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Abstract

It is proved that the collection of blocks of an affine 1-design that yields a linear
orthogonal array is a union of parallel classes of hyperplanes in a finite affine space.
In particular, for every prime power q and every m ≥ 2 there exists a unique (up to
equivalence) complete linear orthogonal array of strength two associated with the
classical design of points and hyperplanes in AG(m, q).
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1 Introduction

A design D = (X,B) is a collection B of subsets (called blocks) of a given
point set X [1]. A t-(v, k, λ) design has blocks of size k on a set of v points,
and every t points are contained in exactly λ blocks.

A parallel class in a design with blocks of size k and v = qk points is a
collection of q pairwise disjoint blocks that partition the point set X.

An 1-(qk, k, r) design is resolvable if its collection of blocks can be partitioned
into r disjoint parallel classes.

An affine design is a resolvable 1-(qk, k, r) design such that every two blocks
that belong to different parallel classes share exactly µ points. It follows that
an affine design has v = |X| = q2µ points, block size k = qµ, and b = |B|=qr
blocks. Thus, the parameters of an affine design are of the form 1-(q2µ, qµ, r).
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An orthogonal array A = OAt(q, n, µ) of strength t with q distinct symbols, n
columns (or constraints), and index µ, is a qtµ×n matrix A with entries from
a set Fq of size q such that every submatrix consisting of t distinct columns of
A contains every ordered t-tuple (α1, . . . , αt) ∈ F t

q exactly µ times as a row.
Any orthogonal array OAt(q, n, µ) is also an orthogonal array of strength s
for any s < t, with index µs = qt−sµ.

Shrikhande and Bhagwandas [10], [9] proved that an orthogonal array of
strength one, OA1(q, n, µ1), exists if and only if a resolvable 1-(v, k, r) de-
sign exists with v = qµ1 points, block size k = µ1, and r = n parallel classes.
Similarly, an orthogonal array of strength two, OA2(q, n, µ), exists if and only
if an affine 1-(q2µ, qµ, n) design exists. The correspondence between an or-
thogonal array A and the related resolvable design D is straightforward: the
points of D are labeled by the rows of A, and every column of A corresponds
to a parallel class of D. The q parallel blocks corresponding to a column of A
are labeled by the q different symbols in that column.

Bose and Bush [2] proved the following upper bound on the number of con-
straints in an orthogonal array of strength two:

n ≤ q2µ− 1

q − 1
.

An orthogonal array with n = (q2µ − 1)/(q − 1) is called complete. An or-
thogonal array OA2(q, n, µ) is complete if and only if the corresponding affine
1-(q2µ, qµ, n) design is a 2-(q2µ, qµ, (qµ− 1)/(q − 1)) design [2], [7], [8].

Two orthogonal arrays with the same parameters are equivalent if one can be
obtained from the other by permutations of the columns, the rows, and the
symbols in each column.

A q-ary code of length n is a set of n-tuples (or vectors) with components from
a finite set of size q. A linear q-ary code C of length n is a linear subspace
of GF (q)n, where q is a prime power. The dual code C⊥ is defined as the
orthogonal space of C with respect to the ordinary scalar product in GF (q)n.

An orthogonal array with n columns and q symbols from a finite field GF (q)
is linear if its rows form a linear subspace of GF (q)n, or in other words, if the
rows of the array form a linear q-ary code of length n. Note that any linear
code over GF (q) with dual Hamming distance d⊥ is a linear orthogonal array
of strength d⊥ − 1.

The goal of this note is to characterize the affine designs related to linear
orthogonal arrays of strength two. It is proved that the collection of blocks
of an affine design that yields a linear orthogonal array is a union of parallel
classes of hyperplanes in a finite affine space. In addition, for any prime power
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q and any m ≥ 2 there exists a unique (up to equivalence) complete linear
orthogonal array of strength two and n = (qm − 1)/(q − 1) constraints, and
the affine design associated with this array is the classical design of points and
hyperplanes in AG(m, q).

