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Chapter 1

Review of Functions

1.1 Mathematical Identities

o0 ath _ e

3 @ = g

4. (") ==

5 In (ab) = In(a) + In(b)

6. In (%) — In(a) — In(b)

7. In(z") =aln(z)

8. loglr) = 1?((3) ~ ;n:gg:)a

9. cos(a+b) = cos(a)cos(b) — sin(a) sin(b)
10.  sin(a+ b) = cos(a) sin(b) + sin(a) cos(b)
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22.

23.

24.

25.
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cos?(x) + sin*(z) = 1
cos?(z) — sin?(x) = cos (2z)

2sin(zx) cos(z) = sin (2x)

—bE Vb —4
ar® +br+c=0 — x= 5 ac
a

(a+0b)(a—0b) =a®— b

(a+b)* = a® + 2ab + b?

n!
(n — k)k!
where n! = (n)(n —1)---(3)(2)(1) and

(a+®"-a”+nﬁlb+”.+(

Define the imaginary number: i = y/—1

(a+ib) (@ — ib) = a® + b*
e = cos(t) + isin(t)

e~ = cos(t) — isin(t)

cos(t) = —eit —Ze_it
sin(t) = ot _Qieit
%ﬁ:a#l
%at = a'ln(a)
do

dt

) avReE "

ol=1
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d
26. —1
6 o n(at) =

27 a4 sin(t) = cos(t)

‘ dt N
28 L cos(t) = —sin (1

) g cos(t) = —sin

o . d _df  dg

29. Derivative of Sums: pr (f(t) + g(t)) == + 0

30. Derivative of Products: di (Fng(t)) = (_f) o) + £ (@)

31. Derivative of Fractions: % (g E:;) - f21< ) (f (t)% —9(t) (%))

. d df du
32. Chain Rule: Ef (u(t)) -2

. [ (o0 + as0)a=p [ 0asa [ oo

34. /fdt+/fdt/f

35. Integration by parts: / u dv = (u(b)v(b) — u(a)v(a)) — / v du
v(a)

1.2 Drills

d
1. Find — (2eM3 — 2 410
in 7 ( +10)
2. Find 4 <ln (at) e”itQ)
’ dt
3. Find the roots of : 3z + 2z = 4

4. Find the solution of : 2log (z + 3) = log (x + 15)

5. Expand (z + y)4 into a polynomial in x and y
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6. Prove the following identity:

(a+1ib) e’ + (a — ib) P71 = ¢P (2(1 cos(q) — 2b sin(q))

7. Find /010 <2 + t26_2t> dt

8. Let r be a function of ¢t. Show that the following is true:

dr

4 (27?7“2 + 57’) = (4nr 4+ 5) o

dt

9. Find k£ and ¢ such that: 2 cos (3t) + 4sin (3t) = ksin (3t + ¢)

t iftt<1

2
10. Find / tf(t)dt, where f(t) =
0 2t ift>1

1.3 Answers to Drills

1. 6e' T3t — 2t
1 : t+it?

2. i +1In(at) (1 +2it) e

1++v13 1—+v13
3. T = , Lo =

3 3

4. r=1
5. at + 4xdy + 6227 + day® + o
6.

(a+ib) €™ + (a —ib)eP™ = ¢ ((a +ib) (cos(q) + isin(q))
(a — i) (cos(q) — isin(q)))

= P (Qa cos(q) — 2b SiH(Q))
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8. Hint: use chain rule

9.

2cos(3t) +4sin(3t) = ksin(3t + ¢)
= (ksin(¢)) cos(3t) + (kcos(¢)) sin(3t)

Comparing coefficients on both sides

kcos(¢) = 4 k= 20
ksin(¢) = 2 T = Atan (3)

1 2
10. / tzdt+/ (2 —t)tdt =1
0 1
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Chapter 2

Review of ODE Solutions

2.1 First Order Differential Equations

1. Separable Type

dz

e Form : pri f(t)g(x) subject to z(0) = z,
x 1 t
e Solution: / ——dzx = [ f(t)dt
To g(l’) 0
e Example:
dz x
— =95 0)=2
i iy O
h - —=
then f(t) . and g(z) =z,
T 1 t
/ —dx = ialt
wo T o 1+1

In(z) —In(zg) = 5 (m (1+1)— 1n(1)>
ln<£> = 5In(1+¢)

