

 

i. Measured Properties: �, �, 
 

ii. Fundamental Properties: �, � 

iii. Derived (Combined) Properties 

Enthalpy	: ℎ = � + ��
Helmholz	Energy	: + = � − 
�

Gibbs	Energy	: 0 = ℎ − 
�	(= � + �� − 
�)
 

Note: all these properties do not depend on the path 

 

- Natural dependencies: 

Internal	Energy ∶ � = �(�, �)
Enthalpy	: ℎ = ℎ(�, 5)

Helmholz	Energy	: + = +(
, �)
Gibbs	Energy	: 0 = 0(
, �)
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2. Some Mathematical Preliminaries 

 

- Two types of functions: 

a) Implicit form:  617, �, 82 = 0 

Example: :7; + �; + 8; = 5 

b) Explicit form: 8 = =17, �2 
Example: 8 = :25 − 17; + �;2 

 

Remarks:  not all implicit forms can be rearranged into explicit forms 

 

- Main Rule for Differentials of Multivariable Functions 

 

?@617, �, 82A = BC6C7DE,F ?7 + B
C6
C�DG,F ?� + B

C6
C8DG,E ?8 
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Example:  617, �, 82 = 5  where 	617, �, 82 = :7; + �; + 8;,  

 

?6 = H 27
2:7; + �; + 8;I?7 + H

2�
2:7; + �; + 8;I?� + H

28
2:7; + �; + 8;I?8 

= 1
:7; + �; + 8; H7?7 + �?� + 8?8I = 0 

 

Equivalently, using an explicit form, 8 = :25 − 17; + �;2 
?8 = 1

2:25 − 17; + �;2 1−27?7 − 2�?�2 
= 1
8 1−7?7 − �?�2 

Or  

7?7 + �?� + 8?8 = 0 

 

Example:  Obtain the differential of �1�, �2 and ℎ1�, �2 
 

?� = BC�C�DK ?� + B
C�
C�DL ?� 

?ℎ = BCℎC�DM ?� + B
Cℎ
C�DL ?� 
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- From Differentials to Derivatives:   

 

•  treat the coefficient of the differentials as just functions 

•  divide the whole equation by the specific differential of interest 

•  change symbols to reflect partial derivatives and note other variables that are 

kept constant, replacing the differentials of constants by zero 
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Example:  Let N = �
K OPKPQRM and S = − �

K OPKPMRQ, find N/S using Redlich-Kwong EOS. 

Solution: 
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- Chain Rule 

617, �, 82 = 0					 → 				?6 = BC6C7DE,F ?7 + B
C6
C�DG,F ?� + B

C6
C8DG,E ?8 

V17, �, 82 = 0					 → 				?V = BCVC7DE,F ?7 + B
CV
C�DG,F ?� + B

CV
C8DG,E ?8 

BC6CVDE,F = WX
XYB
C6C7DE,F ?7 + B

C6C�DG,F ?� + B
C6C8DG,E ?8

BCVC7DE,F ?7 + B
CVC�DG,F ?� + B

CVC8DG,E ?8Z[
[\

E,F

 

BC6CVDE,F =
BC6C7DE,F
BCVC7DE,F

													or								 BC6C7DE,F = B
C6
CVDE,F B

CV
C7DE,F 		 
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- Reciprocal of partial derivatives 

 

Using the chain rule, let 6 = 7, 

 

BC6C7DE,F = BC6CVDE,F B
CV
C7DE,F 						→ 								1 = BC7CVDE,F B

CV
C7DE,F 

or									 BC7CVDE,F =
1

BCVC7DE,F
 

 

Example:  V17, �, 82 = 57] − ln(7 − �8) 

?V = B157; − 1
7 − �8D?7 + BCV

C�D
G,F

?� + +BCV
C8D

G,E
?8 

BCV
C7D

E,F
= 157; − 1

7 − �8 								while					 BC7CVDE,F = B157; − 17 − �8	D_�	 
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- Symmetry of Second Order Partial Derivatives 

` CC� BC6C7DE,…bG,… = ` CC7 BC6C�DG,…bE,… 

Example:  V17, �, 82 = 27;� − exp17 − �82 

BCVC7DE,F = 47� − exp17 − �82								; 				BCVC�DG,F = 27; + 8 exp17 − �82 

` CC� BCVC7DE,FbG,F = 47 + 8 exp17 − �82 	= 	 ` CC7 BCVC�DG,FbE,F = 47 + 8 exp17 − �82 

 

- Cyclic Relationships of Partial Derivatives (for 3 variables) 

 

Let 617, �, 82 = 0 BC6C7DE,F ?7 + BC6C�DG,F ?� + BC6C8DG,E ?8 = 0 
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Divide by ?7 and while keeping 8 constant, then repeat but keep � constant: BC6C7DE,F + BC6C�DG,F BC�C7DF 	= 0 

BC6C7DE,F + BC6C8DG,E BC8C7DE 	= 0 

Combining, 

BC�C7DF 	BC7C8DE = BC6C8DG,EBC6C�DG,F
 

Back to ?6, divide by 8 but keep 7 constant, 

BC6C�DG,F BC�C8DG + BC6C8DG,E = 0				 → 					 BC6C8DG,EBC6C�DG,F
= −BC�C8DG 

Thus, BC�C7DF 	BC7C8DE BC8C�DG = −1 

 

Alternatively,						 HC7C�I8 	HC�C8I7 HC8C7I� = −1 
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Example:  Verify the cyclic equation for the Van der Waals EOS: 17, �, 82 = 1�, �, 
2 

Solution: 
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Example:  Show that N/S = 1C�/C
2K 

Solution: 

  