2 Linear orthogonal arrays of strength two

We consider arrays with entries from a finite field of order q. In order an
orthogonal array to be linear it is necessary that one of the rows is the all-zero
row. This can be achieved by permuting the symbols in each of the columns.
Hence, every orthogonal array with symbols from GF (q) is equivalent to an
array that contains the all-zero row. In addition, the number of rows q2µ must
be a power of q, hence µ is a power of q. Thus, if A is a linear orthogonal
array of strength two with n columns and qm rows, its index is µ = qm−2.
Consequently, the parameters of the affine design associated with A are 1-
(qm, qm−1, n) for some m ≥ 2.

Theorem 1 The collection of blocks of any affine 1-(qm, qm−1, n) design D
that corresponds to a linear orthogonal array of strength two A = OA2(q, n, qm−2)
over GF (q) is a union of parallel classes of hyperplanes in the m-dimensional
affine space AG(m, q).

Proof. Let g1, . . . , gm be m linearly independent rows of a linear orthogonal
array A with qm rows. Every row x = (x1, . . . , xn) of A is a unique linear
combination of g1, . . . , gm:

x = α1g1 + . . . + αmgm

for some α1, . . . , αm ∈ GF (q). Thus, we can label the rows of A by the vectors
(α1, . . . , αm) ∈ GF (q)m, or equivalently, by the points of AG(m, q). Let G be
the m by n matrix having g1, . . . , gm as rows, and let (g1i, . . . , gmi)

T be the ith
column of G (1 ≤ i ≤ n). Then

xi = α1g1i + . . . αmgmi.

Since the array A does not contain all-zero columns, each column of G is a
nonzero vector. It follows that for every β ∈ GF (q), the linear equation

α1g1i + . . . αmgmi = β (1)

has qm−1 solutions (α1, . . . , αm) ∈ GF (q)m that form a coset of an (m − 1)-
dimensional vector subspace of GF (q)m, or equivalently, a hyperplane in the
m-dimensional affine space AG(m, q). Thus, for every β ∈ GF (q), the labels
(α1, . . . , αm) of the qm−1 entries in the ith column of A that are equal to β form

3



a hyperplane in AG(m, q) with equation (1). The q hyperplanes corresponding
to the q different values of β are pairwise disjoint and form a parallel class in
AG(m, q). 2

In the special case when the orthogonal array A is complete, the collection of
n = (qm − 1)/(q− 1) parallel classes obtained from the columns of A includes
all hyperplanes in AG(m, q). Hence, the related design is the classical affine
2-(qm, qm−1, (qm−1− 1)/(q− 1)) design having as points and blocks the points
and hyperplanes in AG(m, q). Thus, we have the following.

Corollary 2 For every prime power q and every m ≥ 2, there exists only
one, up to equivalence, linear complete orthogonal array OA2(q, (q

m− 1)/(q−
1), qm−2). The related affine 2-(qm, qm−1, (qm−1− 1)/(q− 1)) design is isomor-
phic to the classical design of points and hyperplanes in AG(m, q).

Proof. The affine 2-(qm, qm−1, (qm−1 − 1)/(q − 1)) designs related to any two
linear arrays A1, A2 are isomorphic to the classical design in AG(m, q). This
implies that the arrays A1, A2 are equivalent. 2

Remark 3 The unique linear code of length n = (qm − 1)/(q − 1) and di-
mension m that corresponds to a linear complete array OA2(q, (q

m − 1)/(q −
1), qm−2) is the well known simplex code, or the dual code of the q-ary Ham-
ming code. To see that, it is sufficient to notice that every two columns in
an orthogonal array of strength two are linearly independent. Consequently,
every two columns in the m by (qm− 1)/(q− 1) generator matrix G described
in the proof of Theorem 1 are linearly independent, hence G is a parity check
matrix of a single-error-correcting perfect linear code, or the q-ary Hamming
code.

Remark 4 For any prime power q, the number of nonisomorphic affine 2-
designs with parameters

v = qm, k = qm−1, λ =
qm−1 − 1

q − 1

grows exponentially with m (Jungnickel [4], Kantor [5], Lam, Lam and Tonchev
[6]). These affine designs yield an exponentially growing number of inequiv-
alent and generally nonlinear complete orthogonal arrays OA2(q, n = (qm −
1)(q − 1), µ = qm−2).
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