= = (141t

r = x(1+1)°

2. Linear First Order

e Form : C;—:; +p(t)r = q(t) subject to z(0) =z,

11
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e Solution: Let ¢ =exp (/p(t)dt) be an integrating factor, then

v = ﬁ (xo + /O tq(f)gb(T)dT)

dx

dt
then p(t) = 2t and q(t) = 4t,

e Example:

+2tx =4t z(0) = xg

qb(t) _ o2t _ etQ

t
r = et (xg—l—/ 47672(17)
0

= €7t2 (.CUO -2+ 2€t2>

—¢2

and

= 24 (xg—2)e

2.2 High Order Linear ODEs with Constant Coeffi-

cients
Fo A 0
) rm : an—— + -+ a1— + agxr =
i Vage T =4
) dn—lx
subject to  z(0) = x,p, ..., W(O) = Ton-1

e Solution: xz(t) = z.(t) + xp(t)
where

— x. is the complementary solution which solves

&'z R dee + 0
o e a a xc =
dtn Var T

Qn

— xp is the particular solution which solves

mn

dx
n dtnp + -+ ald_tp + apxy, = q(t)
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e Example: Second Order

d*x dx
CLQW + ala + agx = q(t)

Step 1: Find z:
1. Get the characteristic polynomial,
ass® + ays +agp =0

2. Solve for the roots, also known as eigenvalues,

—ay + v/ a? — dasag I b ai — 4ayag

™ = 2 =
2&2 2@2

3. Form the complementary solution to be
ze = Cryi(t) + Caya(t)
where

n(t) = e

et ifry # oy

ya(t) = .
te"t  ifry =1y

where C; and (5 are constants, evaluated later to fit the initial conditions

Step 2: Find z:

Method : Variation of Parameters
dyo diy

1. Evaluate the Wronskian: W(t) = ylﬁ — y2%

2. Calculate u; and us:

_ [ 5()q(®) [ n®a()

3. Form the particular solution: 2p(t) = ur (B)yr (t) + ua(t)ya(t)

Step 3: Use initial conditions to determine the values of C; and Cs.
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e Numerical Example:

d> d d
d_tf + d—f — 62 = e 'sin (2t) subject to  z(0) =1, d—f(O) =0

— Step 1: complementary solution

s?+5—6=0 —r=—31ry=2 —y =e; y,=e*
Te = Cre 3 + Che?
— Step 2: particular solution
W(t) = bet
u(t) = %ezt (cos(?t) — sin(2t))
us(t) = %6_3'5 (—2 cos(2t) — 38111(215))
— zp(t) = 5%6_15 (cos(Qt) -5 sin(2t))
— Step 3: determine integration constant
r = Tc+Xp
= Cie ¥ + Che® + %e_t (cos(Qt) -5 sin(2t)>
1
z(0) = O:Cl+C'2+5—2

d 11
CT0) = 0=-30,+20, - =

7 41
—)01:2_0 02:&

7 41
Solution: w(t) = —e ¥ 4 —e*

1 t
e (cos(2t) — 5sin(21) )
20 o5 +52e (cos( ) — 5sin(2t)

2.3 Drills

Solve the following differential equations

dx

1. — =
dt

e "(x+2) subject to x(0) =1
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d
2. d_:zlfj + (1+t)z =sin(2t) subject to 2(0) =1
d o —t :
3. 7 (e’z) =e subject to z(0) = 2
d? d d
4. d_tf + 4d_9tc +4x =3 +e "sin(t) subject to 2(0) = 2 and d—f(O) =0
d? d d
5. d_tf —e ¥ = —5d—f — 6z subject to x(0) = 0 and d—f(O) =0

2.4 Answers to Drills

1. z(t) =exp (1 +1In(3) — e_t> -2

2. a(t) = @ (1 + /O o(r) Sin(QT)dT) where ¢(t) = exp <t2 7; Qt)

15
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Chapter 3

Review of Matrix Operations

3.1 Basic Operations

1. Addition:
ain o Qi bii - bip (@11 +b11) -+ (ap, + bin)
+ : ) : = : :
Am1 - Amn bml e bmn (aml + bml) e (amn + bmn)
Example: 1 0 -1 n -12 2\ (021
pie: 21 3 2 20) \433
2. Scalar Product:
a1 A1n yaixr v YOin
’)/ . = .
am1 Amn Yam1 Y Omn
2 4 6 12
Example: 3| 2 1 | =16 3
1 -1 3 =3
3. Matrix Product:
11 - Aip b1 blp C11 Cip
Am1 = Amnp bnl bnp Cm1 Cmp
where,
Cij _Zaikbkj 2_17 , ]:17 » D
k=1

