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Linearization 
(Dr. Tom Co, 2020) 

 

Main Result: 

Given a nonlinear function 𝑓(𝑥1, … , 𝑥𝑛) and a specified point 𝐩 = (𝑥1𝑜 , … , 𝑥𝑛𝑜), we 

want a linear approximation around the point 𝐩 is given by 

𝑓(𝑥1, … , 𝑥𝑛) ≈ 𝛼0 + 𝛼1(𝑥1 − 𝑥1𝑜) + ⋯ + 𝛼𝑛(𝑥𝑛 − 𝑥𝑛𝑜) (1) 

Then, 

𝛼0 = 𝑓(𝑥1𝑜 , … , 𝑥𝑛𝑜) 

𝛼1 =
𝜕𝑓

𝜕𝑥1
|

(𝑥1𝑜,…,𝑥𝑛𝑜)

 

⋮ 

𝛼𝑛 =
𝜕𝑓

𝜕𝑥𝑛
|

(𝑥1𝑜,…,𝑥𝑛𝑜)

 

(2) 

Example:    

Given 𝑓(𝑇, 𝐶) = 𝐶 ⋅ exp(−𝐸𝑟/𝑇) where 𝐸𝑟 = 1000 𝐾.  

Then, for the specified point (𝑇0, 𝐶0) = (350𝐾, 0.5 𝑔/𝑙𝑖𝑡𝑒𝑟), 

𝛼0 = 𝑓(𝑇0, 𝐶0) = 𝐶0 ⋅ exp(−𝐸𝑟/𝑇0) = 0.0287 

𝛼1 =
𝜕𝑓

𝜕𝑇
|

(𝑇0,𝐶0)
=

𝐶0𝐸𝑟

𝑇0
2 exp (−

𝐸𝑟

𝑇0
) = 2.34 × 10−4 

𝛼2 =
𝜕𝑓

𝜕𝐶
|

(𝑇0,𝐶0)
= exp (−

𝐸𝑟

𝑇0
) = 0.0574 

Thus, 

𝑓(𝑇, 𝐶) ≈ 0.0287
𝑔

𝑙𝑖𝑡𝑒𝑟
+ (2.34 × 10−4

𝑔

𝐾 ⋅ 𝑙𝑖𝑡𝑒𝑟
) (𝑇 − 350𝐾)

+ (0.0574) (𝐶 − 0.5
𝑔

𝑙𝑖𝑡𝑒𝑟
) 
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Derivation:  

The Taylor series expansion for a multivariable function 𝑓(𝑥1, … , 𝑥𝑛) around a specified 

point 𝐩 = (𝑥10, … , 𝑥𝑛0) is an infinite series given by 

𝑓(𝑥1, … , 𝑥𝑛) = 𝛼0 + 𝑆1(𝑥1, … , 𝑥𝑛) + 𝑆2(𝑥1, … , 𝑥𝑛) + ⋯ (3) 

where, 

𝑆1(𝑥1, … , 𝑥𝑛) = 𝛼1(𝑥1 − 𝑥10) + ⋯ + 𝛼𝑛(𝑥𝑛 − 𝑥𝑛0) 

𝑆2(𝑥1, … , 𝑥𝑛) = 𝛼11(𝑥1 − 𝑥10)2 + 𝛼12(𝑥1 − 𝑥10)(𝑥2 − 𝑥20) + ⋯ 

+𝛼1𝑛(𝑥1 − 𝑥10)(𝑥𝑛 − 𝑥𝑛0) 

+𝛼22(𝑥2 − 𝑥20)2 + 𝛼23(𝑥2 − 𝑥20)(𝑥3 − 𝑥30) + ⋯ 

+𝛼2𝑛(𝑥2 − 𝑥20)(𝑥𝑛 − 𝑥𝑛0) 

⋮ 

+𝛼𝑛𝑛(𝑥𝑛 − 𝑥𝑛0)2 

and terms for 𝑆𝑘 will be a sum of terms of the form: 𝛽(𝑥1 − 𝑥10)ℓ1 ⋯ (𝑥𝑛 − 𝑥𝑛0)ℓ𝑛  

where 𝛽 is a coefficient, 0 ≤ ℓ𝑖 ≤ 𝑘 and ∑ ℓ𝑖
𝑘
𝑖=1 = 𝑘. 

When we set (𝑥1, … , 𝑥𝑛) = (𝑥10, … , 𝑥𝑛0) in (3), we note that 𝑆1, 𝑆2, … all drop to zero, 

leaving only 𝛼0 on the right hand side of the equation.  Thus, 

𝑓(𝑥10, … , 𝑥𝑛0) = 𝛼0 

Next, take the partial derivative of 𝑓 with respect to 𝑥𝑖, then 

𝜕𝑓

𝜕𝑥𝑖
= 𝛼𝑖 +

𝜕𝑆2

𝜕𝑥𝑖
+ ⋯ +

𝜕𝑆𝑘

𝜕𝑥𝑖
+ ⋯ 

With each term of 𝑆𝑘 of the form: 𝛽(𝑥1 − 𝑥10)ℓ1 ⋯ (𝑥𝑛 − 𝑥𝑛0)ℓ𝑛, ∑ ℓ𝑖𝑖 = 𝑘, the partial 

derivative of this term with respect to 𝑥𝑖  will be zero if ℓ𝑖 = 0 or equal to  

𝛽ℓ𝑖(𝑥1 − 𝑥10)ℓ1 ⋯ (𝑥𝑖 − 𝑥𝑖0)ℓ𝑖−1 ⋯ (𝑥𝑛 − 𝑥𝑛0)ℓ𝑛 

if ℓ𝑖 ≥ 1, which also becomes zero once we set (𝑥1, … , 𝑥𝑛) = (𝑥10, … , 𝑥𝑛0).  Thus, after 

taking the partial derivative and the setting (𝑥1, … , 𝑥𝑛) = (𝑥10, … , 𝑥𝑛0), we find that 

𝜕𝑓

𝜕𝑥𝑖
|

𝑥10,…,𝑥𝑛0

= 𝛼𝑖 

Although the other coefficients in the Taylor series can be found by taking higher order 

partial derivatives, we turn ourselves instead to the situation in which (𝑥1, … , 𝑥𝑛) is 

close to point (𝑥10, … , 𝑥𝑛0), i.e. |𝑥𝑖 − 𝑥𝑖0| < 𝛿 where 𝛿 < 1 is a small number.  The 
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linearization process then depends on that fact that ⋯ < 𝛿3 < 𝛿2 < 𝛿, which then 

allows us to consider dropping the higher order terms in (3), i.e. 

𝑓(𝑥1, … , 𝑥𝑛) ≈ 𝛼0 + 𝛼1(𝑥1 − 𝑥10) + ⋯ + 𝛼𝑛(𝑥𝑛 − 𝑥𝑛0) 

where  

𝛼0 = 𝑓(𝑥10, … , 𝑥𝑛0) 

and  

𝛼𝑖 =
𝜕𝑓

𝜕𝑥𝑖
|

𝑥10,…,𝑥𝑛0

 

 