17
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Example:
11 -1 _; ; ((=1+2-1) 2+240)\ [0 4
2 2 3 1 0 S\ (-2+4+3) 4+4+0) ) \ 5 8
4. Transpose:
T
aip -0 Qip aip -0 Qim
am1 Amn, An1 Anm
AN 1 35
Example: 3 4 :(2 4 6)
5 6

3.2 Determinants

Notation:  det(A) = |A|

1. 2 x 2 Matrices:

a11 Q12 o
= Q11022 — Q12021
Q21 A2

1 2
Example: ’(3 2)‘—1-2—2-3——4

2. n x n Matrices:

Method 1: row expansion

(a) Given matrix A, choose any row, say row i.
(b) Let A;;; be matrix A with row ¢ and column j removed.

(¢) The determinant can be determined recursively by

n

A= (1)

J=1

A

ijl

Example: Expand along row 2,

12 -1
32 0 = 3. (=1)*" 2 1 +2-(—=1)** bl
11 11 -1 1

+ 0- (_1)2+3

= -9

(1)
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Method 2: column expansion

(a) Given matrix A, choose any column, say column j.
(b) Let A;;; be matrix A with row ¢ and column j removed.
(c) The determinant can be recursively determined by

n

4] =) (=1

=1

Aijy

Example: Expand along column 2,

12 -1
32 0 = 2. (=1)'"? 30 +2-(=1)* bl
11 -1 1 -1 1

+1-(=1)*2

= -9

1 -1
3 0
3.3 Matrix Inverse
—1
air a2 :L Q2  —dai2
( a1 Qg2 ) | Al ( —a  an )
Example:
12\ 1 2 -2\ ([ -1/2 1/2
3 2 S 1.2—-2-3\ -3 1) 3/4 —1/4

Checking: A~'A = ( —;?i _%i ) ( ; g )_1 _ ( (1) (1) )

2. n x n Matrices:

1. 2 x 2 Matrices:

(a) Given matrix A, let A;;; be matrix A with row ¢ and column j removed.

(b) Build a new matrix B,

where bij = (—1)i+j |A1Jl|
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(¢) The inverse of A is given by

A—IZ_BT
A
12 3
Example: Let A= 1| 3 2 0 | then
01 =2
2 0 3 0
bll = < 1 _2 ) ; b12 = - < O _2 > ; b13 = (
2 3 1 3
521=—<1_2> ;b = (0_2> ;5232—(
2 3 1 3
b1 = '(2 0) ) bzy = —’<3 O) ) b33 = (
-4 6 3
B = 7T -2 -1
-6 9 —4
Expanding along row 3,
1 3 1 2
_ C(1)3+2 . 9. (_1)3+3 _
osn (3 0) a1 2)] -
Thus, the inverse is given by
L6 3\ —4/17  7/1T —6/17
A‘1:1—7 7 -2 -1 = 6/17 —2/17  9/17
-6 9 —4 3/17 —1/17 —4/17
Checking;:
—4/17  7/17 —6/17 12 3 1 00
ATA = 6/17 —=2/17  9/17 32 0]=1010
3/17 —1/17 —4/17 01 =2 0 01
3.4 Drills
1 2 1 -1 1 5 1 1
Let A= 3 4|, B=|3 2 0], C:(32>and 12:(0
11 1 2 2

and let s be a scalar variable.

Evaluate the following;:

O = ()

W =

(© 2011 Tomas Co, all rights reserved

=N _ Do
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1. AAT" - B
2. ACAT
3. B!

—1
4. <S[2 - C)
5. BC

3.5 Answer to Drills

5 11 3 4 12 2

1. AAT =1 11 25 7 — AAT-B=|8 23 7
3 7 2 2 50
18 44 13

2. ACAT =1 40 98 29
11 27 8

4/14  4/14 —2/14
3. B'=| —-6/14 1/14 3/14
4/14 —3/14 5/14

-1 1 s—2 1
4. (SIQ—C) :—52—4S+1 3 8—2

5. Not applicable! Sizes of B and C' are not conformable for the product BC.
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